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Abstract. We compute the arithmetic intersections of Hecke correspondences on the product of
integral model of modular curve X0pNq and relate it to the derivatives of certain Siegel Eisenstein
series when N is odd and squarefree. We prove this by establishing a precise identity between
the arithmetic intersection numbers on the Rapoport–Zink space associated to X0pNq

2 and the
derivatives of local representation densities of quadratic forms.
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1. Introduction

1.1. Background. Let H “ tτ “ x ` iy : x, y P R, y ‰ 0u be the union of the upper and lower
half plane. Let Y0p1q be the fine moduli stack of elliptic curves over C, whose coarse moduli space
Y0p1qC has C-points given by the quotient GL2pZqzH and is isomorphic to SpecCrjs by the elliptic
modular function j “ jpτq. Let X0p1q be the compactification of Y0p1q, its associated coarse moduli
space X0p1qC is isomorphic to P1

C.
For a positive integer m, the m-th Hecke correspondence T pmq (resp. T pmqC) is a divisor on the

product Y0p1q2 (resp. Y0p1q2C) which parameterizes degree m isogenies between elliptic curves. Let
T pmq (resp. T pmqC) be the closure of T pmq (resp. T pmqC) in the compactification X0p1q2 (resp.
X0p1q2C). Kronecker and Hurwitz showed that as a line bundle on X0p1q2C “ P1

C ˆ P1
C,

T pmq “ Opσ1pmq, σ1pmqq :“ pr˚
1Opσ1pmqq b pr˚

2Opσ1pmqq,

where σ1pmq “
ř

d|m

d and pr1, pr2 are the two projections from P1
C ˆ P1

C to its two factors. Notice

that tσ1pmqumě1 is the Fourier coefficients of the following non-holomorphic modular form, which
is also a special value of a weight 2 Eisenstein series of genus 1 (cf. [BGHZ08, §2.3]),

G2pτq “
1

8πy
´

1

24
`

ÿ

mě1

σ1pmqqm, τ “ x` iy with y " 0 and q “ expp2πiτq.

Hurwitz (cf. [GK93, Proposition 2.4]) also studied the intersection number of two divisors T pm1q

and T pm2q on the affine plane Y0p1q2C » SpecCrj, j1s. The two divisors intersect properly if and
only if m1m2 is not a perfect square, and in this case the intersection T pm1q XT pm2q parameterizes
certain CM elliptic curves over C. It turns out that the intersection number equals to the summation
of certain Fourier coefficients of a weight 2 genus 2 Siegel Eisenstein series. This is a special case
of the geometric Siegel-Weil formula and yields a beautiful geometric proof of the Hurwitz class
number formula.

In this article, we consider the arithmetic intersection between Hecke correspondences. Let N
be an odd square-free positive integer. Denote by Y0pNq the moduli stack of elliptic curves with
Γ0pNq-level structure defined by Katz and Mazur [KM85], whose compactification is constructed
by Česnavičius in [Č17]. The product space X0pNq2 :“ X0pNq ˆZ X0pNq is normal but not regular
when N ‰ 1. We construct a regular integral model M0pNq of X0pNq2 by blowing up at certain
supersingular points of X0pNq2. We also define an “integral” Hecke correspondence T pmq on the
model M0pNq. It will be a Cartier divisor on M0pNq whose generic fiber over C equals the m-
th Hecke correspondence on X0pNq. We study the intersection between three correspondences
tT pmiqui“1,2,3 on M0pNq. The computation of the intersection numbers will be reduced to the
intersections of “local” Hecke correspondences on the Rapoport–Zink space associated to the model
M0pNq. We established an identity:

(1)

˜

Intersection numbers on
Rapoport–Zink space

¸

“

˜

Derivatives of local density polynomial
of quadratic lattices

¸

This finally builds up the bridge connecting the intersection numbers of Hecke correspondences and
the summation of derivatives of certain Fourier coefficients of a weight 2 genus 3 Siegel Eisenstein
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series, which is a special case of the non-degenerate term of the arithmetic Siegel-Weil formula and
belongs to an influential program initiated by Kudla [Kud97, Kud04].

The key result is the identity (1), as the global result follows easily by p-adic uniformization of the
supersingular locus of M0pNq. The identity of the type in (1) are called Kudla–Rapoport conjecture,
which can be regarded as the nonarchimedean part of the arithmetic Siegel–Weil formula.

The arithmetic Siegel–Weil formula was first established in the works of Kudla, Rapoport and
Yang [KRY99, KRY04, KRY06] for GSpin Shimura varieties associated to GSpinpn ´ 1, 2q where
n “ 1, 2. The archimedean part was proved by the work of Garcia–Sankaran [GS19] and Bruinier-
Yang [BY20]. The work of Gross–Keating [GK93] complemented by the ARGOS volume [VGW`07]
established the nonarchimedean part for the case n “ 3 with hyperspecial level. The case for general
n with hyperspecial level and odd p was proved by Li and Zhang [LZ22b].

In fact, the Kudla–Rapoport conjecture was originally formulated for unitary Rapoport–Zink
space associated to Upn ´ 1, 1q with hyperspecial level [KR11]. Terstiege [Ter13a] solved the n “

3 case. The work of Li–Zhang [LZ22a] solved the general case of the original Kudla–Rapoport
conjecture. The work of Li–Liu and Yao [LL22, Yao24] established an invariant for the exotic
smooth models over ramified primes.

In the unitary case, there are also many works about Shimura varieties with bad reduction.
However, because of the bad reduction, even the formulation of the formula was not clear for a long
time. For Krämer models over ramified primes, the works of Shi [Shi23] and He–Shi–Yang [HSY20]
proved the n “ 2 case. A general formulation was proposed and the case n “ 3 was proved in
[HSY23] and finally He–Li–Shi–Yang [HLSY23] proved the general case. Over unramified primes,
Cho [Cho22] proposed a general conjecture for the maximal parahoric levels. In [CHZ23], Cho–
He–Zhang showed that a formulation similar to that of [HSY23] is the same as the formulation of
[Cho22] and reduced it to a strong version of Tate conjecture for certain Deligne–Lusztig varieties.

Moreover, the unitary case has seen a number of other recent and thrilling developments, including
formulas for degenerate terms by Bruinier–Howard [BH21] and Chen [Che24] and the function field
case by Feng–Yun–Zhang [FYZ24].

We refer to the left hand side of (1) the geometric side, while the right hand side the analytic
side. The Rapoport–Zink space appearing on the geometric side is determined by the quadratic
lattice appearing on the analytic side. The case N “ 1, which locally corresponds to the rank 4
self-dual lattice pM2pZpq, detq, is the classical work of Gross and Keating [GK93] complemented by
the ARGOS volume [VGW`07]. The question is widely open if the quadratic lattice is not self-dual,
or equivalently, the Rapoport–Zink space has some non-hyperspecial level structures. The works of
Kudla–Rapoport [KR00], Sankaran–Shi–Yang [SSY23], and Zhu [Zhu25] proved the case when L is
of rank 3 but not self-dual, which corresponds to GSpinp1, 2q Shimura varieties.

Our work essentially settled the case when L is a specific rank 4 lattice that is not self-dual, see
(4) in the next section for the precise definition of the lattice (the self-dual case is exactly the work
of Gross–Keating [GK93]). In particular, this corresponds to GSpinp2, 2q-Shimura varieties. Since
the GSpin Shimura varieties are not of PEL type, such problems are much more involved. In the
current work, we make essential use of the concrete moduli interpretation of the Rapoport–Zink
space which only exists for certain low dimensional special cases.
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Before we introduce the main results, we briefly mention the new difficulties that arise compared
with the Gross–Keating’s case. Because of the existence of non-trivial level structure, both of the
geometric side and analytic side become much more complicated. For example, the RZ space will
no longer be regular. To compute the intersection number, we consider the blow-up of the original
space, which lacks a nice moduli interpretation. Moreover, the special fiber of the RZ space will
have more complicated components compared with the Gross–Keating’s case, which causes a lot
of troubles for the study of special cycles. For the analytic side, essentially we need to consider
the Whittaker functional of some representation that is no longer unramified, which is significantly
harder than the unramified case. When the level of the modular curve becomes deeper, we don’t
even know how to construct a suitable regular integral model of the product of modular curves so
that we can compute the special divisors and intersection numbers.

1.2. Main results. We only state the local version of our main result. Let p be an odd prime. Let
F be the algebraic closure of the finite field Fp and W “ W pFq. We fix a supersingular p-divisible
group X over F of dimension 1 and height 2. Let B “ End˝pXq :“ EndpXq bZp Qp be the space of
quasi-endomorphisms of X, which is isometric to the unique quaternion division algebra over Qp.
Let q be the quadratic form on B given by the reduced norm of B. Let x0 P B be an element such
that νppqpx0qq “ 1 where νp is the valuation so that νpppq “ 1. We consider the following functor
N px0q: for a a W -scheme S such that p is locally nilpotent in OS , the set N px0qpSq consists of
tuples

´

X1
π1
Ñ X 1

1, pρ1, ρ
1
1q

¯

,
´

X2
π2
Ñ X 1

2, pρ2, ρ
1
2q

¯

,

where tXi, X
1
iui“1,2 are deformations of X to S via the height 0 quasi-isogenies ρi and ρ1

i from X to
Xi and X 1

i, and π1, π2 are deformations of the quasi-isogeny x0 under the framing morphisms ρi and
ρ1
i. The functor N px0q is represented by a formal scheme formally of finite type over W .
Let

(2)
ˆ

Xuniv
1

xuniv
0,1

ÝÑ X 1univ
1 ,

`

ρuniv
1 , ρ1univ

1

˘

˙

,

ˆ

Xuniv
2

xuniv
0,2

ÝÑ X 1univ
2 ,

`

ρuniv
2 , ρ1univ

2

˘

˙

be the universal object over the formal scheme N px0q. Let x P B be a non-zero element and denote
by x1 the element x0 ¨ x ¨ x´1

0 . We have the following commutative diagram

Xuniv
1 Xuniv

2

X 1univ
1 X 1univ

2 ,

xuniv
0,1

x

xuniv
0,2

x1

where the dotted arrows below x and x1 mean that they are quasi-isogenies. For a subset H Ă B,
define the special Z-cycle ZN px0qpHq Ă N px0q (resp. special Y-cycle YN px0qpHq Ă N px0q) to be the
closed formal subscheme over which both x and x1 (resp. x0 ¨x and x1 ¨x0) deform to isogenies for all
x P H (cf. Definition 4.9.1). As we will see later (see §1.4.2), one should regard the special Z-cycles
as local analogues of the global Hecke correspondences we mentioned previously, and Y-cycles as a
dual version of this (see Remark 1.4.7).

The formal scheme N px0q is normal but not regular. In order to consider intersection problem,
we need to construct a regular model first. Let π : M Ñ N px0q be the blow up morphism along the
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unique closed F-point of N px0q. Then M is a 3-dimensional regular formal scheme. For a subset
H Ă B, denote by ZpHq “ π˚ZN px0qpHq (resp. YpHq “ π˚YN px0qpHq) the direct pullback. When
H “ txu consists of only one element x, ZN px0qpxq and YN px0qpxq are not Cartier divisors. However,
we show that Zpxq and Ypxq are Cartier divisors on M (cf. Lemma 4.13.2 and Corollary 4.13.3).

Let L Ă B be a Zp-lattice of rank 3, we now associate to L several integers: the arithmetic
intersection number of Z-cycles IntZpLq, of Y-cycles IntYpLq, and the derived local density of L into
some not self-dual lattices.

Let x1, x2, x3 be a basis of L. Define the arithmetic intersection number of Z-cycles to be

(3) IntZpLq :“ χpM,OZpx1q bL
OM OZpx2q bL

OM OZpx3qq.

where OZpxiq
denotes the structure sheaf of the special divisor Zpxiq, bL

OM
denotes the derived

tensor product of coherent sheaves on M , and χ denotes the Euler–Poincaré characteristic. The
arithmetic intersection numbers of Y-cycles IntYpLq are defined by similar formula (3) but replacing
Z by Y . Both the numbers IntZpLq and IntYpLq are independent of the choice of the basis of L by
the linear invariance property (cf. Corollary 5.6.3).

Now we define the local density and derived local density. For another quadratic Zp-lattice (of
arbitrary rank) M , define RepM,L to be the scheme of integral representations, an Zp-scheme such
that for any Zp-algebra R, RepM,LpRq “ QHompLbZp R,M bZp Rq. Here QHom denotes the set of
homomorphisms of quadratic modules. The local density associated to M and L is defined to be

DenpM,Lq “ lim
dÑ8

#RepM,LpZp{pdq

pd¨dimpReppM,LqqQp
.

Let H0ppq and H0ppq_ be the following two quadratic lattices of rank 4 over Zp:

(4) H0ppq “

#˜

a b

pc d

¸

: a, b, c, d P Zp

+

, H0ppq_ “

#˜

a p´1b

c d

¸

: a, b, c, d P Zp

+

.

Here the quadratic forms of H0ppq and H0ppq_ are given by the determinant. Let H`
2k “ pH`

2 qkk be
a self-dual lattice of rank 2k, where the quadratic form on H`

2 “ Z2
p is given by px, yq P Z2

p ÞÑ xy.
Let H`

1 be a self-dual lattice of rank 1 whose discriminant is a square in Qˆ
p . There exist local

density polynomials DenpX,H0ppq, Lq,DenpX,H0ppq_, Lq P QrXs such that

DenpX,H0ppq, Lq
ˇ

ˇ

X“p´k “ DenpH0ppq kH`
2k, Lq,

DenpX,H0ppq_, Lq
ˇ

ˇ

X“p´k “ DenpH0ppq_ kH`
2k, Lq.

(5)

Both polynomial vanishes at X “ 1 since L Ă B is anisotropic and cannot be embedded into H0ppq

and H0ppq_. Therefore we consider the (normalized) derived local density

BDen pH0ppq, Lq :“ ´2 ¨
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenpX,H0ppq, Lq

DenpH0ppq, H`
2 kH`

1 rpsq
,

BDen pH0ppq_, Lq :“ ´2 ¨
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenpX,H0ppq_, Lq

DenpH0ppq_, H`
2 kH`

1 rp´1sq
,

Here for a quadratic lattice N and an element a P Qp, the symbol N ras means another quadratic
lattice with the same Zp-module as N but with the quadratic form multiplied by a.
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Remark 1.2.1. It is pointed out by Chao Li that the extra scaling scalar 2 comes from the fact
that the formal scheme N px0q is a double cover of the Rapoport–Zink space associated to the lattice
H0ppq.

Let OB be the maximal order of the division quaternion algebra B. Our main theorem is the
following two precise identities between several quantities just defined.

Theorem 1.2.2 (Theorem 5.6.7). Let L Ă B be a Zp-lattice of rank 3. Then

IntZpLq “ BDen pH0ppq, Lq ,

and

IntYpLq “ BDen pH0ppq_, Lq ´ 1 “ BDen pH0ppq_, Lq ´
p7

2pp` 1q2
¨ DenpO_

B , Lq.

We remark that in an ongoing work, we have a precise conjecture for the general GSpin RZ
space with maximal parahoric level which specialize to Theorem 1.2.2. We hope to establish more
special cases to provide evidence for the general conjecture in the future. We also remark that
the formulas in Theorem 1.2.2 is a manifestation of the duality phenomenon studied in [Cho22](cf.
[Cho22, Conjecture 1.6]) in the GSpin group setting.

1.3. Strategy of the proof.

1.3.1. Difference formula on the analytic side. Let L be a vertex lattice, i.e., pL_ Ă L Ă L_. Let
M be another quadratic lattice. Let xxy be a rank 1 quadratic lattice generated by x such that
n :“ νppqpxqq ě 0. In §3, we compute the difference of two local densities DenpL,M k xxyq and
DenpL,M k xp´1xyq. The main result is Theorem 3.2.1. Specializing it to our situation, we get

Lemma 1.3.1 (Lemma 3.3.3). Let L5 Ă B be an Zp-lattice of rank 2. Let x P B be an element such
that νppqpxqq ě 0 and xKL5. Then

BDen
´

H0ppq, L5 k xxy

¯

´BDen
´

H0ppq, L5 k xp´1xy

¯

“

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

BDen
`

xxyr´1s kH`
2 rps, L5

˘

, if n “ 0;

2 ¨ BDen
`

xxyr´1s kH`
2 rps, L5

˘

`BDen
`

xxyr´1s kH`
2 , L

5
˘

, if n “ 1;

2 ¨ BDen
`

xxyr´1s kH`
2 rps, L5

˘

`2 ¨ BDen
`

xxyr´1s kH`
2 , L

5
˘

, if n ě 2.

(6)

The difference formula is related to the double coset decomposition of the lattice H0ppq under
the left and right multiplication of Γ0ppq :“ H0ppqˆ. Let x P H0ppq be a primitive element such
that νppdetpxqq “ n ě 0, the primitivity of x means that x P H0ppqzpH0ppq. Then the double coset
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Γ0ppqxΓ0ppq has the following possibilities (Lemma 9.5.1):

Γ0ppq

˜

1 0

0 pn

¸

Γ0ppq, Γ0ppq

˜

pn 0

0 1

¸

Γ0ppq, Γ0ppq

˜

0 pn´1

p 0

¸

Γ0ppq, Γ0ppq

˜

0 1

pn 0

¸

Γ0ppq.

When n ě 2, the four cosets are different. When n “ 1, the last two cosets are the same, therefore
there are 3 different cosets. When n “ 0, the last two cosets do not exist, while the first two are the
same, therefore there is only 1 coset. That corresponds the number of terms appearing on the right
hand side of the difference formula (6).

1.3.2. Difference formula on the geometric side. Denote by MF the base change M ˆW F. It can
be viewed as the Cartier divisor of the ideal sheaf generated by p. There are four irreducible
components of MF labeled by MFF,MFV,MVF and MVV (see §4.10). The superscripts here
indicate the isogeny type (Frobenius or Verschiebung) of the first and second universal deformation
of x0 over the corresponding irreducible component. All four irreducible components are isomorphic
to the formal completion of the scheme Blp0,0qA2

F along its exceptional divisor. We have the following
identity of Cartier divisors on M (Proposition 4.11.1):

MF “ 2 ¨ ExcM ` MFF ` MVV ` MFV ` MVF.

We prove the following lemma:

Lemma 1.3.2 (Lemma 6.4.1). Let L5 Ă B be a Zp-lattice of rank 2. Let x P B be another element
such that νppqpxqq ě maxtvalpL5q, 2u and x K L5, then

IntZpL5 k xxyq ´ IntZpL5 k xp´1xyq “ χpM, LZpL5q bL
OM OMFq

“ χpM, LZpL5q bL
OM OMFFq ` χpM, LZpL5q bL

OM OMVVq

` χpM, LZpL5q bL
OM OMFVq ` χpM, LZpL5q bL

OM OMVFq.

1.3.3. Difference formula combined and the induction method. For quadratic lattices of rank less
or equal to 3, the local density polynomial has been computed explicitly in Yang’s work [Yan98].
Combining with some calculations of intersection numbers in [GK93] which are blow-up invariant
by §6.3, we prove the following:

Lemma 1.3.3 (Corollary 7.1.2). Let L5 Ă B be a Zp-lattice of rank 2. Let x P B be a nonzero
element such that xKL5 and νppqpxqq ě maxpL5q. Then

IntZ
´

L5 k xxy

¯

´ IntZ
´

L5 k xp´1xy

¯

“ BDen
´

H0ppq, L5 k xxy

¯

´ BDen
´

H0ppq, L5 k xp´1xy

¯

.

Actually, there is a correspondence between the terms on the right hand side of the geometric
difference formula (Lemma 1.3.2) and that of the analytic difference formula Lemma 1.3.1. Namely
(Lemma 7.1.1),

χpM, LZpL5q bL
OM OMFFq “ χpM, LZpL5q bL

OM OMVVq “ BDen
´

xxyr´1s kH`
2 , L

5
¯

,

χpM, LZpL5q bL
OM OMFVq “ χpM, LZpL5q bL

OM OMVFq “ BDen
´

xxyr´1s kH`
2 rps, L5

¯

.

Let pa1, a2, a3q be the Gross–Keating invariant GKpLq of the quadratic lattice L where a1 ď a2 ď

a3. We prove Theorem 1.2.2 for Z-cycles in the two base cases that the GKpLq “ p0, 0, 1q and
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p0, 1, 1q by computing both sides explicitly (§3.5 and §7.2). Then the statement in Theorem 1.2.2
about Z-cycles follows from Lemma 1.3.3 by inducting on the integer npLq “ a1 ` a2 ` a3.

1.3.4. Automorphism of M. There is a naturally defined automorphism ιM of the formal scheme
M (§4.12). For a subset H Ă B, we have YpHq “

`

ιM
˘˚

pZpx0 ¨Hqq. Combining the geometric
difference formula for Z-cycles and some identities between local densities (Lemma 3.4.1), we obtain:

Lemma 1.3.4 (Corollary 7.1.2). Let L5 Ă B be a Zp-lattice of rank 2. Let x P B be a nonzero
element such that xKL5 and νppqpxqq ě maxtmaxpL5q, 2u. Then

IntY
´

L5 k xxy

¯

´ IntY
´

L5 k xp´1xy

¯

“ BDen
´

H0ppq_, L5 k xxy

¯

´ BDen
´

H0ppq_, L5 k xp´1xy

¯

.

Then the statement in Theorem 1.2.2 about Y-cycles follows from Lemma 1.3.4 and similar in-
duction method as the Z-cycle case.

1.4. Applications.

1.4.1. A conjecture of Kudla–Rapoport. In 2006, Kudla and Rapoport defined CM cycles on the
modular curve X0pNq for an arbitrary positive integer N . Roughly speaking, a CM cycle param-
eterizes a pair of CM isogenies pj, j1q of two elliptic curves E,E1 which admits a cyclic isogeny
π : E Ñ E1 of degree N , where j P EndpEq and j1 P EndpE1q such that j1 ˝ π “ π ˝ j. It is
conjectured that the local arithmetic intersection numbers of two CM cycles on the Rapoport–Zink
space associated to the modular curve X0pNq are related to the derivatives of local densities in the
flavor of (1). Our result can be applied to confirm this conjecture when N is odd and squarefree.

We only state the “local” theorem, from which the global one can be deduced easily. The key
observation is the following: Suppose that the element x0 P B we picked satisfies qpx0q “ N . Then
the strict transform rZp1q of the special cycle Zp1q on M is isomorphic to the blow up of the
Rapoport–Zink space associated to X0pNq along its maximal ideal. The pullback of special cycles
Zpxq to rZp1q coincides with CM cycles defined by Kudla–Rapoport. This fact can be viewed as a
geometric cancellation law (cf. §8.2).

Let M Ă B0 (trace 0 elements in B) be a rank 2 lattice with basis x, y. Define

IntCMpMq “ χpN0pNq,OZCMpxq bL
OM OZCMpyqq.

This number is independent of the choice of basis x, y. Let S Ă H0ppq be the sublattice of trace 0
elements. Combining with analytic cancellation law (cf. §8.3) on the local densities, we obtain:

Theorem 1.4.1 (Theorem 8.5.2). Let M Ă B0 be a Zp-lattice of rank 2. Then

IntCMpMq “ BDenpS,Mq.

Remark 1.4.2. We remark here that Shi [Shi22] has a different method to calculate IntCMpMq.

Remark 1.4.3. When N is squarefree, the modular curve X0pNq is a GSpin Shimura variety with
almost self-dual level structure. In the language of He, Zhang and Zhu [HZZ25], there are two kinds
of special cycles, Z-cycles and Y-cycles, on the associated Rapoport–Zink spaces (the definition
on the integral models are similar). The CM cycles defined by Kudla and Rapoport for X0pNq

correspond to the Y-cycles, while the Z-cycles on X0pNq are defined and studied by Shi, Sankaran



8 QIAO HE AND BAIQING ZHU

and Yang [SSY23], and Zhu [Zhu25], [Zhu24a]. The relation between these two kinds of cycles can
be found in [HZZ25, Proposition 5.5.1]. If we replace X0pNq by a Shimura curve ShB associated
to a quaternion algebra B, which we regard as a GSpin Shimura variety with almost self-dual level
structure again, then the intersection of Y-cycles was considered in [KR00, KRY06].

1.4.2. Arithmetic intersections of Hecke correspondences. Let V be a rank 4 incoherent quadratic
space over A given by the following:

(7) Vv “ Vv “ M2pQvq if v ă 8, and V8 is positive definite.

Given a Schwartz function Φ “ Φ8 b Φf P S pV3q where Φ8 is given by the standard Gaussian
function on V3

8. There is a classical incoherent Eisenstein series Epg, s,Φq (§9.9) on the group GSp6.
Denote by ET pg, s,Φq the T -th Fourier expansion of it. The central value of Epg, s,Φq is 0 by the
incoherence. Let E1

T pg, 0,Φq be the derivative of ET pg, s,Φq at 0.
Let N be an odd squarefree positive integer. Let M0pNq be the blow up of the Deligne–Mumford

stack X0pNq ˆZ X0pNq along its supersingular points with residue field characteristic p|N . For a
positive integer m, we define a Cartier divisor pTpmq (cf. (104)) on M0pNq whose generic fiber equals
to the classically defined m-th Hecke correspondence on X0pNq2 (Lemma 9.8.2).

Theorem 1.4.4 (Theorem 9.10.1). Let m1,m2,m3 be three positive integers such that there is no
positive definite binary quadratic form over Z which represents the three integers m1,m2,m3. Then

´

pTpm1q ¨ pTpm2q ¨ pTpm3q

¯

“
ÿ

T

´2E1
T

ˆ

1, 0,Φ8 b 1
pH0pNqbpZq

3

˙

,

where the summation ranges over all the half-integral symmetric positive definite 3 ˆ 3 matrices T
with diagonal elements m1,m2,m3.

Remark 1.4.5. For each single non-degenerate positive definite matrix T P Sym3pQq, we also prove
a (semi)-global Arithmetic Siegel–Weil formula in §9.12 following the idea in [LZ22b, §12].

The condition on m1,m2,m3 guarantees that there is no self-intersections between the three
divisors pTpmiq on the generic fiber. In the works of Yuan–Zhang–Zhang [YZZ23], they use “regular”
test functions (cf. Definition 4.4.1 of loc. cit.) to avoid the self-intersection. Using this method,
they proved the (semi-global) arithmetic Siegel–Weil formula on the product of modular curves at
a place p where the modular curve has good reduction (cf. Theorem 5.4.3 of loc. cit.). Our work
gives a generalization of their formula at a prime p where the level structure is given by Γ0ppq.

Let p be an odd prime. Let U “ Γ0ppq ˆ Up be an open compact subgroup of GL2pAf q. Let
K “ U ˆGm U . We define a regular integral model MK,ppq over Zppq for the product of modular
curves YU ˆ YU . Using Weil representation, we can vary the Hecke correspondence and define a
divisor pTpg, ϕq on MK,ppq where g P GL2pAq and ϕ P S pVq following the works of Kudla [Kud04]
and Yuan–Zhang–Zhang.

Theorem 1.4.6 (Theorem 9.11.2). Let ϕi P S pVq be three Schwartz functions satisfying

(1) ϕi,8 is the standard Gaussian function on V8.
(2) ϕi,p “ 1H0ppq or 1H0ppq_ and ϕpi is invariant under the group Kp.
(3) There exists a finite place v prime to p such that the Schwartz function ϕv “ ϕ1,vbϕ2,vbϕ3,v P

S pV3
vq is regularly supported in the sense of [YZZ23, Definition 4.4.1].
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Let Φ “ ϕ1bϕ2bϕ3 P S pV3q. Then for all elements g “ pg1, g2, g3q P pGL2 ˆGm GL2 ˆGm GL2q pAq

such that gv “ 1v and gp “ 1p. We have

(8)
´

pTpg1, ϕ1q ¨ pTpg2, ϕ2q ¨ pTpg3, ϕ3q

¯

p
“

ÿ

T :DiffpT q“tpu

´2E1
T pg, 0,Φq, if Φp “ 1H0ppq3 or 1H0ppq_3 .

The set DiffpT q consists of all finite places l where T is not represented by Vl.

Remark 1.4.7. During the proof of the above theorem, we find that the case Φp “ 1H0ppq3 corre-
sponds to the global intersections of Z-cycles on MK,ppq, while the case Φp “ 1H0ppq_3 corresponds
to the global intersections of Y-cycles.

1.5. The structure of the paper. In Part 1, we introduce notations on quadratic lattices and
local density (§2). Then we establish a difference formula of local density and apply it to cases that
we are interested (§3).

In Part 2, we define the Rapoport–Zink space and special cycles on it in §4. Then we study the
intersection of special divisors and the exceptional divisor in §5. The main results in this section
allows us to give a complete decomposition of the special divisors. We also prove the linear invariance
of the derived special cycles. In §6, we establish the difference formula on the geometric side. In
§7, we combine the geometric and analytic difference formulas and also calculate the base cases to
prove the main theorem (Theorem 1.2.2).

Finally in Part 3, we give two applications of our results: A conjecture of Kudla and Rapoport
(§8) and the arithmetic intersections of Hecke correspondences (§9).

1.6. Acknowledgments. We would like to thank Chao Li, Yifeng Liu, Michael Rapoport, Wei
Zhang and Zhiyu Zhang for helpful conversations and comments. We also would like to thank the
anonymous referees for the valuable comments that greatly improve the paper.

1.7. Notations. Throughout this article, we fix an odd prime p (see Remarks 3.4.3 and 5.4.5 for
why we require p ą 2). Let F {Qp be a finite extension, with ring of integers OF , and uniformizer
π. Let νπ : F Ñ Z Y t8u be the valuation map on F which maps π to 1. Let F be the algebraic
closure of Fp. Let F̆ be the completion of the maximal unramified extension of F . Let OF̆ be the
integer ring of the field F̆ .

1.7.1. On crystalline sites. For a scheme or formal scheme S over OF̆ , denote by NCRISOF̆
pS{SpecOF̆ q

the big fppf nilpotent crystalline site of S over OF̆ (cf. [FGL08, Definition B.5.7.]), the definition
is the same as the crystalline site defined in the works of Berthelot, Breen and Messing [BBM82,
§1.1.1.] except that we replace the pd-structure by OF -pd-structure [FGL08, Definition B.5.1.] (No-
tice that they are equivalent when F “ Qp). Denote by Ocrys

S the structure sheaf in this site. For a
point z P SpFq, let pOS,z be the complete local ring of S at the point z. Let NilpOF̆

be the category
of OF̆ -schemes on which π is locally nilpotent. For an object S in NilpOF̆

, we use S to denote the
scheme S ˆOF̆

F.

1.7.2. On Grothendieck K-groups. For a noetherian formal scheme X together with a closed formal
subscheme Y , denote by KY

0 pXq the Grothendieck group of finite complexes of coherent locally free
OX -modules acyclic outside Y . We use K0pXq to denote KX

0 pXq. Let K 1
0pY q be the Grothendieck

group of coherent sheaves of OY -modules on Y .
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Throughout this article, we adopt the notational convention of writing L, for a line bundle on a
(formal) scheme X, to also represent the class rOXs ´ rLs in the Grothendieck group K0pXq.

Let pX,OXq be a noetherian formal scheme over SpfOF̆ , define its dimension to be sup
xPXpFq

dimOX,x.

For a closed formal subscheme Y ãÑ X, define the codimension of Y in X to be codimXY “

inf
xPY pFq

tdimOX,x ´ dimOY,xu. Notice that both the notions of dimension and codimension agree

with that for schemes. Denote by FiKY
0 pXq the codimension i descending filtration on KY

0 pXq

(9) FiKY pXq “
ď

ZĂY
codimXZěi

Im
`

KZ
0 pXq Ñ KY

0 pXq
˘

.

Denote by GriKY
0 pXq its i-th graded piece. For an object A P FiKY

0 pXq, denote by rAs its image
in GriKY

0 pXq. There is also an ascending filtration FiK
1
0pXq on K 1

0pXq

(10) FiK
1
0pXq “

ď

ZĂX
dimZďi

Im
`

K 1
0pZq Ñ K 1

0pXq
˘

.

We also have a cup product ¨ on KY
0 pXqQ :“ KY

0 pXqbZQ defined by tensor product of complexes.
Under the identification KY

0 pXq
„
Ñ K 1

0pY q, the cup product is derived tensor product.

Part 1. Analytic side

2. Quadratic lattices and local densities

2.1. Notations on quadratic spaces and lattices. A quadratic space pU, qU q over F is a finite
dimensional vector space U over F equipped with a quadratic form qU : U Ñ F , the quadratic form
qU induces a symmetric bilinear form given by

p¨, ¨q : U ˆ U Ñ F,

px, yq ÞÑ qU px` yq ´ qU pxq ´ qU pyq.(11)

We say a quadratic space U is non-degenerate if the bilinear form p¨, ¨q is non-degenerate.
An isometry between two quadratic spaces pU, qU q and pU 1, qU 1q is a linear isomorphism ϕ : U Ñ U 1

preserving quadratic forms, i.e., qU 1pϕpxqq “ qU pxq for any x P U . In that case, we say U and U 1 are
called isometric.

Given by a quadratic space pU, qU q over F and a nonzero number s P F , denote by pU rss, qU rssq

the quadratic space whose underlying linear space U rss “ U , and the quadratic form qU rss defined
as qU rsspxq “ s ¨ qU pxq, for all x P U .

A quadratic lattice pL, qLq is a finite free OF -module equipped with a quadratic form qL : L Ñ F .

The quadratic form qL also induces a symmetric bilinear form LˆL
p¨,¨q
ÝÑ F by similar formula (11).

The quadratic form qL can be extended to the linear space LF :“ L bOF
F . We say a quadratic

lattice L is non-degenerate if the quadratic space LF is non-degenerate. In the following paragraphs,
we will always assume the lattice is non-degenerate.

For a nonzero number s P F , denote by pLrss, qLrssq the quadratic lattice whose underlying lattice
Lrss “ L, and the quadratic form qLrss defined as qLrsspxq “ s ¨ qLpxq, for all x P L.
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For a quadratic lattice L and a sublattice M Ă L, define MK :“ tx P L : px,Mq “ 0u. For two
quadratic lattices pL1, q1q and pL2, q2q, define L1 k L2 to be the quadratic lattice whose underlying
OF -lattice is L1 ‘ L2, and the quadratic form q “ q1 ‘ q2.

We say a quadratic lattice is integral if qLpxq P OF for all x P L. For an integral lattice L, define
L_ “ tx P LbOF

F : px, Lq Ă OF u. Define its fundamental invariants to be the unique sequence of
integers pa1, ¨ ¨ ¨ , anq such that 0 ď a1 ď ¨ ¨ ¨ ď an, and L_{L » ‘n

i“1OF {πai as OF -modules. Define

minpLq “ a1, maxpLq “ an.

Definition 2.1.1. We say a quadratic lattice L is a vertex lattice if it is integral and all the
fundamental invariants ai satisfy that 0 ď ai ď 1, i.e.,

πL_ Ă L Ă L_.

When all the fundamental invariants are 0, i.e., L “ L_, we say the quadratic lattice L is self-dual.

Let a1
1 ă ¨ ¨ ¨ ă a1

r be all the different numbers appearing in a1, ¨ ¨ ¨ , an. There exists a Jordan
decomposition of the quadratic lattice L as follows,

L » kr
i“1Li,

where Lirπ
´a1

is is a self-dual lattice.

Lemma 2.1.2. The Jordan decomposition is unique in the sense that if we have two decompositions
L » kr

i“1Li and L » kr1

i“1L
1
i, where Lirπ

´a1
is, L1

irπ
´b1

is are self-dual quadratic lattices for some
integers a1

i, b
1
i ě 0 and a1

1 ă ¨ ¨ ¨ ă a1
r, b

1
1 ă ¨ ¨ ¨ ă b1

r. Then we must have r1 “ r and L1
i » Li (hence

a1
i “ b1

i) for all i.

Proof. This is proved in the works of R. Schulze-Pillot [SP21, Corollary 5.21]. □

Example 2.1.3. Let pU, qU q be a quadratic space. For an element x P U , we use xxy to denote the
rank 1 quadratic lattice generated by x. It is non-degenerate if qpxq ‰ 0. It is integral if qpxq P OF .
Its fundamental invariant is νπpqpxqq. When p is odd, the lattice xxy is self-dual if and only if
νπpqpxqq “ 0.

2.2. Some invariants. Let pU, qU q be a quadratic space. Let’s assume that dimFU “ n and the
symmetric bilinear form p¨, ¨q is nondegenerate. Let txiu

n
i“1 be a basis of U , and tij “ 1

2pxi, xjq, we
define the discriminant of the quadratic space U to be:

discpUq “ p´1qnpn´1q{2det pptijqq P Fˆ{pFˆq2.

If txiu
n
i“1 is an orthogonal basis of U then tij “ 0 if i ‰ j and tii ‰ 0 by the nondegeneracy of p¨, ¨q.

The Hasse invariant of the quadratic space U is

ϵpUq “
ź

iăj

ptii, tjjqF ,

For a quadratic lattice L, we use discpLq and ϵpLq to denote the corresponding invariants on the
quadratic space LF “ LbOF

F . Recall that when p is odd, quadratic spaces U over F are classified
by the following three invariants:

dimF U, discpUq, ϵpUq.
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i.e., two quadratic spaces U and U 1 are isometric if and only if the above three invariants for U and
U 1 are the same.

Let χ “
`

¨
π

˘

: Fˆ{pFˆq2 Ñ t˘1, 0u be the quadratic residue symbol. For a quadratic space U ,
define χpUq “ χpdiscUq. For a quadratic lattice L, define χpLq “ χpdiscLF q.

When p is odd, the quadratic space U admits a self-dual sub-lattice if and only if ϵpUq “ `1 and
χpUq ‰ 0, we will use Hε

k to denote the unique self-dual lattice of rank k and

χpHε
kq :“ χpdiscpHε

kqq “ ε.

2.3. Local densities of quadratic lattices.

Definition 2.3.1. Let L,M be two integral quadratic OF -lattices. Let RepM,L be the scheme of
integral representations, an OF -scheme such that for any OF -algebra R,

ReppM,LqpRq “ QHompLbOF
R,M bOF

Rq,

where QHom denotes the set of quadratic module homomorphism.

Definition 2.3.2. Let L,M be two quadratic OF -lattices (not necessarily integral) with rank n,m
respectively. Let a ě 0 be an integer such that Lrπas and M rπas are both integral. The local density
of integral representations is defined to be

DenpM,Lq “ q´a¨npn`1q{2 lim
dÑ8

#ReppM rπas, LrπasqpOF {πdq

qd¨dimpReppM,LqqF
.

This number is independent of the choice of a by [Kit99, Proposition 5.6.1].

Remark 2.3.3. If L,M have rank n,m respectively and the generic fiber pRepM,LqF ‰ ∅, then
n ď m and

dimpReppM,LqqF “ dim Om ´ dim Om´n “
`

m
2

˘

´
`

m´n
2

˘

“ mn´
npn` 1q

2
.

It is well-known that there exists a local density polynomial DenpX,M,Lq P QrXs such that

Denpq´k,M,Lq “ DenpM kH`
2k, Lq

for all non-negative integers k. For our case, one can see this via Lemma 3.3.1 and an induction
argument.

Definition 2.3.4. Let L,M be two quadratic OF -lattices. Let PRepM,L be the OF -scheme of
primitive integral representations such that for any OF -algebra R,

PReppM,LqpRq “ tϕ P ReppM,LqpRq : ϕ is an isomorphism between LR and a direct summand of MRu.

where LR (resp. MR) is LbOF
R (resp. M bOF

R). The primitive local density is defined to be

PdenpM,Lq “ lim
dÑ8

#PReppM,LqpOF {πdq

qd¨dimpRepM,LqF
.

Remark 2.3.5. For a positive integer d, a homomorphism ϕ P ReppM,LqpOF {πdq or ReppM,LqpOF q

is primitive if and only if ϕ :“ ϕ modπ P PReppM,LqpOF {πq, which is equivalent to dimFqpϕpLq `

π ¨Mq{π ¨M “ rankOF
pLq. This agrees with the definition of primitive local density in [CY20, §3.1]
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Example 2.3.6. Let k be a positive integer. Let ε P t˘u. Let s P OF be a nonzero number. Let
xxy be a rank 1 quadratic lattice such that qpxq “ s. It has been calculated explicitly that ([LZ22b,
(3.3.2.1)])

(12) PdenpHε
k, xxyq “

$

’

’

’

’

’

&

’

’

’

’

’

%

1 ´ q1´k, when k is odd and π | s;

1 ` εχpsqqp1´kq{2, when k is odd and π ∤ s;

p1 ´ εq´k{2qp1 ` εq1´k{2q, when k is even and π | s;

1 ´ εq´k{2, when k is even and π ∤ s.

3. Difference formula on the analytic side

3.1. Primitive elements in vertex lattices. Let pL, qq be a vertex quadratic lattice such that
L_ ‰ L or π´1L. Let p¨, ¨q be the bilinear form on L. There exists two self-dual lattices pH1, q1q

and pH2, q2q such that rankOF
H1, rankOF

H2 ě 1.

(13) L » H1rπs kH2.

By the uniqueness of the Jordan decomposition, the lattices H1 and H2 are unique under isometric
equivalence. We will fix an isomorphism (13) in the following paragraphs.

We say an element x P L is primitive in L if x R πL. Let OpLq be the orthogonal group of the
lattice L, i.e., OpLq “ tg P AutOF

pLq : pgpx1q, gpx2qq “ px1, x2q for all x1, x2 P Lu.

Lemma 3.1.1. Let x “ x1 ` x2 P L be a primitive element where x1 P H1rπs and x2 P H2.

(a) If x2 is a primitive element in H2, there exists an element g P OpLq such that gpxq P H2.
(b) If x2 is not a primitive element in H2, there exists an element g P OpLq such that gpxq P

H1rπs.

Proof. We first prove (a). If rankOF
H2 “ 1, the primitivity of x2 implies that νπpqpxqq “ 0. We

have the following decomposition
L “ xxy k xxyK.

By the uniqueness of the Jordan decomposition (Lemma 2.1.2), there exist two isometric maps
ϕ1 : xxy

„
ÝÑ H2 and ϕ2 : xxyK „

ÝÑ H1rπs. Define g P OpLq to be the composition L “ xxyKkxxy
ϕ1kϕ2
ÝÝÝÝÑ

H1rπs kH2
p13q
ÝÝÑ L, then gpxq P H2.

If rankOF
H2 ě 2. The primitivity of x2 implies that there exists an element y P H2 such that

Fq ¨x`Fq ¨ y Ă L{πL is a non-degenerate quadratic subspace since x2 ‰ 0 and H2 is self-dual. Then
the lattice M :“ OF ¨ x` OF ¨ y is self-dual. We have the following decomposition

L “ M kMK.

Then MK is a vertex lattice, therefore there exists two self-dual lattices M1 and M2 such that
MK » M1rπs k M2. We get L » M1rπs k M k M2. Lemma 2.1.2 implies that there exist two
isometric maps ϕ1 : M1

„
ÝÑ H1 and ϕ2 : M k M2

„
ÝÑ H2. Define g P OpLq to be the composition

L » M1rπs kM kM2
ϕ1kϕ2
ÝÝÝÝÑ H1rπs kH2

p13q
ÝÝÑ L, then gpxq P H2.

Now we prove (b). We know that x1 is primitive in H1 since x2 is not primitive in H2. If
rankOF

H1 “ 1, the primitivity of x1 implies that νπpq1rπspxqq “ 1. Notice that for all elements
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l P L, we have νπ ppx, lqq “ νπppx1, lq ` px2, lqq ě mintνπppx1, lqq, νπppx2, lqqu ě 1. We have the
following decomposition

L “ xxy k xxyK.

By the uniqueness of the Jordan decomposition (Lemma 2.1.2), there exist two isometric maps
ϕ1 : xxy

„
ÝÑ H1rπs and ϕ2 : xxyK „

ÝÑ H2. Define g P OpLq to be the composition L “ xxykxxyK ϕ1kϕ2
ÝÝÝÝÑ

H1rπs kH2
p13q
ÝÝÑ L, then gpxq P H1rπs.

If rankOF
H2 ě 2. The primitivity of x1 in H1 implies that there exists an element y P H1 such

that Fq ¨ x1 ` Fq ¨ y Ă H1{πH1 is a non-degenerate quadratic subspace since x1 ‰ 0 and H1 is
self-dual. Let M :“ OF ¨ x` OF ¨ y Ă L. The inner product matrix of M under the basis tx, yu is

˜

πq1px1q ` q2px2q π
2 px1, yq

π
2 px1, yq πq1pyq

¸

“ π ¨

˜

q1px1q 1
2px1, yq

1
2px1, yq q1pyq

¸

` π2

˜

q2px2{πq 0

0 0

¸

.

Therefore M_{M » OF {π ‘ OF {π. Notice that for all elements l P L and m “ ax ` by P M , we
have νπ ppm, lqq “ νπpapx, lq ` bpy, lqq ě mintνπppx1, lqq, νπppx2, lqq, νπppy, lqqu ě 1. Then we have a
decomposition

L “ M kMK.

Then MK is a vertex lattice, therefore there exists two self-dual lattices M1 and M2 such that
MK » M1rπs k M2. We get L » M k M1rπs k M2. Lemma 2.1.2 implies that there exist two
isometric maps ϕ1 : M k M1rπs

„
ÝÑ H1rπs and ϕ2 : M2

„
ÝÑ H2. Define g P OpLq to be the

composition L » M kM1rπs kM2
ϕ1kϕ2
ÝÝÝÝÑ H1rπs kH2

p13q
ÝÝÑ L, then gpxq P H2. □

Lemma 3.1.2. Let n ě 2 be a positive integer and ε P t˘u.

(a) For a primitive element x P Hε
n, we have

xxyK »

$

&

%

xxyr´1s kHε
n´2, if n ě 3;

xxyr´εs, if n “ 2.

(b) For a primitive element x P Hε
nrπs, we have

xxyK »

$

&

%

xxyr´1s kHε
n´2rπs, if n ě 3;

xxyr´εs, if n “ 2.

Proof. The case n “ 2 can be verified by hand. For n ě 3, the quadratic lattice Hε
n is isometric to

the quadratic lattice H`
2 k Hε

n´2. For (a), we can assume x P H`
2 , then it’s easy to see that the

orthogonal complement of x in H`
2 is isometric to xxyr´1s. The statement (b) follows from (a). □

3.2. Difference formula for vertex lattices. The main goal of this section is to prove the fol-
lowing formula.

Theorem 3.2.1. Let n1, n2 ě 2 be two integers. Let ε1, ε2 P t˘u. Let L “ Hε1
n1

rπs k Hε2
n2

. Let
M be a quadratic lattice of rank m. Let xxy be a rank 1 quadratic lattice generated by x such that
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n :“ νπpqpxqq ě 0. Let

L1 :“

$

&

%

Hε1
n1´2rπs kHε2

n2
k xxyr´1s, if n1 ě 3;

Hε2
n2

k xxyr´ε1s, if n1 “ 2.

L2 :“

$

&

%

Hε1
n1

rπs kHε2
n2´2 k xxyr´1s, if n2 ě 3;

Hε1
n1

rπs k xxyr´ε2s, if n2 “ 2.

Then we have

Den pL,M k xxyq ´ qm`2´n1´n2 ¨ Den
`

L,M k xπ´1xy
˘

(14)

“ qm`1´n2 ¨ Den pL1,Mq ¨ Pden
`

Hε1
n1
, xxyrπ´1s

˘

` Den pL2,Mq ¨ Pden
`

Hε2
n2
, xxy

˘

.

Remark 3.2.2. In the formula (14), some non-integral quadratic lattices might appear, such as
xπ´1xy and xxyrπ´1s. We take the corresponding local density term to be 0 when such non-integral
quadratic lattice appear by Definition 2.3.2.

3.2.1. Decomposition of some sets.

Lemma 3.2.3. Let d ě n`1 be an integer. Then we have a decomposition of the set ReppL, xxyqpOF {πdq

as follows,

ReppL, xxyqpOF {πdq “

rn{2s
ğ

i“0

ğ

tPOF {pπiq

PRep
´

L, xπ´ixyr1 ` πdqpxq´1ts
¯

pOF {πd´iq

»

rn{2s
ğ

i“0

ğ

tPOF {pπiq

PRep
`

L, xπ´ixy
˘

pOF {πd´iq.

Proof. Let ϕ P ReppL, xxyqpOF {πdq. Let i be the largest integer such that ϕpxq P πiL{πdL. Then
we must have 0 ď i ď rn2 s because νπpqpxqq “ n. Define rϕ : xπ´ixy{πd´ixπ´ixy Ñ L{πd´iL to
be rϕpπ´ixq “ π´iϕpxq. Since we only know that q pϕpxqq ” qpxq modπd, there exists an element
t P OF {πi such that

q
`

π´iϕpxq
˘

” π´2iqpxq ` πd´2it ” π´2iqpxq

´

1 ` πdqpxq´1t
¯

mod πd´i.

Hence rϕ P PRep
`

L, xπ´ixyr1 ` πdqpxq´1ts
˘

pOF {πd´iq.
Since d ě n` 1, we know that the lattice xπ´ixyr1 ` πdqpxq´1ts is isometric to xπ´ixy, therefore

ğ

tPOF {pπiq

PRep
´

L, xπ´ixyr1 ` πdqpxq´1ts
¯

pOF {πd´iq »
ğ

tPOF {pπiq

PRep
`

L, xπ´ixy
˘

pOF {πd´iq.

□

Let 0 ď i ď rn2 s be an integer. Let d ě n` 1 be an integer. For an element ϕ P PRep
`

L, xπ´ixy
˘

,
we have

ϕpπ´ixq “ x1 ` x2,
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where x1 P H1rπs{πd´iH1rπs and x2 P H2{πd´iH2. Define

PRep1pL, xπ´ixyqpOF {πd´iq :“ tϕ P PRep
`

L, xπ´ixy
˘

pOF {πd´iq : x2 P πH2{πd´iH2u,

PRep2pL, xπ´ixyqpOF {πd´iq :“ tϕ P PRep
`

L, xπ´ixy
˘

pOF {πd´iq : x2 R πH2{πd´iH2u.

Then we have a decomposition

PRep
`

L, xπ´ixy
˘

pOF {πd´iq “ PRep1pL, xπ´ixyqpOF {πd´iq
ğ

PRep2pL, xπ´ixyqpOF {πd´iq.

Lemma 3.2.4. Let 0 ď i ď rn2 s be an integer. Let d ě n` 1 be an integer. We have

#PRep2pL, xπ´ixyqpOF {πd´iq “ qn1pd´iq ¨ #PReppHε2
n2
, xπ´ixyqpOF {πd´iq.

#PRep1pL, xπ´ixyqpOF {πd´iq

“

$

&

%

qn2pd´i´1q`1 ¨ #PRep
`

Hε1
n1
, xπ´ixyrπ´1s

˘

pOF {πd´iq, if π´2i´1qpxq P OF ;

0, otherwise.

Proof. For simplicity, in the proof we denote Hε1
n1

by H1, denote Hε2
n2

by H2.
Let ϕ P PRep1

`

L, xπ´ixy
˘

pOF {πd´iq. Then we have

ϕpπ´ixq “ x1 ` πx1
2 P L{πd´iL,

where x1 P H1rπs{πd´iH1rπs and x1 R πH1rπs{πd´iH1rπs, and x1
2 P H2{πd´i´1H2. Therefore we get

a map
pr2 : PRep1pL, xπ´ixyqpOF {πd´iq Ñ H2{πd´i´1H2, ϕ ÞÑ x1

2.

Conversely, given an element x1
2 P H2{πd´i´1H2, the inverse image of x1

2 under the map pr2 is

pr´1
2 px1

2q “ tx1 P H1rπs{πd´iH1rπs :qH1rπspx1q ` qH2pπx1
2q ” qpπ´ixq mod πd´i

and x1 R πH1rπs{πd´iH1rπsu.

For an element x1 P pr´1
2 px1

2q, we have πqH1px1q ` π2qH2px1
2q ” π´2iqpxq mod πd´i. Hence

qH1px1q ” π´2i´1qpxq ´ πqH2px1
2q mod πd´i´1.

Therefore there exists an element u P OF {π such that

qH1px1q ” π´2i´1qpxq ´ πqH2px1
2q ` πd´i´1umod πd´i,

then we get the following decomposition

pr´1
2 px1

2q “
ğ

uPOF {π

tx1 P H1{πd´iH1 : qH1px1q ” π´2i´1qpxq ´ πqH2px1
2q ` πd´i´1umod πd´i,

and x1 R πH1{πd´iH1u.

Denote by Lu the u-th term on the right hand side. Notice that π´2i´1qpxq ´πqH2px1
2q `πd´i´1u ”

π´2i´1qpxq mod π. By the formula (12) and the definition of primitive local density, the primitive
local density of a rank 1 quadratic lattice into a self-dual lattice only depends on the mod π reduction
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of the rank 1 lattice, we get

#Lu “

$

&

%

#PReppH1, xπ
´ixyrπ´1sqpOF {πd´iq, if π´2i´1qpxq P OF ;

0, otherwise.

Therefore we have

#pr´1
2 px1

2q “

$

&

%

q ¨ #PRep
`

H1, xπ
´ixyrπ´1s

˘

pOF {πd´iq, if π´2i´1qpxq P OF ;

0, otherwise.

Therefore

#PRep1pL, xπ´ixyqpOF {πd´iq “ #H2{πd´i´1H2 ¨ #pr´1
2 px1

2q

“

$

&

%

qn2pd´i´1q`1 ¨ #PRep
`

Hε1
n1
, xπ´ixyrπ´1s

˘

pOF {πd´iq, if π´2i´1qpxq P OF ;

0, otherwise.

Now we compute #PRep2pL, xπ´ixyqpOF {πd´iq. The idea is similar to the previous computations.
Let ϕ P PRep2

`

L, xπ´ixy
˘

pOF {πd´iq. Then we have

ϕpπ´ixq “ x1 ` x2 P L{πd´iL,

where x1 P H1rπs{πd´iH1rπs, x2 P H2{πd´iH2 and x2 R πH2{πd´iH2. Therefore we get a map

pr1 : PRep2pL, xπ´ixyqpOF {πd´iq Ñ H1rπs{πd´iH1rπs, ϕ ÞÑ x1.

Conversely, given an element x1 P H1rπs{πd´iH1rπs, the inverse image of x1 under the map pr1 is

pr´1
1 px1q “ tx2 P H2{πd´iH2 : qpx2q ” qpπ´ixq ´ qH1rπspx1q mod πd´i,

and x2 R πH2{πd´iH2u.

Notice that qpπ´ixq ´ qH1rπspx1q ” qpπ´ixq ´ πqH1px1q ” qpπ´ixq mod π. By the formula (12), we
get

#pr´1
1 px1q “ #PRep

`

H2, xπ
´ixy

˘

pOF {πd´iq.

Therefore

#PRep2pL, xπ´ixyqpOF {πd´iq “ #H1rπs{πd´iH1rπs ¨ #PRep
`

H2, xπ
´ixy

˘

pOF {πd´iq

“ qn1pd´iq ¨ #PRep
`

Hε2
n2
, xπ´ixy

˘

pOF {πd´iq.

□

3.2.2. A restriction map. Let d be a positive integer. We define a map ReppL,M k xxyqpOF {πdq Ñ

ReppL, xxyqpOF {πdq as follows: for an element ϕ P ReppL,M k xxyqpOF {πdq, define

respϕqpxq “ ϕpxq.

Lemma 3.2.5. Let 0 ď i ď rn2 s be an integer. When d ě n` 1 is a large enough integer,

(a) For an element ϕ P PRep1pL, xπ´ixyqpOF {πd´iq, we have

#res´1pϕq “

$

&

%

#ReppHε1
n1´2rπs kHε2

n2
k xπ´ixyr´1s,MqpOF {πdq ¨ qpi`1qm, if n1 ě 3;

#ReppHε2
n2

k xπ´ixyr´ε1s,MqpOF {πdq ¨ qpi`1qm, if n1 “ 2.
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(b) For an element ϕ P PRep2pL, xπ´ixyqpOF {πd´iq, we have

#res´1pϕq “

$

&

%

#ReppHε1
n1

rπs kHε2
n2´2 k xπ´ixyr´1s,MqpOF {πdq ¨ qim, if n2 ě 3;

#ReppHε1
n1

k xπ´ixyr´ε2s,MqpOF {πdq ¨ qim, if n2 “ 2.

Proof. We only give the proof when n1, n2 ě 3, the other cases where n1 “ 2 or n2 “ 2 can be
proved by exactly the same strategy. Let teiu

m
i“1 be a basis of the lattice M . Let j P t1, 2u be an

element.
Let ϕ P PRepjpL, xπ

´ixyqpOF {πd´iq be an element. Let θ “ ϕpπ´ixq P L{πd´iL. Let θ P L be a
lift of θ such that qpθq “ π´2iqpxq. Then

res´1pϕq “ tpx1, ¨ ¨ ¨ , xmq P pL{πdLqm : pxk, xtq ” pek, etq mod πd, pxk, πiθq ” 0 mod πd.u.

By Lemma 3.1.1 and Lemma 3.1.2, we know that

L1,i :“ xθyK » Hε1
n1´2rπs kHε2

n2
k xπ´ixyr´1s,(15)

L2,i :“ xθyK » Hε1
n1

rπs kHε2
n2´2 k xπ´ixyr´1s.(16)

For simplicity, we still use Lj to denote the lattice Lj,i. We have an exact sequence

(17) 0 ÝÑ Lj k xθy
ij

ÝÑ L ÝÑ Qj ÝÑ 0.

The quotient Qj is a finite group since Lj k xθy and L have the same rank. Tensoring the sequence
(17) by OF {πd for a sufficiently large integer d, we get

0 ÝÑ Kj ÝÑ Lj{π
dLj k xθy{πdxθy

ij
ÝÑ L{πdL ÝÑ Qj ÝÑ 0,

where #Kj “ #Qj “ qn´2i`j´2. Let ij
m

“ ij ˆ ¨ ¨ ¨ ˆ ij .
Claim: When d is large enough, the map pij

m
q´1pres´1pϕqq Ñ res´1pϕq is surjective.

Proof of the claim: Let px1, ¨ ¨ ¨ , xmq P res´1pϕq. Let x1, ¨ ¨ ¨ , xm P L be lifts of the elements
x1, ¨ ¨ ¨ , xm P L{πdL. Then for all integers 1 ď i ď m,

xi “
pxi, θq

2qpθq
¨ θ ` x1

i,

where px1
i, θq “ 0. When d is large enough, the element pxi,θq

2qpθq
P OF . Hence x1

i P L. Therefore
x1
i P xθyK “ Lj . Hence

px1, ¨ ¨ ¨ , xmq “

˜

pxi, θq

2qpθq
¨ θ, ¨ ¨ ¨ ,

pxm, θq

2qpθq
¨ θ

¸

`

´

x1
1, ¨ ¨ ¨ , x1

m

¯

P Impij
m

q.

■

Now we fix an isomorphism of OF -modules xθy » OF such that θ is mapped to 1. Then when d
is large enough,

pij
m

q´1pres´1pϕqq “ tpx1
1, ¨ ¨ ¨ , x1

mq P pLj{π
dLjq

m, pa1, ¨ ¨ ¨ , amq P pOF {πdqm : ak P πd´n`i{πd,

px1
k, x

1
tq ” pek, etq mod πd.u
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Therefore pij
m

q´1pres´1pϕqq » ReppLj ,MqpOF {πdq ˆ pOF {πn´iqm. Hence

#res´1pϕq “
#pij

m
q´1pres´1pϕqq

#Km
j

“ #ReppLj ,MqpOF {πdq ¨ qpi`2´jqm

□

Proof of Theorem 3.2.1. Let d ě n` 1 be a large enough integer, we have

#ReppL,M k xxyqpOF {πdq “

rn{2s
ÿ

i“0

qi ¨ #PRep1pL, xπ´ixyqpOF {πd´iq ¨ #res´1pϕ1,iq(18)

` qi ¨ #PRep2pL, xπ´ixyqpOF {πd´iq ¨ #res´1pϕ2,iq

where ϕ1,i P PRep1pL, xπ´ixyq and ϕ2,i P PRep2pL, xπ´ixyq. By the definitions of L1,i (15), L2,i (16)
and (18), we have

DenpL,M k xxyq “

rn{2s
ÿ

i“0

qm`1´n2 ¨ qipm`2´n1´n2q ¨ DenpL1,i,Mq ¨ PdenpHε1
n1
, xπ´ixyrπ´1sq

` qipm`2´n1´n2q ¨ DenpL2,i,Mq ¨ PdenpHε2
n2
, xπ´ixyq.

Notice that L1,0 “ L1 and L2,0 “ L2. Therefore

Den pL,M k xxyq ´ qm`2´n1´n2 ¨ Den
`

L,M k xπ´1xy
˘

“ qm`1´n2 ¨ Den pL1,Mq ¨ Pden
`

Hε1
n1
, xxyrπ´1s

˘

` Den pL2,Mq ¨ Pden
`

Hε2
n2
, xxy

˘

.

3.3. Analytic difference formula. Let s P F be a nonzero number. H0psq be the following lattice
over OF of rank 4,

H0psq “

#˜

a b

sc d

¸

: a, b, c, d P OF

+

.

We equip the lattice H0psq with the quadratic form given by the determinant morphism det :

H0psq Ñ F . Then
H0psq » H`

2 rss kH`
2 .

Let Hε1
n1

“ H`
2 and Hε2

n2
“ H`

2k`2. Applying Theorem 3.2.1 and the formula (12), we get the
following formula about DenpX,H0pπq, Lq which we defined in (5).
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Lemma 3.3.1. Let xxy be a rank 1 quadratic lattice generated by x such that n :“ νπpqpxqq ě 0.
Let L5 be a rank 2 quadratic lattice over OF . Then

Den
´

X,H0pπq, L5 k xxy

¯

´X2 ¨ Den
´

X,H0pπq, L5 k xπ´1xy

¯

“

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

`

1 ´ q´1X
˘

¨ Den
`

X, xxyr´1s kH`
2 rπs, L5

˘

, if n “ 0;

`

1 ´ q´1X
˘

p1 `Xq ¨ Den
`

X, xxyr´1s kH`
2 rπs, L5

˘

`pq ´ 1qX2 ¨ Den
`

X, xxyr´1s kH`
2 , L

5
˘

, if n “ 1;

`

1 ´ q´1X
˘

p1 `Xq ¨ Den
`

X, xxyr´1s kH`
2 rπs, L5

˘

`2pq ´ 1qX2 ¨ Den
`

X, xxyr´1s kH`
2 , L

5
˘

, if n ě 2.

Definition 3.3.2. Let L and L5 be quadratic lattices of rank 3 and 2 over OF respectively. Let xxy

be a rank 1 quadratic lattice generated by x. Define the (normalized) derived local densities

BDen pH0pπq, Lq :“ ´2 ¨
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenpX,H0pπq, Lq

DenpH0pπq, H`
2 kH`

1 rπsq
,

BDen pH0pπq_, Lq :“ ´2 ¨
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenpX,H0pπq_, Lq

DenpH0pπq_, H`
2 kH`

1 rπ´1sq
,

BDen
´

xxyr´1s kH`
2 , L

5
¯

:“ ´
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenpX, xxyr´1s kH`
2 , L

5q

DenpH`
2 , H

`
1 q

,

BDen
´

xxyr´1s kH`
2 rπs, L5

¯

:“ ´
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenpX, xxyr´1s kH`
2 rπs, L5q

DenpH`
2 rπs,H`

1 rπsq
.

Lemma 3.3.3. Let B be the unique division quaternion algebra over F . Let L5 Ă B be an OF -lattice
of rank 2. Let x P B be an element such that n :“ νπpqpxqq ě 0 and xKL5. Then

BDen
´

H0pπq, L5 k xxy

¯

´BDen
´

H0pπq, L5 k xπ´1xy

¯

“

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

BDen
`

xxyr´1s kH`
2 rπs, L5

˘

, if n “ 0;

2 ¨ BDen
`

xxyr´1s kH`
2 rπs, L5

˘

`BDen
`

xxyr´1s kH`
2 , L

5
˘

, if n “ 1;

2 ¨ BDen
`

xxyr´1s kH`
2 rπs, L5

˘

`2 ¨ BDen
`

xxyr´1s kH`
2 , L

5
˘

, if n ě 2.



INTERSECTIONS OF HECKE CORRESPONDENCES ON MODULAR CURVES 21

Proof. Notice that DenpH`
2 , H

`
1 q “ 1 ´ q´1, therefore we have

DenpH0pπq, H`
2 kH`

1 rπsq “ PdenpH`
2 , H

`
1 q ¨ DenpH`

1 kH`
2 rπs,H`

1 kH`
1 rπsq

“ p1 ´ q´1q ¨ PdenpH`
1 , H

`
1 q ¨ DenpH`

2 rπs,H`
1 rπsq

“ 2p1 ´ q´1q ¨ q ¨ p1 ´ q´1q “ 2q´1pq ´ 1q2.

Hence DenpH0pπq_, H`
2 kH`

1 rπ´1sq “ q´6 ¨DenpH0pπq, H`
2 kH`

1 rπsq “ 2q´7pq´1q2. We also have
DenpH`

2 rπs,H`
1 rπssq “ q ¨ DenpH`

2 , H
`
1 q “ q ´ 1.

The lattice L5 k xxy is contained in the space B, therefore it can’t be isometrically embedded into
the space H`

4 by [Kud97, (I.14)]. Notice that the lattice H0pπq is contained in the space H`
4 , hence

we have
Den

´

1, H0pπq, L5 k xxy

¯

“ Den
´

1, H0pπq, L5 k xπ´1xy

¯

“ 0.

Taking derivatives and evaluate at X “ 1 of both sides of the equation in Lemma 3.3.1, we get the
desired formula. □

3.4. Two identities. In §3.4 and §3.5, we assume F “ Qp since we need to use a formula of Yang
[Yan98] which is over Qp. Although the argument should work for a general p-adic field F , we keep
this assumption for safety.

Lemma 3.4.1. Let B be the unique division quaternion algebra over Qp. Let L5 Ă B be an Zp-lattice
of rank 2. Let x P B be an element such that xKL5 and νppqpxqq ě maxtmaxpL5q, 2u. Then

BDen
´

xxy kH`
2 rps, L5

¯

“ p2 ¨ BDen
´

xxyrp´1s kH`
2 , L

5rp´1s

¯

´ 1.

Proof. Since L5 has rank 2, we can apply the results of Yang [Yan98], which gives a precise formula
for DenpX,M,Lq where L is a lattice of rank 2 and M is a lattice of rank m ą 2. Let 0 ď a ď b be
the fundamental invariants of the quadratic lattice L5. By direct computations using [Yan98], we
get

BDen
´

xxy kH`
2 rps, L5

¯

“
1

pp´ 1q2
¨

$

&

%

appa`b`6q{2 ´ appa`b`2q{2 ´ 2pa`2 ` p2 ` 2p´ 1, if a ” b mod 2;

appa`b`5q{2 ´ appa`b`3q{2 ´ 2pa`2 ` p2 ` 2p´ 1, if a ı b mod 2.

And

BDen
´

xxyrp´1s kH`
2 , L

5rp´1s

¯

“
1

pp´ 1q2
¨

$

&

%

appa`b`2q{2 ´ appa`b´2q{2 ´ 2pa ` 2, if a ” b mod 2;

appa`b`1q{2 ´ appa`b´1q{2 ´ 2pa ` 2, if a ı b mod 2.

The identity in the lemma can be verified by comparing the above two formulas. □

Lemma 3.4.2. Let B be the unique division quaternion algebra over Qp. Let L5 Ă B be an Zp-lattice
of rank 2. Let x P B be an element such that xKL5 and νppqpxqq ě maxtmaxpL5q, 1u. Then

BDen
´

H0ppq_, L5 k xxy

¯

´ BDen
´

H0ppq_, L5 k xp´1xy

¯

“ BDen
´

H0ppq, L5rps k xxyrps

¯

´ BDen
´

H0ppq, L5rps k xp´1xyrps

¯

.



22 QIAO HE AND BAIQING ZHU

Proof. Let ´1 ď a ď b be the fundamental invariants of the quadratic lattice L5. In this case, we
have

DenpH0ppq_ kH`
2k, L

5 k xxyq ´ p´2k ¨ DenpH0ppq_ kH`
2k, L

5 k xp´1xyq

“p´6
´

Den
´

H0ppq kH`
2krps, L5rps k xxyrps

¯

´ p´2k ¨ Den
´

H0ppq kH`
2krps, L5rps k xp´1xyrps

¯¯

“p´6

ˆ

p ¨ Pden
`

H`
2k`2, xxy

˘

¨ Den
´

H`
2krps kH`

2 k xxyr´ps, L5rps

¯

` Pden
`

H`
2 , xxyrps

˘

¨ Den
´

H`
2k`2rps k xxyr´ps, L5rps

¯

˙

.

Let fpXq, f1pXq, f2pXq be polynomials such that for all k ě 0,

fpp´kq “ Den
´

H`
2 rps k xxyr´ps kH`

2k, L
5rps

¯

,

f1pp´kq “ Den
´

H`
2krps kH`

2 k xxyr´ps, L5rps

¯

,

f2pp´kq “ Den
´

H`
2k`2rps k xxyr´ps, L5rps

¯

.

By the main theorem of [Yan98], there exists two polynomials R1pXq, R2pXq such that

fpXq “ 1 `R1pXq `R2pXq,

f1pXq “ 1 ` p´1X´1R1pXq ` p´2X´2R2pXq, f2pXq “ 1 `X´1R1pXq `X´2R2pXq.

Then we conclude that

BDen
´

H0ppq_, L5 k xxy

¯

´ BDen
´

H0ppq_, L5 k xp´1xy

¯

“ 2p´1
´

pp` 1q ¨ BDen
´

xxyr´ps kH`
2 rps, L5rps

¯

´R1
1p1q

¯

.

The number R1
1p1q is given by the following explicit formula

R1
1p1q “

1

p´ 1
¨

$

&

%

p1 ` pqp1 ´ ppa`bq{2`2q, if a ” bmod 2;

1 ` p´ 2ppa`b`1q`2, if a ı bmod 2.

Then the identity in the lemma can be verified by combining Lemma 3.3.3 and computations of
BDen

`

xxyr´ps kH`
2 rps, L5rps

˘

in the proof of Lemma 3.4.1. □

Remark 3.4.3. The assumption p ą 2 is also used in this section due to the reliance on [Yan98].
This is the only essential use of p ą 2 on the analytic side.

3.5. Base cases: the analytic side.

Lemma 3.5.1. Suppose F “ Qp. Let ε P Zˆ
p be an element. Then

Den
`

X,H0ppq, H´
2 kH`

1 rεps
˘

“
`

1 ´ p´1X
˘

p1 ` εXq
`

1 ` εpp´ 1qX ´X2
˘

;

Den
`

X,H0ppq, H`
1 rεs kH´

2 rps
˘

“
`

1 ´ p´1X
˘ `

1 ´ 2X2 `X4
˘

;

Den
`

X,H0ppq_, H`
1 rεp´1s kH´

2

˘

“ p´7pp´ 1q ¨
`

p´ p1 ` pqX `X2
˘

;

Den
`

X,H0ppq_, H´
2 rp´1s kH`

1 rεs
˘

“ 0.
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Hence

BDen
`

H0ppq, H´
2 kH`

1 rεps
˘

“ ´1;

BDen
`

H0ppq, H`
1 rεs kH´

2 rps
˘

“ 0;

BDen
`

H0ppq_, H´
2 rp´1s kH`

1 rεs
˘

“ 0;

BDen
`

H0ppq, H`
1 rεp´1s kH´

2

˘

“ 1.

Proof. By Lemma 3.3.1, we have that for positive integers k,

Den
´

p´k, H0ppq, Hε
2 kH`

1 rεps

¯

“ p1 ´ p´1´kqp1 ` p´kq ¨ DenpH`
2k, H

ε
2q

` p1´2kp1 ´ p´1q ¨ DenpH`
2k`2, H

ε
2q.

By the calculations of DenpHε
m, H

ε
nq in [LZ22b, Definition 3.4.1, Definition 3.5.1], we have

DenpH`
2k`2, H

ε
2q “ p1 ´ p´k´1qp1 ` εp´kq.

Then we get the first formula.
For the second formula, we have the following decomposition by Lemma 3.3.1,

DenpH0ppq kH`
2k, H

`
1 rεs kH´

2 rpsq “ DenpH0ppq kH`
2k, H

`
1 rεsq ¨ DenpH`

2 rps kH´ε
2k , H

´
2 rpsq.

Both local densities DenpH0ppq k H`
2k, H

`
1 rεsq and DenpH`

2 rps k H´ε
2k , H

´
2 rpsq can be computed by

the formulas in [Yan98].
For the third formula, notice that

Den
`

X,H0ppq_, H`
1 rεp´1s kH´

2

˘

|X“p´k “ p´6Den
`

H0ppq kH`
2krps, H`

1 rεs kH´
2 rps

˘

.

Again we can use Lemma 3.3.1 to reduce the local densities to the cases where formulas in [Yan98]
can be applied.

For the last one, we notice that H´
2 can be mapped isometrically to H0ppq, which implies that

H´
2 rp´1s can’t be mapped isometrically to H0ppq_ k H`

2k for all k ě 0, hence the local density is
identically zero. □

Part 2. Geometric side

4. Rapoport–Zink spaces and special cycles

From now on, we assume F “ Qp. For simplicity, let W “ Z̆p. Let B be the unique division
quaternion algebra over Qp. Let X be the unique (up to isomorphism) formal group of dimension 1
and height 2 over F with a principal polarization λ : X Ñ X_.

4.1. Rapoport–Zink spaces with hyperspecial level structures. Let N0 be the following
functor on the category NilpW : for any S P NilpW , the set N0pSq is the isomorphism classes of pairs
pX, ρq, where X is a p-divisible group over S and ρ is a height 0 quasi-isogeny between p-divisible
groups ρ : X ˆF S Ñ X ˆS S. It is well-known that the functor N0 is represented by the formal
scheme SpfW rrtss over SpfW (see [VGW`07, Theorem 3.8, §7] for example).



24 QIAO HE AND BAIQING ZHU

Let pXuniv, ρunivq be the universal p-divisible group over the formal scheme N0. Let DpXunivq be
the (covariant)-Dieudonne crystal of the p-divisible group Xuniv (see [Kim18, §2.3] for the construc-
tion). It is a locally free Ocrys

N0
-module crystal of rank 2. Given a morphism S Ñ N0 where S is an ob-

ject in NilpW , let DpXunivqS be the pullback of the crystal DpXunivq to the site NCRISW pS{SpecW q.
Let DpXq be the Dieudonne module of the p-divisible group X. There exists a basis re1, e2s of the

rank 2 free W -module DpXq such that the Hodge filtration on DpXqF :“ DpXq bW F is given by

0 Ñ Fil1DpXqF “ F ¨ e2 Ñ DpXqF.

Adjusting the element t by some invertible element in the local ring ON0 , the Hodge filtration on
the rank 2 free ON0-module DpXunivqpN0q is given by

0 Ñ Fil1DpXunivqpN0q “ ON0 ¨ pe2 ` te1q Ñ DpXunivqpN0q.

4.2. CM cycles: the hyperspecial case. Recall we use pXuniv, ρunivq to denote the universal
p-divisible group over the formal scheme N0. Let B0 be the subgroup of B consisting of trace 0
elements.

Definition 4.2.1. For any subset H Ă B0, define the CM cycle ZN0pHq Ă N0 to be the closed
formal subscheme cut out by the condition,

ρuniv ˝ x ˝ pρunivq´1 P HompXuniv, Xunivq.

for all x P H.

4.3. Special cycles on the product: the hyperspecial case. Let N “ N0ˆW N0. It is a formal
scheme which parameterizes two pairs ppX, ρq, pX 1, ρ1qq. Let

`

pXuniv, ρunivq, pX 1univ, ρ1univq
˘

be the
universal pairs over the formal scheme N .

Definition 4.3.1. For any subset H Ă B, define the special cycle ZN pHq Ă N to be the closed
formal subscheme cut out by the condition,

ρ1univ ˝ x ˝ pρunivq´1 P HompXuniv, X 1univq.

for all x P H.

Lemma 4.3.2. Let x P B be a nonzero element such that qpxq P Zp. Then ZN pxq is a Cartier divisor
on N (i.e., defined by one nonzero equation) and flat over W (i.e., the equation is not divisible by
p). Moreover, let x, y P B be two linearly independent elements, then the two divisors ZN pxq and
ZN pyq intersect properly, and the irreducible components of the intersection ZN pxq X ZN pyq are of
the form SpfWs where Ws is the ring of definition of a quasi-canonical lifting of level s.

Proof. This is proved by Gross–Keating (see [GK93, (5.10)]). □

For H “ txu, we denote by ZN pxq the cycle ZN ptxuq. By the moduli interpretation of the special
cycle ZN pxq, there is a closed immersion ZN pp´1xq Ñ ZN pxq.

Definition 4.3.3. Let x P B be a nonzero element. Define the difference divisor associated to x on
N to be the following effective Cartier divisor on the formal scheme N ,

DN pxq “ ZN pxq ´ ZN pp´1xq.



INTERSECTIONS OF HECKE CORRESPONDENCES ON MODULAR CURVES 25

Remark 4.3.4. Terstiege first introduced the difference divisors on the unitary Rapoport–Zink
spaces with hyperspecial level [Ter13a] and proved the regularity of them [Ter13b]. He also give
the construction of difference divisors on the Rapoport–Zink space associated to a rank 4 self-dual
quadratic lattice over Zp other than M2pZpq and studied the intersection numbers of them in [Ter11],
where he also proved the regularity of these difference divisors.

The formal scheme N is the (connected) Rapoport–Zink space associated to the self-dual lattice
M2pZpq with quadratic form given by determinant. The difference divisors DN pxq are regular formal
schemes (cf. [Zhu25, Theorem 6.2.2], see also [Zhu24b]), it is formally smooth over W if and only if
νppqpxqq “ 0. It’s easy to see that ZN p1q » N0 and for an element y P B0 “ tx P B | trpxq “ 0u, we
have the following isomorphism:

ZN0pyq » ZN pyq X Zp1q.

Here we regard B0 as the special quasi-endomorphism space for N0. Let DN0pyq “ ZN0pyq ´

ZN0pp´1yq. It is a regular divisor on the formal scheme N0. It is isomorphic to the ring of definition
of a (quasi-)canonical lifting of X and formally smooth over W if and only if νppqpyqq “ 0.

4.4. Rapoport–Zink spaces with cyclic level structures. We have an isomorphism

(19) ι : B » End˝pXq :“ EndpXq bZ Q.

Let x ÞÑ x be the main involution of the quaternion algebra B. Let x ÞÑ x_ be the Rosati
involution on End˝pXq induced by the principal polarization λ. The two involutions are identified
under any choice of the isomorphism (19).

On the algebra B, denote by q the quadratic form qpxq “ x ¨ x P Qp. On the algebra End˝pXq,
denote by qλ the quadratic form qλpxq “ x ˝ x_ P Qp. The isomorphism ι is an isometry between
the quadratic spaces pB, qq and pEnd˝pXq, qλq. Moreover, the maximal order OB of B is mapped
isometrically to EndpXq.

For all x P B, we consider the following contravariant set-valued functor N0pxq defined over NilpW :
for every S P NilpW , the set N0pxqpSq consists of the isomorphism classes of elements of the following
form pX

π
Ñ X 1, pρ, ρ1qq, where

(a) ppX, ρq, pX 1, ρ1qq P N pSq;
(b) π : X Ñ X 1 is a cyclic isogeny (i.e., kerpxq is a cyclic group scheme over S in the sense of

[KM85, §6.1]) lifting ρ1 ˝ x ˝ ρ´1.

There is a natural morphism stx from N0pxq to N given as follows,

stx : N0pxq ÝÑ N ;(20)

pX
π

Ñ X 1, pρ, ρ1qq ÞÝÑ
`

pX, ρq, pX 1, ρ1q
˘

.

Recall that by definition N “ N0 ˆ N0. Let sx : N0pxq Ñ N0 be the composition of the morphism
stx with the projection to the first factor N Ñ N0, and let tx : N0pxq Ñ N0 be the composition
of the morphism stx with the projection to the second factor N Ñ N0. Let st#x : ON Ñ ON0pxq,
s#x : ON0 Ñ ON0pxq and t#x : ON0 Ñ ON0pxq be the corresponding local ring homomorphisms.

Lemma 4.4.1. Let x P B be a nonzero element such that νppqpxqq “ n for some integer n ě 0. The
morphism stx is a closed immersion and identifies N0pxq as an effective Cartier divisor on N . We
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have the following equality of Cartier divisors on N ,

DN pxq “ N0pxq.

Moreover,

(a) The functor N0pxq is represented by a 2 dimensional regular local ring.
(b) There exists two elements t, t1 P ON0pxq such that

(b1) There exists an element t0 P ON0 such that ON0 » W rrt0ss and s#x pt0q “ t, t#x pt0q “ t1.
(b2) There exists an invertible element ν P ON0pxq such that

ODN pxq “ ON0pxq »

$

’

’

’

’

&

’

’

’

’

%

W rrt, t1ss{

¨

˚

˝

νp` pt´ t1p
n

qptp
n

´ t1q

¨

˚

˝

ś

a`b“n
a,bě1

ptp
a´1

´ t1p
b´1

q

˛

‹

‚

p´1˛

‹

‚

, if n ě 1;

W rrt, t1ss{pt´ t1q, if n “ 0.

Proof. The equality DN pxq “ N0pxq is proved by Zhu [Zhu25, Theorem 6.2.3]. The statement (a) is
[KM85, Theorem 5.1.1]. For (b), when n “ 0, this is the cancellation law. When n ą 0, note that
[KM85, Theorem 13.4.7] states that

ON0pxqF » Frrt, t1ss{

¨

˚

˚

˝

pt´ t1p
n

qptp
n

´ t1q

¨

˚

˚

˝

ź

a`b“n
a,bě1

ptp
a´1

´ t1p
b´1

q

˛

‹

‹

‚

p´1˛

‹

‹

‚

.

Since we also know ON0pxq is a regular local ring, it has to be the form as claimed. □

4.5. Blow up of the cyclic deformation space. For an element x P B such that νp pqpxqq ě 0.
Let πx : rN0pxq Ñ N0pxq be the blow up morphism of the formal scheme N0pxq along its unique
closed F-point. We will see that the exceptional divisor of this blow up is isomorphic to P1

F. For
integers k, we use OP1

F
pkq to denote the line bundle on P1

F of degree k. A formal scheme Z over
SpfW is called horizontal if it is flat over SpfW . Recall that for a line bundle L on a (formal)
scheme X, we use L to denote element rOXs ´ rLs in the group K0pXq.

Lemma 4.5.1. For an element x P B such that n :“ νp pqpxqq ě 0. Then

(a) The formal scheme rN0pxq is a 2-dimensional regular formal scheme and Exc
ĂN0pxq

» P1
F. We

also have an equality rOExc
ĂN0pxq

bL
O

ĂN0pxq
OExc

ĂN0pxq
s “ OP1

F
p´1q in Gr2K

Exc
ĂN0pxq

0 p rN0pxqq »

Gr1K0pExc
ĂN0pxq

q » PicpP1
Fq.

(b) If n ě 1, the multiplicity rpnq of the exceptional divisor Exc
ĂN0pxq

in the divisor divppq “

rN0pxqF is given by

rpnq “ prn{2s ¨

$

&

%

1 ` p´1, if n is even;

2, if n is odd.

(c) Let C “ SpfR Ă N0pxq be a regular horizontal divisor where R is a regular local ring, then

π˚
xC “ rC ` Exc

ĂN0pxq
,
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where rC Ă rN0pxq is the strict transform of C under the blow up morphism πx, and isomorphic
to C under the morphism πx. Moreover,

rOπ˚
x C bL

O
ĂN0pxq

OExc
ĂN0pxq

s “ OP1
F
p0q, rO

rC bL
O

ĂN0pxq
OExc

ĂN0pxq
s “ OP1

F
p1q

as elements in PicpP1
Fq.

(d) Let C1 “ SpfR1, C2 “ SpfR2 Ă N0pxq be two regular horizontal divisors such that R1 and
R2 are two regular local rings and C1 ‰ C2, then

χp rN0pxq,Oπ˚
x C1 bL

O
ĂN0pxq

Oπ˚
x C2q “ χpN0pxq,OC1 bL

ON0pxq
OC2q,

Proof. We only give the proof for n ě 1 (the case n “ 0 is similar and easier). We first prove (a) and
(b). By Lemma 4.4.1 (b2), the formal scheme rN0pxq is covered by the following two open formal
subschemes:

(21) U0 “ SpfW rusrrtss
L

´

νp` trpnq ¨ f1pu, tq
¯

, U1 “ SpfW rvsrrt1ss
L

´

νp` t1rpnq ¨ f2pv, t1q
¯

,

where uv “ 1 and f1pu, tq P W rusrrtss, f2pv, t1q P W rvsrrt1ss are two non-unit elements such that
f1pu, 0q ‰ 0 and f2pv, 0q ‰ 0. Therefore (a) and (b) are true by the explicit description of rN0pxq in
(21).

Now we prove (c). We write ON0pxq » W rrt, t1ss{pdxq as in Lemma 4.4.1. By the regularity of
the divisor C, the equation fC P ON0pxq » W rrt, t1ss{pdxq cutting out the divisor C must take the
following form

fC ” a ¨ t` a1 ¨ t1 mod pp, t, t1q2,

where a, a1 P W and at least one of them is a unit. Then under the explicit equation (21) of rN0pxq,
the equation fπ˚C of the pullback π˚

xC takes the following form:

fπ˚C |U0 “ t ¨ pa` a1uq mod t2, fπ˚C |U1 “ t1 ¨ pav ` a1q mod t12.

Therefore we have π˚C “ Exc
ĂN0pxq

` C1 where C1 is an irreducible divisor on rN0pxq. The scheme
C1 X Exc

ĂN0pxq
a single point scheme-theoretically since at least one of a, a1 is a unit. Therefore

rO
rC bL

O
ĂN0pxq

OExc
ĂN0pxq

s “ OP1
F
p1q.

Notice that the maximal ideal of C is already principal since C is a 1-dimensional regular local ring,
therefore the strict transform of rC is isomorphic to C under the morphism πx. Notice that we have
rC Ă C1, hence rC “ C1 by the irreducibility of both divisors. Therefore

rOπ˚
x C bL

O
ĂN0pxq

OExc
ĂN0pxq

s “ rOC1 bL
O

ĂN0pxq
OExc

ĂN0pxq
s ` rOExc

ĂN0pxq
bL

O
ĂN0pxq

OExc
ĂN0pxq

s “ OP1
F
p0q.

Now we prove (d). Using the intersection pairing on the divisors on a regular surface, we have

χp rN0pxq,Oπ˚
x C1 bL

O
ĂN0pxq

Oπ˚
x C2q “ pπ˚

xC1 ¨ π˚
xC2q

ĂN0pxq
“

´

p rC1 ` Exc
ĂN0pxq

q ¨ π˚
xC2

¯

ĂN0pxq

“

´

rC1 ¨ π˚
xC2

¯

ĂN0pxq

projection formula
“ pC1 ¨ C2qN0pxq

“ χpN0pxq,OC1 bL
ON0pxq

OC2q.

□
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4.6. Rapoport–Zink space with level Γ0ppq. Let x0 P B be an element such that νppqpx0qq “ 1.
The cyclic deformation space N0px0q is a Rapoport–Zink space with level Γ0ppq. Let

ˆ

pXuniv xuniv
0

ÝÑ X 1univq, pρuniv, ρ1univq

˙

be the universal deformation of the quasi-isogeny x0 over the formal scheme N0px0q.
Let m Ă ON0px0q be the maximal ideal of the local ring ON0px0q. Let N0px0qF :“ N0px0q ˆW F

be the reduction mod p of the formal scheme N0px0q, it is a formal scheme over F. The following
lemma is clear from the above description of the local ring ON0px0q.

Lemma 4.6.1. The following facts hold:

(a) The element p P m2zm3.
(b) By Lemma 4.4.1 (b), there exists two elements t, t1 P ON0px0q such that

(22) ON0px0q » W rrt, t1ss{
`

νp` ptp ´ t1qpt´ t1pq
˘

.

The formal scheme N0px0qF has two irreducible components N0px0qF and N0px0qV such that:
‚ The two irreducible components N0px0qF and N0px0qV intersect properly at the unique closed
point of N0px0qF.
‚ The formal scheme N0px0qF » SpfFrrtss. Over the formal scheme N0px0qF, the universal

isogeny Xuniv xuniv
0

ÝÑ X 1univ is isomorphic to the Frobenius morphism.
‚ The formal scheme N0px0qV » SpfFrrt1ss. Over the formal scheme N0px0qV, the universal

isogeny Xuniv xuniv
0

ÝÑ X 1univ is isomorphic to the Verschiebung morphism.

Proof. The part (a) is clear by the explicit equation (22). For part (b), let N0px0qF (resp. N0px0qV)
be the closed formal subscheme cut out by the equation t1 ´ tp (resp. t ´ t1p), therefore we have
N0px0qF » SpfFrrtss (resp. N0px0qV » SpfFrrt1ss). It’s easy to see that the two irreducible compo-
nents N0px0qF and N0px0qV intersect properly at the unique closed point of N0px0qF.

By the equation t1 “ tp, we have

X 1univ »
`

Xuniv˘ppq
.

Therefore the universal isogeny Xuniv xuniv
0

ÝÑ X 1univ is isomorphic to the Frobenius morphism over
N0px0qF. The statement for N0px0qV can be proved in the same way. We refer the readers to
[KM85, §13.4] for more details. □

Proposition 4.6.2. There exists a basis e, f for the rank 2 free ON0px0q-module DpXunivqN0px0q and
a basis e1, f 1 for the rank 2 free ON0px0q-module DpX 1univqN0px0q such that the Hodge filtrations are
given by

(23) 0 Ñ Fil1DpXunivqN0px0q “ ON0px0q ¨ pf ` xeq Ñ DpXunivqN0px0q,

(24) 0 Ñ Fil1DpX 1univqN0px0q “ ON0px0q ¨ pf 1 ` ye1q Ñ DpX 1univqN0px0q,

and the morphism Dpx0qN0px0q takes the following form

Dpx0qN0px0qre, f s “ re1, f 1s

˜

0 ´p

1 0

¸

.
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Moreover, the local ring ON0px0q is isomorphic to W rrx, yss{pp` xyq.

Proof. Scaling the basis re1, e2s of the rank 2 free W -module DpXq in the end of §4.1 by invert-
ible elements in W , we can assume that the morphism Dpx0qW takes the form Dpx0qW re1, e2s “

re1, e2s

˜

0 ´p

1 0

¸

.

As ON0px0q-modules, we have DpXunivqN0px0q » DpXqbW ON0px0q and DpX 1univqN0px0q » DpXqbW

ON0px0q. By the closed immersion SpecF Ñ N0px0q and the property of crystals, the morphism
Dpx0qN0px0q takes the following form after scaling the elements e1 and e2 by invertible elements in
the local ring ON0px0q:

Dpx0qN0px0qre1, e2s “ re1
1, e

1
2s

˜

h ´p`mh

1 m

¸

for some elements h,m P m. Let e “ e1, f “ e2 ´me1, e1 “ e1
1, f 1 “ e1

2 ` he1
1. We have

(25) Dpx0qN0px0qre, f s “ re1, f 1s

˜

0 ´p

1 0

¸

.

Recall that ON0 » W rrtss. Therefore the local ring ON is isomorphic to W rrt, t1ss. We can choose
two uniformizers t and t1 such that the Hodge filtrations on DpXunivqN and DpX 1univqN are given
by

0 Ñ Fil1DpXunivqN “ ON ¨ pe2 ` te1q Ñ DpXunivqN .

0 Ñ Fil1DpX 1univqN “ ON ¨ pe1
2 ` t1e1

1q Ñ DpXunivqN .

Then the Hodge filtrations on DpXunivqN0px0q and DpX 1univqN0px0q are given by

0 Ñ ON0px0q ¨ pe2 ` te1q “ ON0px0q ¨ pf ` pt`mqeq Ñ DpXunivqN0px0q.

0 Ñ ON0px0q ¨ pe1
2 ` t1e1

1q “ ON0px0q ¨
`

f 1 ` pt1 ´ hqe1
˘

Ñ DpXunivqN0px0q.

Let x “ t`m P m, y “ t1 ´ h P m. Since x0 lifts to an isogeny over the formal scheme N0px0q, we
have Dpx0qN0px0q pf ` xeq Ă ON0px0q ¨ pf 1 ` ye1q. By (25), we have Dpx0qN0px0q pf ` xeq “ xf 1 ´pe1 P

ON0px0q ¨ pf 1 ` ye1q. Therefore p` xy “ 0.
Next we want to show that m “ px, yq. By the equation p`xy “ 0, the two irreducible components

of the formal scheme N0px0qF are given by x “ 0 and y “ 0. By Lemma 4.6.1, they intersect
properly at the unique closed point of N0px0q, hence m “ px, yq. Therefore we conclude that
ON0px0q » W rrx, yss{pp` xyq. □

Remark 4.6.3. We shall make the convention that under the isomorphism ON0px0q » W rrx, yss{pp`

xyq, the equation y “ 0 is the equation of the irreducible component N0px0qF, while the equation
x “ 0 is the equation of the irreducible component N0px0qV.

Lemma 4.6.4. Let t, t1 P ON0px0q be two elements guaranteed by Lemma 4.4.1 (b) for the element
x0. Then there exists invertible elements ν1, ν2, ω2, ω2 P W rrx, yss such that

t “ ν1x` ν2y
p ` p ¨ h, t1 “ ω1y ` ω2x

p ` p ¨ h1,

where h and h1 are two elements in the local ring ON0px0q.
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Proof. Under the coordinate in Proposition 4.6.2, the quotient ring ON0px0q{ppq » Frrx, yss{px ¨ yq.
While under the coordinate t, t1, we have ON0px0q{ppq » Frrt, t1ss{ pptp ´ t1qpt´ t1pqq. Therefore there
exists invertible elements ν, ω P Oˆ

N0px0q
such that

x “ ν ¨ pt´ t1pq, y “ ω ¨ ptp ´ t1q in ON0px0q{ppq.

The claim in the lemma follows by solving the above equations for t, t1. □

4.7. The product space N0px0q ˆW N0px0q. The formal scheme N px0q :“ N0px0q ˆW N0px0q is
represented by the local ring W rrx1, y1, x2, y2ss{pp` x1y1, p` x2y2q by Lemma 4.6.2. The sequence
p ` x1y1, p ` x2y2 “ x2y2 ´ x1y1 is not a regular sequence since the second element is not regular.
Hence the local ring is not a regular local ring. Therefore the formal scheme N px0q is not regular.

Notice that N px0q ˆW F » N0px0qF ˆF N0px0qF. The formal scheme N px0qF has the following 4
irreducible components by Lemma 4.6.1.

N px0qFF “ N0px0qF ˆF N0px0qF, N px0qFV “ N0px0qF ˆF N0px0qV,(26)

N px0qVV “ N0px0qV ˆF N0px0qV, N px0qVF “ N0px0qV ˆF N0px0qF.

Let pA2
F be the completion of the 2-dimensional affine plane at the point p0, 0q. By Lemma 4.6.1 (b),

the formal schemes N px0qFF,N px0qVV,N px0qFV,N px0qVF are all isomorphic to pA2
F.

We define two morphisms s`, s´ : N px0q Ñ N by the moduli interpretations: let S be a scheme
in the category NilpW ,

s` :
´´

X1
π1
Ñ X 1

1,
`

ρ1, ρ
1
1

˘

¯

,
´

X2
π2
Ñ X 1

2,
`

ρ2, ρ
1
2

˘

¯¯

P N px0qpSq ÞÑ ppX1, ρ1q, pX2, ρ2qq P N pSq;

(27)

s´ :
´´

X1
π1
Ñ X 1

1,
`

ρ1, ρ
1
1

˘

¯

,
´

X2
π2
Ñ X 1

2,
`

ρ2, ρ
1
2

˘

¯¯

P N px0qpSq ÞÑ
`

pX 1
1, ρ

1
1q, pX 1

2, ρ
1
2q

˘

P N pSq.

(28)

4.8. Local Hecke correspondences. Let x0 P B be an element such that νppqpx0qq “ 1. Let
p¨q1 : B Ñ B, b ÞÑ b1 :“ x0 ¨b ¨x´1

0 be the conjugation-by-x0 automorphism on B. Let x be an element
in B such that n “ νppqpxqq ě 1. For an object pX

π
Ñ X 1, pρ, ρ1qq P N0pxqpSq, there is a standard

decomposition of the cyclic isogeny π into n degree p isogenies:

(29) π : X “ X0
π1
Ñ X1

π2
Ñ ¨ ¨ ¨

πn´1
Ñ Xn´1

πn
Ñ Xn “ X 1.

We refer to [KM85, §6.7] for the details on the notions of standard decomposition.
Let S be a W -scheme such that p is locally nilpotent on S, for any object pX

π
Ñ X 1, pρ, ρ1qq P

N0pxqpSq with the standard decomposition of π as (29). We construct two height 0 quasi-isogenies
ρ1 : X ˆF S Ñ X1 ˆS S and ρn´1 : X ˆF S Ñ Xn´1 ˆS S in the following way,

ρ1 “ pπ1 ˆS Sq ˝ ρ ˝ px0 ˆF Sq´1, ρn´1 “ pπn ˆS Sq´1 ˝ ρ ˝ px0 ˆF Sq.

ρ´
1 “ pπ_

1 ˆS Sq´1 ˝ ρ ˝ px0 ˆF Sq, ρ`
n´1 “ pπ_

n ˆS Sq ˝ ρ ˝ px0 ˆF Sq´1.

Then we have
´

X
π1
Ñ X1, pρ, ρ1q

¯

,
´

Xn´1
πn
Ñ X 1, pρn´1, ρ

1q

¯

,

ˆ

X1
π_
1

Ñ X, pρ´
1 , ρq

˙

,
´

X 1 π_
n

Ñ Xn´1, pρ
1, ρ`

n´1q

¯

P N0px0qpSq.

Define four morphisms stI`x , stI´x , stII`x , stII´x as follows,
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stI`x : pX
π

Ñ X 1, pρ, ρ1qq P N0pxqpSq ÞÑ

´´

X
π1
Ñ X1, pρ, ρ1q

¯

,
´

Xn´1
πn
Ñ X 1, pρn´1, ρ

1q

¯¯

P N px0qpSq,

stI´x : pX
π

Ñ X 1, pρ, ρ1qq P N0pxqpSq ÞÑ

´´

Xn´1
πn
Ñ X 1, pρn´1, ρ

1q

¯

,
´

X
π1
Ñ X1, pρ, ρ1q

¯¯

P N px0qpSq,

stII`x : pX
π

Ñ X 1, pρ, ρ1qq P N0pxqpSq ÞÑ

´´

X
π1
Ñ X1, pρ, ρ1q

¯

,
´

X 1 π_
n

Ñ Xn´1, pρ
1, ρ`

n´1q

¯¯

P N px0qpSq,

stII´x : pX
π

Ñ X 1, pρ, ρ1qq P N0pxqpSq ÞÑ

ˆˆ

X1
π_
1

Ñ X, pρ´
1 , ρq

˙

,
´

Xn´1
πn
Ñ X 1, pρn´1, ρ

1q

¯

˙

P N px0qpSq.

Lemma 4.8.1. Let x be an element in B such that n “ νppqpxqq ě 1. Then the four morphisms
stI`x , stI´x , stII`x , stII´x : N0pxq Ñ N px0q are closed immersions.

Proof. We only give the proof for the morphism stI`x . Notice that

psx0 ˆ tx0q ˝ stI`x “ stx : N0pxq Ñ N .

The morphism stx is a closed immersion by Lemma 4.4.1, hence stI`x is a closed immersion. □

Lemma 4.8.2. Let x be an element in B such that n “ νppqpxqq ě 1. Then the following diagram
is Cartesian,

SpecF N px0qVF

N0pxq N px0q.
stI`

x

Proof. It is proved in [KM85, Theorem 13.3.5] that a cyclic isogeny π of degree pn between two
p-divisible groups over an F-scheme S whose first decomposition π1 is isomorphic to Verschiebung
morphism V is isomorphic to V n. Then by Lemma 4.4.1 (b2), the fiber product N0pxq ˆstI`

x ,N px0q

N px0qVF is given by the following two equations

t1p
n

´ t and t1 ´ tp
n
.

These two elements generate the maximal ideal of the unique closed F-point of N0pxq, hence
N0pxq ˆstI`

x ,N px0q
N px0qVF » SpecF. □

Remark 4.8.3. We can summarize the above lemma as N0pxqˆstI`
x ,N px0q

N px0qVF » SpecF. Similar
arguments also imply that N0pxqˆstI´

x ,N px0q
N px0qFV » SpecF, N0pxqˆstII`

x ,N px0q
N px0qVV » SpecF

and N0pxq ˆstII´
x ,N px0q

N px0qFF » SpecF.

4.9. Special cycles on the product: the Γ0ppq ˆGm Γ0ppq case. The formal scheme N px0q

parameterizes a pair of deformations of the quasi-isogeny x0. Let

(30)
ˆ

Xuniv
1

xuniv
0,1

ÝÑ X 1univ
1 ,

`

ρuniv
1 , ρ1univ

1

˘

˙

,

ˆ

Xuniv
2

xuniv
0,2

ÝÑ X 1univ
2 ,

`

ρuniv
2 , ρ1univ

2

˘

˙

be the universal pairs over the formal scheme N px0q.
Recall our convention that x1 “ x0 ¨x ¨x´1

0 . Therefore we have the following commutative diagram

Xuniv
1 Xuniv

2

X 1univ
1 X 1univ

2 ,

xuniv
0,1

x

xuniv
0,2

x1

here the dotted arrows below x and x1 mean that they are quasi-isogenies.
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Definition 4.9.1. For any subset H Ă B. Define the special cycle ZN px0qpHq Ă N px0q to be the
closed formal subscheme cut out by the conditions,

ρuniv
2 ˝ x ˝ pρuniv

1 q´1 P HompXuniv
1 , Xuniv

2 q;

ρ1univ
2 ˝ x1 ˝ pρ1univ

1 q´1 P HompX 1univ
1 , X 1univ

2 q.

for all x P H.
Define the special cycle YN px0qpHq Ă N px0q to be the closed formal subscheme cut out by the

conditions,
ρ1univ
2 ˝ x0 ¨ x ˝ pρuniv

1 q´1 P HompXuniv
1 , Xuniv

2 q;

ρuniv
2 ˝ x0 ¨ x1 ˝ pρ1univ

1 q´1 P HompX 1univ
1 , X 1univ

2 q.

for all x P H.

Lemma 4.9.2. Let x P B be an element such that νp pqpxqq ě 0. The morphisms stI`x0¨x, stI´x0¨x, stII`x

and stII´x1 (the later two morphisms are only defined for elements x such that νp pqpxqq ě 1) sends
the corresponding source formal scheme to the special divisor ZN px0qpxq.

Proof. Let’s first consider the morphism stI`x0¨x : N0px0 ¨ xq Ñ N px0q. We still use N0px0 ¨ xq to
denote the image in N px0q of the closed immersion stI`x0¨x. Denote by

ˆ

XI`
1

px0q
I`
1

ÝÑ X 1I`
1 ,

´

ρI`
1 , ρ1I`

1

¯

˙

,

ˆ

XI`
2

px0q
I`
2

ÝÑ X 1I`
2 ,

´

ρI`
2 , ρ1I`

2

¯

˙

be the base change of the universal pair (30) to the formal scheme N0px0 ¨xq through the morphism
stI`x0¨x.

The quasi-isogeny x0 ¨ x lifts to a cyclic isogeny px0 ¨ xqI` : XI`
1 Ñ X 1I`

2 . By the definition of

the morphism stI`x0¨x in 4.8, the isogeny
ˆ

XI`
2

px0q
I`
2

ÝÑ X 1I`
2

˙

is the last term in the factorization of

the cyclic isogeny px0 ¨ xqI`. Therefore the quasi-isogeny
´

px0q
I`
2

¯´1
˝ px0 ¨ xqI` : XI`

1 Ñ XI`
2 is an

isogeny. Notice that
˜

XI`
1

ppx0q
I`
2 q

´1
˝px0¨xqI`

ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ XI`
2 , pρI`

1 , ρI`
2 q

¸

is a lift of the quasi-isogeny x. Therefore the morphism stI`x0¨x maps N0px0 ¨ xq to ZN px0qpxq.
The ideas and proofs for other morphisms stI´x0¨x, stII`x and stII´x1 are similar. □

Lemma 4.9.3. Let x P B be an element.

(a) If νppqpxqq “ 0, we have the following equality of closed formal subschemes of N px0q:

stI`x0¨x pN0px0 ¨ xqq “ stI´x0¨x pN0px0 ¨ xqq .

(b) If νppqpxqq “ 1, we have the following equality of closed formal subschemes of N px0q:

stII`x pN0pxqq “ stII´x1

`

N0px1q
˘

.

Proof. Let S be a W -scheme such that p is locally nilpotent on S. We first prove (a). Let

(31)
´

X1
π1
Ñ X 1

1, pρ1, ρ
1
1q

¯

,
´

X2
π2
Ñ X 1

2, pρ2, ρ
1
2q

¯
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be an object in the set stI`x0¨x pN0px0 ¨ xqq pSq. By the definition of the morphism stI`x0¨x there exist
two isomorphisms ϕ : X1 Ñ X2 and ϕ1 : X 1

1 Ñ X 1
2 such that π2 ˝ ϕ “ ϕ1 ˝ π1. Then it’s easy to see

that the object
´

X2
π1˝ϕ_

ÝÝÝÝÑ X 1
1, pρ2, ρ

1
1q

¯

P N0px0 ¨ xqpSq

is mapped to the object (31) under the morphism stI´x0¨x. Hence stI`x0¨x pN0px0 ¨ xqq Ă stI´x0¨x pN0px0 ¨ xqq

as closed formal subschemes. The converse direction stI`x0¨x pN0px0 ¨ xqq Ą stI´x0¨x pN0px0 ¨ xqq can be
proved similarly. Hence (a) is true. The idea of the proof of (b) is similar so we omit it. □

4.10. Rapoport–Zink space with level Γ0ppq ˆGm Γ0ppq. Let x0 P B be an element such that
νppqpx0qq “ 1. Let π : M Ñ N px0q be the blow-up morphism of the formal scheme N px0q along its
unique closed point.

Let ExcM be the exceptional divisor on the formal scheme M. Let MF :“ M ˆW F be the
reduction mod p of the formal scheme M.

Notice that the unique closed point pulls back to the unique closed point of the closed formal sub-
schemes N px0qFF,N px0qVV,N px0qFV and N px0qVF of N px0q. Let MFF,MVV,MFV and MVF be
the strict transforms of the formal schemes N px0qFF,N px0qVV,N px0qFV and N px0qVF respectively
under the blow up morphism π : M Ñ N px0q. The four closed formal subschemes MFF,MVV,MFV

and MVF of M are all isomorphic to the formal scheme Blp0,0q
pA2
F.

Let x P B be an element such that νppqpxqq ě 1. The unique closed point of N px0q also pulls
back to the unique closed point of the formal subschemes N0pxq through the four closed immersion
stI`x , stI´x , stII`x , stII´x : N0pxq Ñ N px0q. Denote by N I`

0 pxq,N I´
0 pxq,N II`

0 pxq and N II´
0 pxq the strict

transform of the formal scheme N0pxq under the three morphisms stI`x , stI´x , stII`x and stII´x respec-
tively. They are closed formal schemes of the formal scheme M, and are all isomorphic to the formal
scheme rN0pxq.

4.11. An open cover of the Rapoport–Zink space M. We give a detailed description of the
formal scheme M by giving an explicit open cover of it. By [KM85, Theorem 13.4.6], the local ring
ON px0q is isomorphic to W rrx1, y1, x2, y2ss{pp ` x1y1, p ` x2y2q. The maximal ideal is generated by
the images of x1, y1, x2 and y2. Then the blow up formal scheme M is covered by the following 4
open formal subschemes:

M`
1 : Let y1 “ u11x1, x2 “ v21x1 and y2 “ u21x1. Then u11 “ u21v21. Define

M`
1 “ SpfW ru21, v21srrx1ss{pp` u21v21x

2
1q.

M`
2 : Let x1 “ v12x2, y1 “ u12x2 and y2 “ u22x2. Then u22 “ v12u12. Define

M`
2 “ SpfW rv12, u12srrx2ss{pp` v12u12x

2
2q.

M´
1 : Let x1 “ w11y1, x2 “ w21y1 and y2 “ t21y1. Then w11 “ w21t21. Define

M´
1 “ SpfW rw21, t21srry1ss{pp` w21t21y

2
1q.

M´
2 : Let x1 “ w12y2, y1 “ t12y2 and x2 “ w22y2. Then w22 “ w12t12. Define

M´
2 “ SpfW rw12, t12srry2ss{pp` w12t12y

2
2q.
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Notice that we have the following relations (on the intersections of the corresponding opens):

(32) u21 “ u12, v21v12 “ 1, w21u21 “ 1, t21v21 “ 1, u21w12 “ 1, t12 “ v21.

We denote this cover by C. Let M` “ M`
1 Y M`

2 and M´ “ M´
1 Y M´

2 .

Proposition 4.11.1. The following facts hold:

(i) The 3-dimensional formal scheme M is regular.
(ii) The exceptional divisor ExcM is isomorphic to P1

F ˆ P1
F.

(iii) The closed formal subschemes MFF,MVV,MFV and MVF are regular Cartier divisors on
M, and we have the following equality of Cartier divisors:

MF “ 2 ¨ ExcM ` MFF ` MVV ` MFV ` MVF.

(iv) Let x P B be an element such that νppqpxqq ě 1, the closed formal subschemes N I`
0 pxq,N I´

0 pxq,
N II`

0 pxq and N II´
0 pxq are regular Cartier divisors on M.

Proof. The four open formal subschemes M`
1 ,M

`
2 ,M

´
1 and M´

2 of the formal scheme M cover M
and are all regular formal schemes of dimension 3, hence (i) is true. Notice that the formal scheme
Blp0,0q

pA2
F and rN0pxq are 2-dimensional regular formal schemes, hence the regular closed formal sub-

schemes MFF,MVV,MFV,MVF,N I`
0 pxq,N I´

0 pxq,N II`
0 pxq,N II´

0 pxq of M must be regular Cartier
divisors on M, i.e., (iv) and the first part of (iii) are true.

The exceptional divisor ExcM is covered by the following 4 open subschemes

Exc`
M,1 :“ ExcM X M`

1 » SpecFru21, v21s, Exc`
M,2 :“ ExcM X M`

2 » SpecFrv12, u12s,

Exc´
M,1 :“ ExcM X M`

1 » SpecFrw21, t21s, Exc´
M,2 :“ ExcM X M´

2 » SpecFrw12, t12s.

By the relations between the coordinates in (32), the above 4 schemes glue together and the resulting
scheme P1

F ˆ P1
F. Hence (ii) is true.

Now we prove the second part of (iii). By §4.6, we can assume that the irreducible component
N0px0qF is given by the equation x “ 0, while the irreducible component N0px0qF is given by the
equation y “ 0. Hence the equations of the four closed formal subschemes N px0qFF,N px0qVV,N px0qFV

and N px0qVF are given by

N px0qFF : py1, y2q, N px0qVV : px1, x2q, N px0qFV : py1, x2q, N px0qVF : px1, y2q.

Hence it’s easy to see that

MFF : MFF Ă M`
1 Y M`

2 is cut out by the equation u21 “ 0 on M`
1 and u12 “ 0 on M`

2 ;
MVV : MVV Ă M´

1 Y M´
2 is cut out by the equation w21 “ 0 on M´

1 and w12 “ 0 on M´
2 ;

MFV : MFV Ă M`
1 Y M´

2 is cut out by the equation v21 “ 0 on M`
1 and t12 “ 0 on M´

2 ;
MVF : MVF Ă M`

2 Y M´
1 is cut out by the equation v12 “ 0 on M`

2 and t21 “ 0 on M´
1 .

Therefore the second part of (iii) is true by the explicit open covering of the formal scheme M by
M`

1 ,M
`
2 ,M

´
1 and M´

2 . □

Remark 4.11.2. For simplicity, in the following paragraphs we denote u21 by u, denote v21 by v.
Then the open covering of the exceptional divisor ExcM can be written in the following way by the
relations in (32)

Exc`
M,1 » SpecFrv, us, Exc`

M,2 » SpecFrv1, us,
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Exc´
M,1 » SpecFrv1, u1s, Exc´

M,2 » SpecFrv, u1s.

Notice that the coordinate v1 (resp. u1) satisfies v ¨ v1 “ 1 (resp. u ¨ u1 “ 1) when v (resp. u) is
nonzero.

Use the coordinates u, v, u1 and v1. We fix an isomorphism ι : ExcM » P1
F ˆ P1

F such that the
first P1

F is obtained by gluing SpecFrvs and SpecFrv1s along SpecFrv, v1s » SpecFrv, v´1s, while the
second P1

F is obtained by gluing SpecFrus and SpecFru1s along SpecFru, u1s » SpecFru, u´1s.

4.12. An automorphism of M. Let ι0 : N0px0q Ñ N0px0q be the following morphism: Let
S P NilpW . Let c0 “ x0 ¨ x´1

0 P B. For an object
´

X
π
ÝÑ X 1, pρ, ρ1q

¯

P N0px0qpSq,

ι0 :
´

X
π
ÝÑ X 1, pρ, ρ1q

¯

ÞÑ

´

X 1 π_

ÝÝÑ X, pρ1, ρ ˝ c0q

¯

.

Here we are identifying Xuniv (resp. X 1univ) with pXunivq_ (resp. pX 1univq_) via the principal
polarization of Xuniv (resp. X 1univ). The morphism ι0 is an automorphism of N0px0q over W (but
not an involution unless x0 “ x0). It induces an automorphism id ˆ ι0 : N px0q Ñ N px0q of the
formal scheme N px0q. Under this isomorphism, the universal pair (30) is mapped to

ˆ

Xuniv
1

xuniv
0,1

ÝÑ X 1univ
1 ,

`

ρuniv
1 , ρ1univ

1

˘

˙

,

˜

X 1univ
2

pxuniv
0,2 q

_

ÝÝÝÝÝÑ Xuniv
2 ,

`

ρ1univ
2 , ρuniv

2 ˝ c0
˘

¸

.

By the moduli interpretations of special cycles on N px0q, we have that for all subsets H Ă B,

(33) YN px0qpHq “ pid ˆ ι0q
˚

`

ZN px0qpx0 ¨Hq
˘

:“ ZN px0qpx0 ¨Hq ˆN px0q,idˆι0 N px0q.

Let x P B be an element such that νppqpxqq ě 1. By the definition of the morphisms stI`x ,stI´x ,
stII`x and stII´x : N0pxq Ñ N px0q in §4.8, we have the following identities of closed formal subschemes
of N px0q:

stII`c0x pN0pc0xqq “ pid ˆ ι0q
˚

`

stI`x pN0pxqq
˘

, stII´x pN0pxqq “ pid ˆ ι0q
˚

`

stI´x pN0pxqq
˘

,(34)

stI`x pN0pxqq “ pid ˆ ι0q
˚

`

stII`x pN0pxqq
˘

, stI´c0x pN0pc0xqq “ pid ˆ ι0q
˚

`

stII´x pN0pxqq
˘

.(35)

Notice that by the universal property of the blow-up morphism π : M Ñ N px0q, the automor-
phism id ˆ ι0 induces an automorphism ιM of the formal scheme M. By (34) and (35), we have the
following identities of closed formal subschemes of M:

N II`
0 pc0xq “

`

ιM
˘˚

´

N I`
0 pxq

¯

, N II´
0 pxq “

`

ιM
˘˚

´

N I´
0 pxq

¯

,(36)

N I`
0 pxq “

`

ιM
˘˚

´

N II`
0 pxq

¯

, N I´
0 pc0xq “

`

ιM
˘˚

´

N II´
0 pxq

¯

.(37)

4.13. Special cycles on the Rapoport–Zink space M.

Definition 4.13.1. For a subset H Ă B, define the special cycles ZMpHq :“ ZN px0qpHq ˆN px0q M
and YMpHq :“ YN px0qpHq ˆN px0q M, i.e., we have the following Cartesian diagrams

ZMpHq M

ZN px0qpHq N px0q,

π

YMpHq M

YN px0qpHq N px0q,

π
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Since YN px0qpHq “ pid ˆ ι0q
˚

`

ZN px0qpx0 ¨Hq
˘

and ZN px0qpx0 ¨Hq “ pid ˆ ι0q
˚

`

YN px0qpHq
˘

, we have
YMpHq “

`

ιM
˘˚

pZMpx0 ¨Hqq and ZMpx0 ¨Hq “
`

ιM
˘˚

pYMpHqq.

By the moduli interpretation of the formal scheme N px0q, the morphism π gives rise to the
following two pairs of deformations of the quasi-isogeny x0 over the formal scheme M:

(38)
ˆ

X1,M
px0q1,M

ÝÑ X 1
1,M,

`

ρ1,M, ρ1
1,M

˘

˙

,

ˆ

X2,M
px0q2,M

ÝÑ X 1
2,M,

`

ρ2,M, ρ1
2,M

˘

˙

.

By the moduli interpretation of the special cycle ZN px0qpHq in Definition 4.9.1, the special cycle
ZMpHq is cut out by the following conditions,

ρ2,M ˝ x ˝ pρ1,Mq´1 P HompX1,M, X2,Mq;

ρ1
2,M ˝ x1 ˝ pρ1

1,Mq´1 P HompX 1
1,M, X 1

2,Mq.

for all x P H.
For simplicity, we denote the special cycle ZMpHq by ZpHq in all the following paragraphs. If

H “ txu where x P B, denote the special cycle Zptxuq by Zpxq.
Recall that we define M` “ M`

1 YM`
2 and M´ “ M´

1 YM´
2 . For a symbol ? P t`,´u, let the

pair
ˆ

pX1,M?

px0q
1,M?

ÝÑ X 1
1,M?q, pρ1,M? , ρ1

1,M?q

˙

,

ˆ

pX2,M?

px0q
2,M?

ÝÑ X 1
2,M?q, pρ2,M? , ρ1

2,M?q

˙

be the base change of the universal pair (38) over M to M?. Define Z?pxq :“ Zpxq X M?. Let
p? : M? Ñ N be the following composition (recall that s`, s´ are defined in (27) and (28)):

(39) p? : M? Ñ M π
Ñ N px0q

s?
Ñ N .

Lemma 4.13.2. Let x P B be a nonzero element (recall that x1 “ x0 ¨ x ¨ x´1
0 ). The closed formal

subscheme Zpxq of the formal scheme M is cut out by the conditions

(+) On M`: ρ2,M` ˝ x ˝ pρ1,M`q´1 P HompX1,M` , X2,M`q, i.e.,

Z`pxq “ ZN pxq ˆN ,p`
M`.

(´) On M´: ρ2,M´ ˝ x1 ˝ pρ1,M´q´1 P HompX1,M´ , X2,M´q, i.e.,

Z´pxq “ ZN px1q ˆN ,p´
M´.

Therefore the special cycle Zpxq is a Cartier divisor on M.

Proof. We first prove the p`q case. Let z P Z`pxqpFq be a point. Let R be the completed local
ring of the formal scheme M at z. Without loss of generality, we can assume that z P M`

1 pFq. Let
I Ă R be the ideal cutting out the divisor Zpxq, we will show that I is a principal ideal.

By the moduli interpretation of Zpxq, the ideal I is generated by two elements fx and fx1 , where
fx (resp. fx1) is the equation of the universal closed formal subscheme of M over which the quasi-
isogeny x (resp. x1) lifts to an isogeny. By Lemma 4.3.2, the elements fx and fx1 are nonzero when
x ‰ 0, hence I ‰ 0. The surjective homomorphism R{I2 Ñ R{I is equipped with a nilpotent pd
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structure. We have the following commutative diagram,

DpX1q DpX2q

DpX 1
1q DpX 1

2q.

Dpx0q

Dpxq

Dpx0q

Dpx1q

Let’s use the specific basis of the four Dieudonne modules stated in Proposition 4.6.2. Then

Dpxqre1, f1s “ re2, f2s

˜

a ´pc1

c d

¸

, Dpx1qre1
1, f

1
1s “ re1

2, f
1
2s

˜

a1 ´pc

c1 a

¸

,

where a, a1, c, c1, d P R{I2 and ppa1 ´ dq “ 0 P R{I2. Then

Dpxqpf1 ` x1e1q “ pd` cx1qf2 ` pax1 ´ pc1qe2,

Dpx1qpf 1
1 ` y1e

1
1q “ pa` c1y1qf 1

2 ` pa1y1 ´ pcqe1
2.

Since z P M`
1 , we use the coordinate for M`

1 in §4.11. Recall that we have y1 “ ux1 and
x2 “ vx1. The filtration on the Dieudonne crystals are given explicitly in Proposition 4.6.2, hence

fx “ cvx21 ` dvx1 ´ ax1 ´ c1uvx21 P R{I2;

fx1 “ c1u2vx21 ` aux1 ´ a1uvx1 ´ cuvx21 “ ´ufx ` uvx1pd´ a1q P R{I2.

Notice that x1|fx, fx1 , let g “ fx{x1 and g1 “ fx1{x1 (In Proposition 5.3.1, we calculated the
equations of fx and fx1 which imply that both g and g1 are not units in R). Since p “ ´uvx21 and
ppa1 ´ dq “ 0 P R{I2, we have

uvx1pd´ a1q P pgfx, g
1fx1 , gfx1q.

Then fx1 ´ ufx P pgfx, g
1fx1 , gfx1q ` I2. Therefore fx1 “ t ¨ fx for some element t P R. Hence

I “ pfx, fx1q “ pfxq is a principal ideal, and Z`pxq “ ZN pxq ˆN ,p`
M`. The proof of the p´q case

is similar so we omit the details here. □

By the identity Ypxq “
`

ιM
˘˚

pZpx0 ¨ xqq, we obtain the following

Corollary 4.13.3. Let x P B be a nonzero element. The closed formal subscheme Ypxq is a Cartier
divisor on M.

In the following paragraphs, for a nonzero element x P B, we refer to Zpxq as a special divisor
on the formal scheme M. By the moduli interpretation of the special divisor Zpxq in Proposition
4.13.2, there is a closed immersion Zpp´1xq Ñ Zpxq.

Definition 4.13.4. Let x P B be a nonzero element. Define the difference divisor associated to x
to be the following effective Cartier divisor on the formal scheme M,

Dpxq “ Zpxq ´ Zpp´1xq.

For a symbol ? P t`,´u, define D?pxq “ Dpxq X M?.

Remark 4.13.5. By Proposition 4.13.2, we have

D`pxq “ N0pxq ˆN ,p`
M` and D`pxq “ N0px1q ˆN ,p´

M´.
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By the isomorphism DN pxq » N0pxq in Lemma 4.4.1, we can give a moduli interpretation for the
difference divisor Dpxq as follows:

D`pxq : the quasi-isogenyρ2,M` ˝ x ˝ pρ1,M`q´1lifts to a cyclic isogeny,

D´pxq : the quasi-isogenyρ2,M´ ˝ x1 ˝ pρ1,M´q´1lifts to a cyclic isogeny.

5. Special divisor and the exceptional divisor

5.1. Line bundles on the exceptional divisor ExcM. Let pX,OXq be a noetherian formal
scheme over SpfW , we say a noetherian formal scheme pX,OXq over SpfW is of pure dimension d
if for every closed point x P XpFq, we have

dim OX,x “ d.

Now we assume pX,OXq is a regular noetherian formal scheme over SpfW of pure dimension d,
then we have a natural isomorphism [Zha21, §B.1] (see also [GS87, Lemma 1.9], the proof also works
here)

(40) KY
0 pXq

„
ÝÑ K 1pY q.

Let Y Ă X is a closed formal subscheme. If Z Ă Y is a closed subscheme such that codimXZ ě d´i,
therefore dimY ď i by the definition of dimension and codimension in §1.7.2 and the assumption
that X is of pure dimension d. Therefore the isomorphism (40) identifies

(41) Fd´iKY
0 pXq

„
ÝÑ FiK

1pY q

Lemma 5.1.1. Let pX,OXq be a regular Noetherian formal scheme over SpfW of pure dimension
d.

(a). Let C,D Ă X be two effective Cartier divisors on X intersecting properly, we have the
following equality in Gr1KCYD

0 pXq,

rOC`Ds “ rOCs ` rODs.

(b). Let Z Ă X be a divisor such that Z itself is an integral regular Noetherian scheme, we have
the following equality in Gr1KZ

0 pXq,

rOnZs “ n ¨ rOZs for all n ą 0.

Proof. Part (a) follows from [Zha21, Lemma B.1]. In our case, we can take X1 “ C, X2 “ D and
rEs “ rOC`Ds, then loc. cit. asserts that we have the identity

rOC`Ds “ rOCs ` rODs

in the group K 1
0pC Y Dq{K 1

0pC X Dq » KCYD
0 pXq{KCXD

0 pXq. Since the two divisors C and D

intersect properly, we have KCXD
0 pXq Ă F2KCXD

0 pXq, therefore we have the claimed identity in (a).
Now we prove (b). Let I Ă OX be the ideal sheaf of the closed scheme Z. By [Sta25, 0FD0], we

have
rOZs “ rIk{Ik`1s mod Fd´2K

1
0pZq, k P Z

because Ik{Ik`1 is a line bundle on the integral regular scheme Z whose dimension is d´1. Since X
is regular of pure dimension d, the subgroup F2KZ

0 pXq is isomorphic to Fd´2K
1
0pZq by (41). Then
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we have the following identity in KZ
0 pXq:

rOnZs “ rOZs ` rI{I2s ` ¨ ¨ ¨ ` rIn´1{Ins “ rOZs ` rOZs ` ¨ ¨ ¨ ` rOZs “ nrOZs mod F2KZ
0 pXq.

Therefore we have the identity in (b). □

Under the isomorphism ι : ExcM » P1
F ˆ P1

F we fixed in Remark 4.11.2, let pr1 : ExcM Ñ P1
F be

the first projection, while pr2 : ExcM Ñ P1
F be the second projection. Let L be a line bundle on

ExcM, it is isomorphic to pr˚
1Opmq b pr˚

2Opnq for some integers m and n. Define

Opm,nq :“ pr˚
1Opmq b pr˚

2Opnq P PicpExcMq.

For two line bundles L,G P PicpExcMq, denote by L ¨ G the intersection product PicpExcMq ˆ

PicpExcMq Ñ Z on the group PicpExcMq.

Lemma 5.1.2. Let m1,m2, n1, n2 be integers, then the intersection number of the line bundles
Opm1, n1q and Opm2, n2q is

Opm1, n1q ¨ Opm2, n2q “ m1n2 `m2n1.

Proof. This follows from the fact that Op1, 0q¨Op0, 1q “ 1 and the additivity of intersection numbers
between line bundles. □

5.2. Self-intersection of the exceptional divisor. For i “ 0, 1, 2, we have F3´iKExcM
0 pMq »

FiK0pExcMq. Notice that

Gr2KExcM
0 pMq :“ F2KExcM

0 pMq
L

F3KExcM
0 pMq

» F1K0pExcMq
L

F0K0pExcMq » CH1pExcMq » PicpExcMq.

The isomorphism is given by L P PicpExcMq ÞÝÑ rOExcMs ´ rLs P Gr2KExcM
0 pMq. We remind the

readers that we will use the notations in Remark 4.11.2 in the following paragraphs.

Lemma 5.2.1. We have the following equality in the group Gr2KExcM
0 pMq » PicpExcMq,

rOExcM bL
OM OExcMs “ Op´1,´1q.

Proof. Let I Ă OM be the ideal sheaf of the exceptional ideal ExcM. We know that rOExcM bL
OM

OExcMs “ rOExcMs ´ rI{I2s P F1K
1
0pExcMq » F2KExcM

0 pMq (see the proof of the Lemma 5.1.1
(b)). Under the isomorphism Gr2KExcM

0 pMq » PicpExcMq, the element rOExcM bL
OM

OExcMs is
given by restricting the invertible sheaf I to ExcM. Under the open cover of M in §4.11, the divisor
ExcM is given by the following equations and transformation rules:

M`
1 M´

1 M`
2 M´

2

x1 y1 x2 y2
ˆuv

P

ˆpuvq´1

ˆu´1

P

ˆu

ˆuv´1

P

ˆvu´1

P

The same transformation rule also applies to the corresponding open cover of ExcM » P1
F ˆ P1

F in
Remark 4.11.2. Therefore the corresponding line bundle is Op´1,´1q. □
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5.3. Intersections of special divisors and the exceptional divisor. Let x P B be a nonzero
element such that qpxq P Zp.

Proposition 5.3.1. Let x P B be a nonzero element such that qpxq P Zp such that νppqpxqq “ n

for some integer n ě 0. Then there exists a Cartier divisor rDpxq on the formal scheme M which
intersects with the exceptional divisor ExcM properly and

(i) When n “ 0, the following equality of Cartier divisors on M holds,

Dpxq “ ExcM ` rDpxq.

Moreover, the Cartier divisor ExcM X rDpxq of ExcM is

ExcM X rDpxq “ pv “ a nonzero number in Fq .

(ii) When n ě 1, the following equality of Cartier divisors on M holds,

Dpxq “ 2 ¨ ExcM ` rDpxq,

Moreover, the Cartier divisor ExcM X rDpxq of ExcM is

ExcM X rDpxq “

$

&

%

pv “ 0q ` pu “ a nonzero number in Fq ` pv1 “ 0q , when n “ 1;

pv “ 0q ` pu “ 0q ` pv1 “ 0q ` pu1 “ 0q , when n ě 2.

Proof. By Lemma 4.13.2, we have

Z`pxq “ ZN pxq ˆN ,p`
M` and Z´pxq “ ZN px1q ˆN ,p´

M´.

By Lemma 4.4.1, we have

D`pxq “ N0pxq ˆN ,p`
M` and D`pxq “ N0px1q ˆN ,p´

M´.

For i “ 1, 2, let p?i : M?
i Ñ N be the composition M?

i Ñ M? p?
Ñ N . Let p#?i : ON Ñ OM?

i
be the

corresponding ring homomorphism. We will prove (i) and (ii) by studying the equation of the divisor
Zpxq on the open formal subscheme M?

i for i “ 1, 2 and ? P t`,´u. For i “ 1, 2, let t`i , t
´
i P ON0px0q

be two elements satisfying the assumption in Lemma 4.6.4.
We first prove (i). If ? “ `, the equation of the special cycle ZN pxq is t`1 ´ νxt

`
2 ` p ¨ fx for an

element fx P W rrt`1 , t
`
2 ss and an invertible element νx P W rrt`1 , t

`
2 ss. By Lemma 4.6.4, we have

s#`pt`1 ´ νxt
`
2 q “ ν11x1 ` ν12y

p
1 ´ νxν21x2 ´ νxν22y

p
2 ` p ¨ h,

where h P W rrt`1 , t
`
2 ss is an element and νij are invertible elements in the ring W rrxi, yiss{pp`xiyiq.

Therefore the equation of the divisor Zpxq on M`
i is

i “ 1 : p#`1pt`1 ´ νxt
`
2 q “ x1 ¨ pν11 ´ νxν21v ` ν12u

pvpxp´1
1 ´ νxν22u

pxp´1
1 ´ uvx1 ¨ hq.(42)

i “ 2 : p#`2pt`1 ´ νxt
`
2 q “ x2 ¨ pν11v

1 ´ νxν21 ` ν12u
pxp´1

2 ´ νxν22v
1pupxp´1

2 ´ uv1x2 ¨ hq.(43)

If ? “ ´, the equation of the special cycle ZN px1q is t´1 ´ ωx1t´2 ` p ¨ gx1 for an element gx1 P

W rrt´1 , t
´
2 ss and an invertible element ωx1 P W rrt´1 , t

´
2 ss. By Lemma 4.6.4, we have

s#´pt´1 ´ ωx1t´2 q “ ω11y1 ` ω12x
p
1 ´ ωx1ω21y2 ´ ωx1ω22x

p
2 ` p ¨ g,
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where g P W rrt´1 , t
´
2 ss is an element and ωij are invertible elements in the ring W rrxi, yiss{pp`xiyiq.

Therefore the equation of the divisor Zpxq on M´
i is

i “ 1 : p#´1pt´1 ´ ωx1t´2 q “ y1 ¨ pω11 ´ ωx1ω21v
1 ` ω12u

1pv1pyp´1
1 ´ ωx1ω22u

1pyp´1
1 ´ u1v1y1 ¨ gq.(44)

i “ 2 : p#´2pt´1 ´ ωx1t´2 q “ y2 ¨ pω11v ´ ωx1ω21 ` ω12u
1pyp´1

2 ´ ωx1ω22v
pu1pyp´1

2 ´ u1vy2 ¨ gq.(45)

Define rDpxq :“ Zpxq ´ ExcM. By the equations (42)-(45) of the special divisor Zpxq, we deduce
that rDpxq is an effective Cartier divisor which intersects with the exceptional divisor ExcM properly.
The intersection rDpxq XExcM Ă ExcM is given by the equation v “ ν´1

x ν´1
21 ν11 “ ωx1ω21ω

´1
11 , where

the symbol p¨q means the image of the corresponding element under the map OM Ñ OExcM . Notice
that ν´1

x ν´1
21 ν11 “ ωx1ω21ω

´1
11 is a nonzero number in F. Therefore (i) is true.

Now we prove (ii). If ? “ `. By Lemma 4.4.1, the equation of the special cycle DN pxq is

zx “ νp`

´

t`1 ´
`

νxt
`
2

˘pn
¯ ´

t`pn

1 ´ νxt
`
2

¯

¨
ź

a`b“n
a,bě1

´

t`pa´1

1 ´
`

νxt
`
2

˘pb´1
¯p´1

where νx and ν are two invertible elements in the ring W rrt`1 , t
`
2 ss. By Lemma 4.6.4, we have

s#`pzxq “ νp`

´

ν11x1 ` ν12y
p
1 ´ pνxν21x2 ` νxν22y

p
2q

pn
¯ ´

pν11x1 ` ν12y
p
1q

pn
´ νx pν21x2 ` ν22y

p
2q

¯

¨
ź

a`b“n
a,bě1

´

pν11x1 ` ν12y
p
1q

pa´1

´ pνxν21x2 ` νxν22y
p
2q

pb´1
¯p´1

,(46)

Therefore the equation of the divisor DN pxq on M`
i is

i “ 1 : p#`1pzxq “ ´νuvx21 ` xmn
1 ¨

$

&

%

ν̃1v ` xp´1
1 h1, when n “ 1;

h1, when n “ 2.
(47)

i “ 2 : p#`2pzxq “ ´νuv1x22 ` xmn
2 ¨

$

&

%

ν̃2v
1 ` xp´1

2 h2, when n “ 1;

h2, when n “ 2.
(48)

Here ν, ν̃i are invertible elements in the ring OM`
i
, hi is an element in the ring OM`

i
. By the equation

(46), the integer mn satisfies the following conditions

mn

$

&

%

“ 2, when n “ 1;

ě 3, when n ě 2.

Similar method also gives the following equations of the special divisor Dpxq on the open formal
subscheme M´ “ M´

1 Y M´
2 . Let zx1 P W rrt´1 , t

´
2 ss be the equation of the special divisor ZN px1q.

i “ 1 : p#´1pzx1q “ ´ωu1v1y21 ` ymn
1 ¨

$

&

%

ω̃1v
1 ` yp´1

1 g1, when n “ 1;

g1, when n “ 2.
(49)

i “ 2 : p#´2pzx1q “ ´ωu1vy22 ` ymn
2 ¨

$

&

%

ω̃2v ` yp´1
2 g2, when n “ 1;

g2, when n “ 2.
(50)

Here ω, ω̃i are invertible elements in the ring OM´
i
, gi is an element in the ring OM´

i
.
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Define rDpxq :“ Dpxq ´ 2 ¨ ExcM. By the equations (47)-(50) of the difference divisor Dpxq,
we deduce that rDpxq :“ Dpxq ´ 2 ¨ ExcM is an effective Cartier divisor which intersects with the
exceptional divisor properly. The intersection rDpxq X ExcM is an effective Cartier divisor on the
exceptional divisor ExcM. More specifically,

rDpxq X ExcM “

$

&

%

pv “ 0q ` pu “ a nonzero number in Fq ` pv1 “ 0q , when n “ 1;

pv “ 0q ` pu “ 0q ` pv1 “ 0q ` pu1 “ 0q , when n ě 2.

Therefore (ii) is true. □

Corollary 5.3.2. Let x P B be a nonzero element such that qpxq P Zp such that n :“ νppqpxqq ě 0.
Define rZpxq Ă M to be the strict transformation of the cycle ZN px0qptxuq Ă N px0q under the blow
up morphism π : M Ñ N px0q. We have the following identity of Cartier divisor on M:

rZpxq “

rn{2s
ÿ

i“0

rDpp´ixq.

(a) The following identities of Cartier divisors on M hold,

Zpxq “ pn` 1q ¨ ExcM ` rZpxq.

(b) The following identities in the group Gr2KExcM
0 pMq » PicpExcMq holds,

(51) rOExcM bL
OM O

rDpxq
s “ rOExcM bOM O

rDpxq
s “ rOExcMX rDpxq

s “

$

’

’

&

’

’

%

Op1, 0q, when n “ 0;

Op2, 1q, when n “ 1;

Op2, 2q, when n ě 2.

(52) rOExcM bL
OM OZpxqs “ Op0,´1q.

Proof. By the definition of difference divisors in Definition 4.13.4, we have the following equality as
effective Cartier divisors on M,

Zpxq “

rn{2s
ÿ

i“0

Dpp´ixq.

By Proposition 5.3.1, we have

Zpxq “ pn` 1q ¨ ExcM `

rn{2s
ÿ

i“0

rDpp´ixq,

and the effective Cartier divisor
rn{2s
ř

i“0

rDpp´ixq intersects with the exceptional divisor ExcM properly.

Therefore we conclude that

rZpxq “

rn{2s
ÿ

i“0

rDpp´ixq.

Hence Zpxq “ pn` 1q ¨ ExcM ` rZpxq.
The formula (51) in (b) follows from Proposition 5.3.1. For the formula (52) in (b): By Lemma

5.1.1, we know that OZpxq “ pn` 1qOExcM `

rn{2s
ř

i“0
O

rDpp´ixq
in Gr1KZpxq

0 pMq. Therefore by Lemma
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5.2.1 and (51), we have the following equality in Gr2KExcM
0 pMq » PicpExcMq,

rOExcM bL
OM OZpxqs “ pn` 1qrOExcM bL

OM OExcMs `

rn{2s
ÿ

i“0

rOExcM bL
OM O

rDpp´ixq
s

“ pn` 1qOp´1,´1q ` Opn` 1, nq “ Op0,´1q.

□

5.4. Local Hecke correspondences and the exceptional divisor. Recall that for an element
x P B such that νp pqpxqq ě 1, we defined closed formal subschemes N I`

0 pxq,N I´
0 pxq,N II`

0 pxq,N II´
0 pxq

of M.

Lemma 5.4.1. Let x P B be an element such that νp pqpxqq ě 0. The formal subschemes N I`
0 px0 ¨xq,

N I´
0 px0 ¨ xq, N II`

0 pxq and N II´
0 px1q (the later two spaces are only defined for elements x such that

νp pqpxqq ě 1) are all closed formal subschemes of the special divisor Zpxq.

Proof. By Lemma 4.9.2, the morphisms stI`x0¨x, stI´x0¨x, stII`x and stII´x1 sends the corresponding source
formal schemes to ZN px0qpxq. Therefore the strict transforms of the corresponding formal schemes
N I`

0 px0¨xq, N I´
0 px0¨xq, N II`

0 pxq and N II´
0 px1q are all mapped into the direct base change ZN px0qpxqˆN px0q

M “ Zpxq. □

Remark 5.4.2. By Lemma 4.9.3, we know that

‚ The regular divisor N I`
0 px0 ¨ xq “ N I´

0 px0 ¨ xq if νppqpxqq “ 0.
‚ The regular divisor N II`

0 pxq “ N II´
0 px1q if νppqpxqq “ 1.

Notice that over the closed formal subschemes N I`
0 px0 ¨ xq, N I´

0 px0 ¨ xq, N II`
0 pxq and N II´

0 px1q,
the quasi-isogenies x0 ¨ x and x0 ¨ x lift to isogenies by Lemma 5.4.1. We still use x0 ¨ x and x0 ¨ x to
denote these two isogenies.

Lemma 5.4.3. Let x P B be an element such that νp pqpxqq ě 1.

(I): + Over the formal scheme N I`
0 px0 ¨ xq,

x0 ¨ x “ a cyclic isogeny, x “ a cyclic isogeny,

x0 ¨ x “ pˆ a cyclic isogeny, x1 “ a cyclic isogeny.

´ Over the formal scheme N I´
0 px0 ¨ xq,

x0 ¨ x “ pˆ a cyclic isogeny, x “ a cyclic isogeny,

x0 ¨ x “ a cyclic isogeny, x1 “ a cyclic isogeny.

(II): + Over the formal scheme N II`
0 pxq,

x0 ¨ x “ pˆ a cyclic isogeny, x0 ¨ x “ pˆ a cyclic isogeny.

When νp pqpxqq ě 2, we also have

x “ a cyclic isogeny, x1 “ pˆ a cyclic isogeny.
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´ Over the formal scheme N II´
0 px1q,

x0 ¨ x “ pˆ a cyclic isogeny, x0 ¨ x “ pˆ a cyclic isogeny.

When νp pqpxqq ě 2, we also have

x “ pˆ a cyclic isogeny, x1 “ a cyclic isogeny.

Proof. Let n “ νppqpxqq. Let S be a W -scheme such that p is locally nilpotent. We first consider
the case (I)+. Let

(53)
ˆ

X1
px0q1
ÝÑ X 1

1,
`

ρ1, ρ
1
1

˘

˙

,

ˆ

X2
px0q2
ÝÑ X 1

2,
`

ρ2, ρ
1
2

˘

˙

be an object in the set N I`
0 px0 ¨ xqpSq. Since the formal scheme N I`

0 px0 ¨ xq is contained N0px0 ¨

xq ˆstI`
x0¨x,N px0q

M, the quasi-isogeny x0 ¨ x lifts to a cyclic isogeny π : X1 Ñ X 1
2.

The cyclic isogeny π factorizes into a composition of n degree p isogenies π “ πn ˝ ¨ ¨ ¨ ˝ π1. The
isogeny π1 is isomorphic to px0q1, while πn is isomorphic to px0q2. Hence x lifts to πn´1 ˝ ¨ ¨ ¨ ˝ π1.
Then x lifts to π_

1 ˝ ¨ ˝ π_
n´1. Therefore

x0 ¨ x “ px0q1 ˝ π_
1 ˝ ¨ ¨ ¨ ˝ π_

n´1 “ π1 ˝ π_
1 ˝ ¨ ¨ ¨ ˝ π_

n´1 “ qpx0q ˆ π_
2 ˝ ¨ ¨ ¨ ˝ π_

n´1 “ pˆ a cyclic isogeny.

x “ x´1
0 ˝ x0 ¨ x “ ppx0q2q

´1
˝ πn ˝ ¨ ¨ ¨ ˝ π1 “ πn´1 ˝ ¨ ¨ ¨ ˝ π1 “ a cyclic isogeny.

x1 “ px0q2 ˝ x ˝ ppx0q1q
´1

“ πn ˝ ¨ ¨ ¨ ˝ π2 “ a cyclic isogeny.

Therefore we have shown that x0 ¨ x is a cyclic isogeny, while x0 ¨ x, x and x1 are of the form
pˆ a cyclic isogeny over the formal scheme N I`

0 px0 ¨ xq. The proof for the other cases are similar so
we omit it. □

Let x P B be an element such that νp pqpxqq ě 0. We know that the formal schemes N I`
0 px0 ¨ xq,

N I´
0 px0 ¨ xq, N II`

0 pxq and N II´
0 px1q (the later two spaces are only defined for elements x such that

νp pqpxqq ě 1) are isomorphic to the blow-up along the unique closed point of the corresponding
cyclic deformations spaces N0px0 ¨ xq, N0px0 ¨ xq, N0pxq and N0px1q. Denote by ExcI`

x0¨x, ExcI´
x0¨x,

ExcII`
x and ExcII´

x1 the corresponding exceptional divisors. They are all isomorphic to P1
F. By the

definition of these formal schemes,

ExcI`
x0¨x “ ExcM X N I`

0 px0 ¨ xq, ExcI´
x0¨x “ ExcM X N I´

0 px0 ¨ xq,

ExcII`
x “ ExcM X N II`

0 pxq, ExcII´
x1 “ ExcM X N II´

0 px1q.

Hence ExcI`
x0¨x, ExcI´

x0¨x, ExcII`
x and ExcII´

x1 are Cartier divisors on ExcM.

Proposition 5.4.4. Let x P B be an element such that n :“ νp pqpxqq ě 0.

(I) The Cartier divisors ExcI`
x0¨x and ExcI´

x0¨x of ExcM are

ExcI`
x0¨x “

$

&

%

pv “ a nonzero number in Fq, when n “ 0;

pv “ 0q, when n ě 1.

ExcI´
x0¨x “

$

&

%

pv1 “ a nonzero number in Fq, when n “ 0;

pv1 “ 0q, when n ě 1.
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(II) When n ě 1, the Cartier divisors ExcII`
x and ExcII´

x1 of ExcM are

ExcII`
x “

$

&

%

pu “ a nonzero number in Fq, when n “ 1;

pu “ 0q, when n ě 2.

ExcII´
x1 “

$

&

%

pu1 “ a nonzero number in Fq, when n “ 1;

pu1 “ 0q, when n ě 2.

Proof. We first consider the case (I+). When n “ 0, by Lemma 5.4.1, we have N I`
0 px0 ¨ xq Ă Zpxq.

By Proposition 5.3.1, we know that Zpxq “ ExcM ` rDpxq. Then N I`
0 px0 ¨ xq Ă rDpxq because

N I`
0 px0 ¨ xq intersects with ExcM properly. Hence

P1
F » ExcI`

x0¨x “ ExcM X N I`
0 px0 ¨ xq Ă ExcM X rDpxq.

By Proposition 5.3.1, the intersection ExcM X rDpxq is given by the equation v “ a nonzero number
in F, which also cuts out a projective line P1

F in ExcM. Hence the Cartier divisor ExcI`
x0¨x is given

by the equation (v “ a nonzero number in F) in ExcM. Notice that N I`
0 px0 ¨ xq “ N I´

0 px0 ¨ xq

by Remark 5.4.2. Hence ExcI´
x0¨x “ ExcI`

x0¨x. Therefore the Cartier divisor ExcI´
x0¨x is given by the

equation (v1 “ a nonzero number in F) since v1 ¨ v “ 1.
Now we consider the case n ě 1. Let’s assume that N I`

0 px0 ¨ xq X pM`
2 Y M´

1 q ‰ ∅. Let Mv1 be
the closed formal subscheme of M cut out by the equation v1 “ 0. Notice that v1 “ 0 also implies
that x1 “ y2 “ 0. Therefore

N I`
0 px0 ¨ xq X Mv1 Ă

`

stI`x0¨x pN0px0 ¨ xqq X px1 “ y2 “ 0q
˘

ˆN px0q M.

By our convention in Remark 4.6.3, x1 “ y2 “ 0 cuts out the closed formal subscheme N px0qVF of
N px0q. Therefore

stI`x0¨x pN0px0 ¨ xqq X px1 “ y2 “ 0q “ N0px0 ¨ xq ˆstI`
x0¨x,N px0q

N px0qVF » SpecF

by Lemma 4.8.2 and Remark 4.8.3. Hence N I`
0 px0 ¨ xq X Mv1 Ă SpecF ˆN px0q M “ ExcM.

We assume that N I`
0 px0 ¨ xq X M`

2 ‰ ∅ (the argument for the case N I`
0 px0 ¨ xq X M´

1 ‰ ∅ is
similar). Let f P OM`

2
be the equation of the regular divisor N I`

0 px0 ¨ xq in M`
2 . The inclusion

N I`
0 px0 ¨ xq X Mv1 Ă ExcM implies that

px2q Ă pf, v1q Ă OM`
2

» W rv1, usrrx2ss{pp` uv1x22q.

Therefore there exist a, b P OM`
2

such that x2 “ av1 ` bf .
Claim: the element a is invertible.
Proof of the claim: Let a :“ amod px2q be an element in Frv1, us. Then a ‰ 0 because otherwise

x2|f , which is impossible. Then the intersection ExcI`
x0¨x X M`

2 is given by pa ¨ v1 “ 0q “ pa “

0q ` pv1 “ 0q by the equation x2 “ av1 ` bf . However, the intersection ExcI`
x0¨x X M`

2 is an open
subvariety of P1

F. Therefore we must have pa “ 0q “ ∅ and ExcI`
x0¨x “ pv1 “ 0q. Hence a is invertible,

which implies that a is invertible.
The invertibility of a implies that the element bf “ x2 ´ av1 is a regular element because the

quotient ring OM`
2

{px2 ´ av1q is regular. Therefore the element b must be invertible because f is
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not invertible. Therefore we conclude that f “ ãv1 ` b̃x2 for invertible elements ã, b̃ P OM`
2
. Then

N I`
0 px0 ¨ xq X M`

2 » SpfW rusrrx2ss{pp´ ã´1b̃ux32q.

By the above equation, the multiplicity of the exceptional divisor ExcI`
x0¨x in N I`

0 px0 ¨ xqF “ divppq

of N I`
0 px0 ¨ xq is 3. Notice that by Lemma 4.5.1, this multiplicity is rpnq, but rpnq ‰ 3 when p ą 2,

this is a contradiction. Therefore the assumption N I`
0 px0 ¨ xq X pM`

2 Y M´
1 q ‰ ∅ is wrong. Since

ExcI`
x0¨x Ă rZpxqXExcM and the latter is a summation of divisors pv “ 0q, pv1 “ 0q, pu “ 0q, pu1 “ 0q

and (u “ a nonzero number in F) on ExcM. Therefore the only possibility is

ExcI`
x0¨x “ pv “ 0q.

The proof for the other cases are similar, so we omit it. □

Remark 5.4.5. In the proof of Proposition 5.4.4, the assumption p ą 2 is used solely to deduce
rpnq ‰ 3 and reach a contradiction; we expect a proof avoiding this. This is the only place on the
geometric part where p ą 2 is needed.

5.5. Decomposition of the difference divisor.

Lemma 5.5.1. Let x P B be an element such that νp pqpxqq ě 2. Then the regular divisors N I`
0 px0 ¨

xq,N I´
0 px0 ¨ xq,N II`

0 pxq,N II´
0 px1q are all contained in the divisor rDpxq.

Proof. By the moduli interpretation of the divisors D`pxq and D´pxq in Remark 4.13.5 and Lemma
5.4.3, we have

N I`
0 px0 ¨ xq “ N I`

0 px0 ¨ xq X M`
ď

N I`
0 px0 ¨ xq X M´ Ă D`pxq

ď

D´pxq “ Dpxq,

N I´
0 px0 ¨ xq “ N I´

0 px0 ¨ xq X M`
ď

N I´
0 px0 ¨ xq X M´ Ă D`pxq

ď

D´pxq “ Dpxq.

Therefore the two divisors N I`
0 px0 ¨xq,N I´

0 px0 ¨xq Ă rDpxq since they intersect the exceptional divisor
ExcM properly.

By Proposition 5.4.4, we know that

ExcII`
x “ pu “ 0q, ExcII´

x1 “ pu1 “ 0q.

Hence N II`
0 pxq Ă M` and N II´

0 px1q Ă M´. Therefore by Lemma 5.4.3

N II`
0 pxq “ N II`

0 pxq X M` Ă D`pxq Ă Dpxq,

N II´
0 px1q “ N II´

0 px1q X M´ Ă D´pxq Ă Dpxq.

Therefore the two divisors N II`
0 pxq,N II´

0 px1q Ă rDpxq since they intersect the exceptional divisor
ExcM properly. □

Lemma 5.5.2. Let x P B be a non-zero element such that νp pqpxqq ě 0. We have the following
decomposition of the effective Cartier divisor rDpxq,

rDpxq “

$

’

’

&

’

’

%

N I`
0 px0 ¨ xq, if νp pqpxqq “ 0;

N I`
0 px0 ¨ xq ` N I´

0 px0 ¨ xq ` N II`
0 pxq, if νp pqpxqq “ 1;

N I`
0 px0 ¨ xq ` N I´

0 px0 ¨ xq ` N II`
0 pxq ` N II´

0 px1q, if νp pqpxqq ě 2.
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Proof. Let n “ νp pqpxqq. Denote by Hpxq the effective Cartier divisor on the right hand side, i.e.,

Hpxq “

$

’

’

&

’

’

%

N I`
0 px0 ¨ xq, if νp pqpxqq “ 0;

N I`
0 px0 ¨ xq ` N I´

0 px0 ¨ xq ` N II`
0 pxq, if νp pqpxqq “ 1;

N I`
0 px0 ¨ xq ` N I´

0 px0 ¨ xq ` N II`
0 pxq ` N II´

0 px1q, if νp pqpxqq ě 2.

Let Rpxq “ rDpxq ´Hpxq. By Proposition 5.3.1 and Proposition 5.4.4, we know that

rDpxq X ExcM “ Hpxq X ExcM

as Cartier divisors on ExcM.
If Rpxq ‰ ∅, it must be an effective Cartier divisor by Lemma 5.5.1, and intersects with ExcM

properly. The identity rDpxq X ExcM “ Hpxq X ExcM as Cartier divisors on ExcM implies that
Rpxq X ExcM “ ∅. However, the exceptional divisor is the reduced locus of the formal scheme M.
We conclude that Rpxq “ ∅. Therefore rDpxq “ Hpxq. □

Remark 5.5.3. We can also consider the difference divisor associated to Y-cycles. Let x P B be
an element such that νppqpxqq ě ´1. Define DYpxq “ Ypxq ´ Ypp´1xq. By the identity Ypxq “

pιMq˚Zpx0 ¨ xq, we have DYpxq “ pιMq˚Dpx0xq. Define rDYpxq “ pιMq˚
rDpx0 ¨ xq. Then by Lemma

5.5.2 and (37), we have

(54) rDYpxq “

$

’

’

&

’

’

%

N II`
0 ppxq, if νp pqpxqq “ ´1;

N I`
0 px0 ¨ xq ` N II`

0 ppxq ` N II´
0 ppx1q, if νp pqpxqq “ 0;

N I`
0 px0 ¨ xq ` N I´

0 px0 ¨ xq ` N II`
0 ppxq ` N II´

0 ppx1q, if νp pqpxqq ě 1.

5.6. Derived special cycles LZpLq.

Lemma 5.6.1. Let x, y P B be two linearly independent elements. Then

(a) The two effective Cartier divisors rZpxq and Zpyq intersect properly.
(b) The irreducible components of the intersection rZpxq X Zpyq are of the form

SpfWs or P1
F Ă ExcM.

Here Ws is the ring of definition of a quasi-canonical lifting of level s.

Proof. By Lemma 5.5.2, an irreducible component of the divisor rZpxq are of the form N I`
0 px0 ¨

x̃q,N I´
0 px0 ¨ x̃q,N II`

0 px̃q,N II´
0 px̃1q where x̃ “ p´ix for some positive integer i. It’s sufficient to prove

(a) and (b) for the intersections of the divisors N I`
0 px0 ¨ x̃q,N I´

0 px0 ¨ x̃q,N II`
0 px̃q,N II´

0 px̃1q and the
divisor Zpyq. Without loss of generality, we can assume x̃ “ x.

We first consider the intersection N I`
0 px0 ¨ xq X Zpyq. Denote by πI` : N I`

0 px0 ¨ xq Ñ N0px0 ¨ xq

the blow up morphism, then

N I`
0 px0 ¨ xq X Zpyq Ă pN0px0 ¨ xq X ZN px0 ¨ yqq ˆN0px0¨xq,πI` N I`

0 px0 ¨ xq

Ă pZN px0 ¨ xq X ZN px0 ¨ yqq ˆN0px0¨xq,πI` N I`
0 px0 ¨ xq.

By Lemma 4.3.2, we know that dimZN px0 ¨ xq X ZN px0 ¨ yq “ 1, hence dimN I`
0 px0 ¨ xq X Zpyq ď

dim pZN px0 ¨ xq X ZN px0 ¨ yqq ˆN0px0¨xq N I`
0 px0 ¨ xq “ 1. Therefore N I`

0 px0 ¨ xq and Zpyq intersect
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properly. Part (b) follows from Lemma 4.3.2 and Lemma 4.5.1. The proof for the other intersections
are similar so we omit it. □

For a lattice M Ă B, define minpMq “ min
xPM

tνppqpxqqu. We say an element x P M is a minimal

element of M if νppqpxqq “ minpMq. It’s easy to see that if x is a minimal element of M , we have
p´1x R M .

Proposition 5.6.2. Let M Ă B be a Zp-lattice of rank 2. Let x P M be a minimal element of M .
Let y P M be another element such that tx, yu is a Zp-basis of M . The element rO

rZpxq
bL

OM
OZpyqs P

Gr2KZpMq

0 pMq is independent of the choices of the minimal element x and the element y.

Proof. Let n “ minpMq. If n ă 0, then the element O
rZpxq

bL
OM

OZpyq “ 0 in the group KZpMq

0 pMq

for all choices of minimal elements x P M and y P M such that tx, yu is a basis of M . Therefore we
only need to consider the case n ě 0.

Let x1 P M be another minimal element of M , i.e., νppqpx1qq “ n. Let y1 P M be another element
such that tx1, y1u is a basis of M . Then there exist a, b, c, d P Zp such that

x1 “ ax` by, y1 “ cx` dy, ad´ bc P Zˆ
p .

We first consider some special cases.

Case 1 : x1 “ x, y1 “ cx` y. Then by Lemma 5.6.1, we have

O
rZpx1q

bL
OM OZpy1q “ O

rZpxq
bOM OZpy1q “ O

rZpxqXZpy1q
.

By the moduli interpretations of the special cycles, we have rZpxq X Zpy1q “ rZpxq X Zpyq.
Therefore

O
rZpx1q

bL
OM OZpy1q “ O

rZpxq
bL

OM OZpyq.

Case 2 : x1 “ x` ay, y1 “ y. Let m “ νppqpyqq. We have:

rO
rZpx1q

bL
OM OZpy1qs “ rO

rZpx1q
bL

OM OZpyqs “ rO
rZpx1q

bL
OM O

rZpyq
s ` pm` 1q ¨ rO

rZpx1q
bL

OM OExcMs

“rOZpx1q bL
OM O

rZpyq
s ´ pn` 1q ¨ rOExcM bL

OM O
rZpyq

s ` pm` 1q ¨ Opn` 1, nq

“rOZpx1qX rZpyq
s ´ pn` 1q ¨ Opm` 1,mq ` pm` 1q ¨ Opn` 1, nq “ rOZpxqX rZpyq

s ` Op0, n´mq.

On the other hand, similar computations also apply to rO
rZpxq

bL
OM

OZpyqs just by replacing
x1 by x in the above computations. We conclude that

rO
rZpx1q

bL
OM OZpy1qs “ rO

rZpxq
bL

OM OZpyqs “ rOZpxqX rZpyq
s ` Op0, n´mq in Gr2KZpMq

0 pMq.

Now we come back to prove the proposition. There are two situations.

‚ If a P Zˆ
p . Scaling x1 by a´1 P Zˆ

p , we can assume a “ 1. Then y1 “ cx1 ` pd´ bcqy. Scaling
y1 by pd´ bcq´1 P Zˆ

p , we can assume d´ bc “ 1. Then x1 “ x` by, y1 “ cx1 ` y. Therefore

rO
rZpx1q

bL
OM OZpy1qs

Case 1
“ rO

rZpx1q
bL

OM OZpyqs
Case 2

“ rO
rZpxq

bL
OM OZpyqs.

‚ If νppaq ě 1. Then b, c P Zˆ
p . Scaling x1 by b´1, we can assume b “ 1. Then y1 “ dx1 ` pc´

adqx. Scaling y1 by pc ´ adq´1, we can assume c ´ ad “ 1. Then x1 “ ax ` y, y1 “ x ` dx1.
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Therefore

rO
rZpx1q

bL
OM OZpy1qs

Case 1
“ rO

rZpx1q
bL

OM OZpxqs “
`

rOZpx1qs ´ pn` 1qrOExcMs
˘

¨ rOZpxqs

p52q
“ rOZpx1qs ¨ rOZpxqs ´ pn` 1qOp0,´1q “

´

rO
rZpxq

s ` pn` 1qrOExcMs

¯

¨ rOZpx1qs ´ Op0,´n´ 1q

p52q
“ rO

rZpxq
s ¨ rOZpx1qs “ rO

rZpxq
bL

OM OZpx1qs
Case 1

“ rO
rZpxq

bL
OM OZpyqs.

□

Corollary 5.6.3. Let M Ă B be a Zp-lattice of rank 2. Let tx, yu be a basis of M , then the elements
rOZpxq bL

OM
OZpyqs and rOYpxq bL

OM
OYpyqs belong to the group Gr2KZpMq

0 pMq and Gr2KYpMq

0 pMq

respectively. Moreover, they only depend on the Zp-lattice M .

Proof. Without loss of generality, we assume that 0 ď νppqpxqq ď νppqpyqq. For an arbitrary element
x1 P M , we have x1 “ ax` by for some elements a, b P Zp. Then qpx1q “ a2qpxq ` abpx, yq ` b2qpyq.
Lemma 5.6.4 implies that νpppx, yqq ě νppqpxqq, therefore νppqpx1qq ě νppqpxqq. Hence x is a minimal
element of M . Therefore the element rO

rZpxq
bL

OM
OZpyqs only depends on M . Let n “ νppqpxqq “

minpMq. By (52) and Lemma 5.1.1, we have

rOZpxq bL
OM OZpyqs “

´

rO
rZpxq

s ` pn` 1qrOExcMs

¯

¨ rOZpyqs(55)

“ rO
rZpxq

bL
OM OZpyqs ` Op0,´n´ 1q

Therefore the element rOZpxq bL
OM

OZpyqs belongs to Gr2KZpMq

0 pMq and only depends on the Zp-
lattice M by Proposition 5.6.2.

Notice that we have Ypxq “
`

ιM
˘˚

pZpx0 ¨xqq for all elements x P B. Hence rOYpxq bL
OM

OYpyqs “
`

ιM
˘˚

rOZpx0¨xq bL
OM

OZpx0¨yqs also depends on M only. □

Lemma 5.6.4. Let x, y P B be two elements. Then

νpppx, yqq ě mintqpxq, qpyqu.

Proof. The statement actually works for all the anisotropic quadratic spaces. Suppose that νppqpyqq ě

νppqpxqq. Let’s assume the contrary that νpppx, yqq ă νppqpxqq. Then the following equation over Zp

qpxq

px, yq
¨X2 `X `

qpyq

px, yq
“ 0

must has a solution a in pZp by the Hensel’s lemma. Then the vector y1 “ y` ax is isotropic, which
is a contradiction. Therefore νpppx, yqq ě νppqpxqq “ mintqpxq, qpyqu. □

Let L Ă B be a Zp-lattice of rank r where 1 ď r ď 3. Let x “ tx1, ¨ ¨ ¨ , xru be a basis of L. Define

LZpxq :“ rOZpx1q bL
OM ¨ ¨ ¨ bL

OM OZpxrqs P GrrKZpLq

0 pMq.

Notice that the element LZpxq belongs to the r-graded piece GrrKZpLq

0 pMq because

‚ For r “ 1, this follows from the definition of Gr1KZpLq

0 pMq;
‚ For r “ 2, this follows from the proof of Corollary 5.6.3;
‚ For r “ 3, the element rOZpx1q bL

OM
OZpx2qs is a linear combination of elements of the form

rOWss, Op1, 0q and Op0, 1q by Lemma 5.2.1, Lemma 5.6.1 and (55). The derived intersection
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rOWs bL
OM

OZpx3qs is proper by the theory of (quasi-)canonical liftings [Gro86], hence it

belongs to the graded piece Gr3KZpLq

0 pMq. The derived intersection Op1, 0qbL
OM

rOZpx3qs “

Op1, 0qbL
OExcM

rOExcMsbL
OM

rOZpx3qs “ Op1, 0qbL
OExcM

Op0,´1q by Corollary 5.3.2(b), hence

it belongs to the graded piece Gr3KZpLq

0 pMq. Similar argument also applies to the derived
intersection Op0, 1q bL

OM
rOZpx3qs.

We also define

LYpxq :“ rOYpx1q bL
OM ¨ ¨ ¨ bL

OM OYpxrqs P GrrKYpLq

0 pMq.

Notice that the elements LZpxq and LYpxq are invariant under permutations and operations of the
form xi Ñ aixi ` ajxj for some ai P Zˆ

p and aj P Zp by Corollary 5.6.3. We can also transform the
basis x by permutations and operations of the form xi Ñ aixi ` ajxj for some ai P Zˆ

p and aj P Zp

to get any another basis x1 “ tx1
1, ¨ ¨ ¨ , x1

ru of L. Therefore the elements LZpxq and LYpxq only
depend on L.

Definition 5.6.5. Let L Ă B be a Zp-lattice of rank r where 1 ď r ď 3. Let tx1, ¨ ¨ ¨ , xru be a basis
of L. Define the derived special cycle

LZpLq :“ rOZpx1q bL
OM ¨ ¨ ¨ bL

OM OZpxrqs P GrrKZpLq

0 pMq.

LYpLq :“ rOYpx1q bL
OM ¨ ¨ ¨ bL

OM OYpxrqs P GrrKYpLq

0 pMq.

Definition 5.6.6. Let L Ă B be a Zp-lattice of rank 3. Define the arithmetic intersection numbers

IntZpLq :“ χpM, LZpLqq, IntYpLq :“ χpM, LYpLqq

Here χ denotes the Euler–Poincaré characteristic.

Now we are able to state to state the main theorem of the article.

Theorem 5.6.7. Let L Ă B be a Zp-lattice of rank 3. Then

IntZpLq “ BDen pH0ppq, Lq ,

and

IntYpLq “ BDen pH0ppq_, Lq ´ 1 “ BDen pH0ppq_, Lq ´
p7

2pp` 1q2
¨ DenpO_

B , Lq.

6. Difference formula on the geometric side

6.1. Difference formula: the hyperspecial case. Let L Ă B be a Zp-lattice of rank r where
1 ď r ď 3. Let tx1, ¨ ¨ ¨ , xru be a basis of L. Then the element OZN px1q bL

ON
¨ ¨ ¨ bL

ON
OZN pxrq P

FrK
ZN pLq

0 pN q because it is a proper intersection. The element rOZN px1q bL
ON

¨ ¨ ¨ bL
ON

OZN pxrqs P

GrrKZN pLq

0 pN q only depends on the lattice L [LZ22b, Corollary 4.11.2]. Denote by LZN pLq the
image of this element in GrrKZpLq

0 pN q. If the rank of L is 3, then we define the arithmetic intersection
number on N as

IntN pLq :“ χpN , LZN pLqq.

The works of Gross–Keating [GK93] and the ARGOS volume [VGW`07] together imply the following
theorem for all the prime number p (including p “ 2):
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Theorem 6.1.1. Let L Ă B be a Zp-lattice of rank 3. Then

IntN pLq “ BDenpH,Lq.

Here

BDenpH,Lq :“ ´
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenpX,H`
4 , Lq

DenpH`
4 , H

`
3 q

,

where H`
2k is as introduced in the introduction and H`

3 “ H`
2 kH`

1 .

Lemma 6.1.2. Let NF :“ N ˆW F. Let L5 Ă B be a Zp-lattice of rank 2. Let x P B be another
element such that νppqpxqq ě maxtmaxpL5q, 2u and x K L5, then

IntN pL5 k xxyq ´ IntN pL5 k xp´1xyq “ χpN , LZN pL5q bL
ON ONFq

“ BDen
´

xxyr´1s kH`
2 , L

5
¯

.

Proof. The first identity is proved by [GK93, Lemma 5.6] and [Rap05, Proposition 1.6]. For the
second identity, we combine Theorem 6.1.1 and the following identity by [Zhu25, Theorem 7.2.6]:

BDenpH,L5 k xxyq ´ BDenpH,L5 k xp´1xyq “ BDen
´

xxyr´1s kH`
2 , L

5
¯

.

□

6.2. Blow up: the hyperspecial case. Recall that N » SpfW rrt, t1ss, here the elements t and t1

are chosen so that under the identification N “ N0 ˆW N0, the first N0 » SpfW rrtss and the second
N0 » SpfW rrt1ss. Hence NF » SpfFrrt, t1ss. Let πF : rNF Ñ NF be the blow up morphism along the
unique closed point of NF. There is an open cover t rN ˝

F ,
rN ‚
F u of rNF given as follows,

˝ Let t1 “ xt. Define rN ˝
F “ SpfFrxsrrtss.

‚ Let t “ x1t1. Define rN ‚
F “ SpfFrx1srrt1ss.

Over the intersection rN ˝
F ˆN rN ‚

F , we have x1x “ 1. Let Exc
ĂNF

be the exceptional divisor on rNF. It
is glued by SpecFrxs and SpecFrx1s with the condition x1x “ 1. Hence Exc

ĂNF
» P1

F.

Lemma 6.2.1. We have the following identity in Gr2K
Exc

ĂNF
0 p rNFq » PicpExc

ĂNF
q:

(56) rOExc
ĂNF

bL
O

ĂNF
OExc

ĂNF
s “ Op´1q.

Proof. Similar to Lemma 5.2.1, the derived tensor product rOExc
ĂNF

bL
O

ĂNF
OExc

ĂNF
s can be viewed

as the restriction of the line bundle corresponding to the exceptional divisor Exc
ĂNF

on rNF to the

exceptional divisor Exc
ĂNF

itself. Under the open cover rN ˝
F and rN ‚

F of rNF, the divisor Exc
ĂNF

is given
by the following equations and transformation rules:

rN ˝
F

rN ‚
F

t t1
ˆx

P

ˆx1

P

The same transformation rule also applies to the corresponding open cover of Exc
ĂNF

» P1
F. Therefore

the corresponding line bundle is Op´1q. □
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6.3. Invariance of the intersection number. Let x P B be a nonzero element. Define ZNFpxq :“

ZN pxqˆN NF. The intersection is proper by the flatness over W of the divisor ZN pxq (Lemma 4.3.2),
hence ZNFpxq is an effective Cartier divisor on NF. Define Z

ĂNF
pxq “ π˚

FZNFpxq “ rNF ˆNF ZNFpxq

to be the pull back of the divisor ZNFpxq on NF to the blow up rNF.

Lemma 6.3.1. Let x P B be a nonzero element such that n :“ νppqpxqq ě 0. Then

(a) There exists an isomorphism NF » SpfFrrt, t1ss such that every irreducible component of
ZNFpxq is of the form

Capxq » SpfFrrt, t1ss{pν1
xt

1 ´ tp
a
q or C´apxq » SpfFrrt, t1ss{pνxt´ t1p

a
q,

where 0 ď a ď n and a ” n mod 2, νx, ν1
x P Oˆ

NF
, here Ca “ Ca1 if and only if a “ a1.

Moreover, we have the following identity of effective Cartier divisors on NF,

ZNFpxq “
ÿ

´nďaďn
a”nmod 2

ppn´|a|q{2 ¨ Capxq.

(b) We have Exc
ĂNF

» P1
F and the following equality in the group PicpExc

ĂNF
q:

(57) rOZ
ĂNF

pxq bL
O

ĂNF
OExc

ĂNF
s “ Op0q.

(c) Let y P B be another element such that x, y are linearly independent. Let C1 and C2 be an
irreducible component of ZNFpxq and ZNFpyq respectively. Then

(58) χp rNF,Oπ˚
F C1

bL
O

ĂNF
Oπ˚

F C2
q “ χpNF,OC1 bL

ONF
OC2q.

Proof. Part (a) is a consequence of Proposition 4.4.1 (b2). Let C be an irreducible component of a
special divisor ZNFpxq, we have the following equality by (a):

π˚
FC “ Exc

ĂNF
` rC,

where rC is the strict transform of the divisor C under the blow up morphism πF. It is isomorphic to
C under the morphism πF since it is represented by a 1-dimensional regular local ring. It’s easy to
see that rC X Exc

ĂNF
:“ rC ˆ

ĂNF
Exc

ĂNF
is scheme-theoretically a single point scheme, hence we have the

equality rO
rCXExc

ĂNF
s “ Op1q, hence rOπ˚

F CXExc
ĂNF

s “ Op0q, where π˚
FC X Exc

ĂNF
:“ π˚

FC ˆ
ĂNF

Exc
ĂNF

.

Therefore (b) is true since the special divisor Z
ĂNF

pxq is a summation of divisors of the form in (a).
Moreover,

χp rNF,Oπ˚
F C1

bL
O

ĂNF
Oπ˚

F C2
q “ pπ˚

FC1 ¨ π˚
FC2q

ĂNF
“

´

p rC1 ` Exc
ĂNF

q ¨ π˚
FC2

¯

ĂNF

“

´

rC1 ¨ π˚
FC2

¯

ĂNF

projection formula
“ pC1 ¨ C2qNF

“ χpNF,OC1 bL
ONF

OC2q.

□

Corollary 6.3.2. Let x, y P B be two linearly independent elements. Then

(59) χp rNF,OZ
ĂNF

pxq bL
O

ĂNF
OZ

ĂNF
pyqq “ χpNF,OZNF pxq bL

ONF
OZNF pyqq.
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Proof. Since ZNFpxq is a summation of regular (smooth) divisors C. The equality follows from
Lemma 6.3.1 (b). □

6.4. Geometric difference formula on M.

Lemma 6.4.1. Let L5 Ă B be a Zp-lattice of rank 2. Let x P B be another element such that
νppqpxqq ě maxtvalpL5q, 2u and x K L5, then

IntZpL5 k xxyq ´ IntZpL5 k xp´1xyq “ χpM, LZpL5q bL
OM OMFq

“ χpM, LZpL5q bL
OM OMFFq ` χpM, LZpL5q bL

OM OMVVq

` χpM, LZpL5q bL
OM OMFVq ` χpM, LZpL5q bL

OM OMVFq.

Proof. By Lemma 5.1.1, we know that

IntZpL5 k xxyq ´ IntZpL5 k xp´1xyq “ χpM, LZpL5q bL
OM ODpxqq.

Therefore the first equality is equivalent to

(60) χpM, LZpL5q bL
OM ODpxqq “ χpM, LZpL5q bL

OM OMFq.

By Lemma 5.6.1 and the isomorphism PicpExcMq » Gr2KExcM
0 pMq given by L ÞÑ rOExcMs ´ rLs,

LZpL5q “ linear combinations of Op1, 0q, Op0, 1q and rOWss.

For elements of the form rOWss, by the moduli interpretation of the special divisor Zpxq and [GK93,
Lemma 5.11], we have

χpM, rOWss bL
OM ODpxqq “ χpM, rOWss bL

OM OMFq.

For the elements Op1, 0q and Op0, 1q, we have

χpM,Op1, 0q bL
OM ODpxqq “ χpM,Op0, 1q bL

OM ODpxqq “ 0

by Proposition 5.3.1. On the other hand, by Proposition 4.11.1 (iii), we have

χpM,Op1, 0q bL
OM OMFq “ χpM,Op0, 1q bL

OM OMFq “ 0.

Therefore (60) is true and hence the first equality in the Lemma.
For the second equality: Let x1, x2 be a basis of L, we have

LZpL5q bL
OM OExcM “ rOZpx1q bL

OM OZpx2q bL
OM OExcMs

“

´

rOZpx1q bL
OM OExcMs

¯

bL
OExcM

´

rOZpx2q bL
OM OExcMs

¯

“ Op0,´1q bL
OM Op0,´1q “ 0.

Therefore

LZpL5q bL
OM OMF “ LZpL5q bL

OM p2OExcM ` OMFF ` OMVV ` OMFV ` OMFVq

“ LZpL5q bL
OM pOMFF ` OMVV ` OMFV ` OMFVq .

Therefore the second equality is true. □
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6.5. Intersections on MFF. We defined p` : M` Ñ N as a composition M` Ñ M π
Ñ N px0q

s`
Ñ

N . Notice that MFF is a closed formal subscheme of M`
F . Let πFF : MFF Ñ NF be the composition

MFF ãÑ M`
F

pp`qF
ÝÝÝÑ NF. Using the open cover we fixed in §4.11 and Lemma 4.6.4, we have the

following isomorphism of formal schemes over NF:

(61) ιFF : MFF „
ÝÑ rNF.

Let x P B be a nonzero element. By the moduli interpretations of the divisor Z`pxq on M` in
Lemma 4.13.2 and the isomorphism ιFF : MFF Ñ rNF, we have

(62) Zpxq X MFF “
`

ιFF˘˚ Z
ĂNF

pxq :“ Z
ĂNF

pxq ˆ
ĂNF,ιFF MFF “ ZNFpxq ˆNF,πFF MFF.

Lemma 6.5.1. Let L5 Ă B be a Zp-lattice of rank 2. Then

χpM, LZpL5q bL
OM OMFFq “ χpN , LZN pL5q bL

ON ONFq.

Proof. Let x, y be a Zp-basis of the lattice L5. Then

χpM, LZpL5q bL
OM OMFFq “χpMFF,OZpxqXMFF bL

OMFF
OZpyqXMFFq

p62q
“ χp rNF,OZ

ĂNF
pxq bL

O
ĂNF

OZ
ĂNF

pyqq

p59q
“ χpNF,OZNF pxq bL

ONF
OZNF pyqq

“χpN , LZN pL5q bL
ON ONFq.

□

6.6. Intersections on MVV. The ideas of the computations in this part is similar to §6.5. We have
defined p´ : M´ Ñ N as a composition M´ Ñ M π

Ñ N px0q
s´
Ñ N . Notice that MVV is a closed

formal subscheme of M´
F . Let πVV : MVV Ñ NF be the composition MVV ãÑ M´

F
pp´qF
ÝÝÝÑ NF.

Using the open cover we fixed in §4.11 and Lemma 4.6.4, we have the following isomorphism of
formal schemes over NF:

(63) ιVV : MVV „
ÝÑ rNF.

Let x P B be a nonzero element. By the moduli interpretations of the divisor Z´pxq on M´ in
Lemma 4.13.2 and the isomorphism ιVV : MVV Ñ rNF, we have

(64) Zpxq X MVV “
`

ιVV˘˚ Z
ĂNF

px1q :“ Z
ĂNF

px1q ˆ
ĂNF,ιVV MFF “ ZNFpx1q ˆNF,πVV MVV.

Lemma 6.6.1. Let L5 Ă B be a Zp-lattice of rank 2. Let L51 Ă B be the image of L5 under the
isometric homomorphism p¨q1 : B Ñ B. Then

χpM, LZpL5q bL
OM OMVVq “ χpN , LZN pL51q bL

ON ONFq.

Proof. The proof is the same as that of Lemma 6.5.1, we just need to replace MFF there by MVV. □

6.7. Intersections on MFV. Let

(65)
ˆ

XFV
1

xF
0

ÝÑ X 1FV
1 ,

`

ρFV
1 , ρ1FV

1

˘

˙

,

ˆ

XFV
2

xV
0

ÝÑ X 1FV
2 ,

`

ρFV
2 , ρ1FV

2

˘

˙
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be the base change of the universal object (38) over M to MFV. By the equations of MFV in
Proposition 4.11.1, the morphism xF

0 is isomorphic to the Frobenius morphism, while xV
0 is isomorphic

to the Verschiebung morphism. Hence there exist two isomorphisms ιF1 : X
FV,ppq

1 Ñ X 1FV
1 and

ιV2 : X
1FV,ppq

2 Ñ XFV
2 over MFV such that the following diagrams commute,

X
FV,ppq

1

XFV
1

X 1FV
1

ιF1

F

xF
0

X
1FV,ppq

2

X 1FV
2

XFV
2

ιV2

V

xV
0

here we use F,V to represent the relative Frobenius and Verschiebung morphism.
For a morphism f : S Ñ MFV. Let pXFV

1,S , ρ
FV
1,Sq and pX 1FV

2,S , ρ
1FV
2,S q be the base change of the

p-divisible groups pXFV
1 , ρFV

1 q and pX 1FV
2 , ρ1FV

2,S q to S through the morphism f . Then we get a map

MFVpSq Ñ NFpSq : f ÞÑ

´´

XFV
1,S , ρ

FV
1,S

¯

,
´

X 1FV
2 , ρ1FV

2,S

¯¯

. Therefore we obtain a morphism between

formal schemes πFV : MFV Ñ NF. Using the open cover we fixed in §4.11 and Lemma 4.6.4, we
have the following isomorphism of formal schemes over NF:

(66) ιFV : MFV „
ÝÑ rNF.

Denote by MFV
˝ “

`

ιFV˘˚
´

rN ˝
F

¯

, MVF
‚ “

`

ιFV˘˚
´

rN ‚
F

¯

. Then MFV
˝ Ă M`, MFV

‚ Ă M´ and

tMFV
˝ ,MFV

‚ u gives an open cover of MFV.
Let N0,F “ N0 ˆW F. Denote by Fr : N0,F Ñ N0,F the relative Frobenius morphism of N0,F.

The morphism sends a pair pX, ρq P N0,FpSq to the pair pXppq, ρppqq, here Xppq “ X ˆS,FrS S where
FrS : S Ñ S is the absolute Frobenius morphism. Denote by pFV

˝ : MFV
˝ Ñ NF the restriction of

the morphism p` : M` Ñ N (cf. (39)) to MFV
˝ . Denote by pFV

‚ : MFV
‚ Ñ NF the restriction of the

morphism p´ : M´ Ñ N (cf. (39)) to MFV
‚ . Then we have

pFV
˝ “ pId ˆ Frq ˝ πFV, pFV

‚ “ pFr ˆ Idq ˝ πFV.(67)

Let x P B be a nonzero element such that νppqpxqq ě 0. By the moduli interpretation of the
divisor Zpxq in Lemma 4.13.2, we have

(68) Zpxq X MFV
˝ “

`

πFV˘˚
pId ˆ Frq˚ ZNFpxq, Zpxq X MFV

‚ “
`

πFV˘˚
pFr ˆ Idq

˚ ZNFpx1q,

Notice that the quasi-isogeny x0 ¨ x “ x1 ¨ x0 : XFV
1 99K X 1FV

2 lifts to an isogeny over Zpxq X MFV.
Therefore

(69) Zpxq X MFV
˝ Ă

`

πFV˘˚ ZNFpx0 ¨ xq, Zpxq X MFV
‚ Ă

`

πFV˘˚ ZNFpx1 ¨ x0q.

Lemma 6.7.1. Let x P B be a nonzero element such that νppqpxqq ě 0. Then we have the following
identity of effective Cartier divisors on MFV:

(70) Zpxq X MFV “
`

ιFV˘˚
´

p ¨ Z
ĂNF

px0
´1 ¨ xq ` Exc

ĂNF

¯

.
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Proof. Let n “ νppqpxqq ě 0. Since xF
0 (resp. xV

0 ) is isomorphic to the relative Frobenius (resp.
Verschiebung) morphism, we have the following equality:

pId ˆ Frq˚ ZNFpxq “ ZNFpx0 ¨ xq ´ Cn`1px0 ¨ xq “ p ¨ ZNFpx0
´1 ¨ xq ` C´n´1px0 ¨ xq,

pFr ˆ Idq
˚ ZNFpxq “ ZNFpx1 ¨ x0q ´ C´n´1px1 ¨ x0q “ p ¨ ZNFpx0

´1 ¨ xq ` Cn`1px1 ¨ x0q.

Here we use the equality p´1x0 ¨ x “ x0
´1 ¨ x. By (68) and (69) and the equation of C´n´1px0 ¨ xq

in Lemma 6.3.1(a), we have that over the open formal subscheme MFV
˝ ,

Zpxq X MFV
˝ “

`

πFV˘˚ `

p ¨ ZNFpx0
´1 ¨ xq ` C´n´1px0 ¨ xq

˘

“
`

ιFV˘˚
´

p ¨ Z
ĂNF

px0
´1 ¨ xq ` Exc

ĂNF

¯

.

While over the open formal subscheme MFV
‚ ,

Zpxq X MFV
‚ “

`

πFV˘˚ `

p ¨ ZNFpx0
´1 ¨ xq ` Cn`1px1 ¨ x0q

˘

“
`

ιFV˘˚
´

p ¨ Z
ĂNF

px0
´1 ¨ xq ` Exc

ĂNF

¯

.

The formula (70) is true on an open cover of MFV, hence is true over all MFV. □

Corollary 6.7.2. Let L5 Ă B be a Zp-lattice of rank 2. Then

χpM, LZpL5q bL
OM OMFVq “ p2 ¨ χ

´

N , LZN

´

x0
´1 ¨ L5

¯

bL
ON ONF

¯

´ 1.

Proof. Let x, y be a Zp-basis of the lattice L5. We have

χpM, LZpL5q bL
OM OMFVq “ χpMFV,OZpxqXMFV bL

OMFV
OZpxqXMFVq

p57q,p70q
“ p2 ¨ χp rNF,OZ

ĂNF
pxq bL

O
ĂNF

OZ
ĂNF

pyqq ` χp rNF,OExc
ĂNF

bL
O

ĂNF
OExc

ĂNF
q

p56q,p59q
“ p2 ¨ χ

´

N , LZN

´

x0
´1 ¨ L5

¯

bL
ON ONF

¯

´ 1.

□

6.8. Intersections on MVF. The ideas of the computations in this part is similar to §6.7. Let

(71)
ˆ

XVF
1

xV
0

ÝÑ X 1VF
1 ,

`

ρVF
1 , ρ1VF

1

˘

˙

,

ˆ

XVF
2

xF
0

ÝÑ X 1VF
2 ,

`

ρVF
2 , ρ1VF

2

˘

˙

be the base change of the universal object (38) over M to MVF. By the equations of MVF in
Proposition 4.11.1, the morphism xF

0 is isomorphic to the Frobenius morphism, while xV
0 is isomorphic

to the Verschiebung morphism. Hence there exist two isomorphisms ιF2 : X
VF,ppq

2 Ñ X 1VF
2 and

ιV1 : X
1VF,ppq

1 Ñ XVF
1 over MVF such that the following diagrams commute,

X
VF,ppq

2

XVF
2

X 1VF
2

ιF2

F

xF
0

X
1VF,ppq

1

X 1VF
1

XVF
1

ιV1

V

xV
0
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here we use F,V to represent the relative Frobenius and Verschiebung morphism.
For a morphism g : S Ñ MVF. Let pX 1VF

1,S , ρ
1VF
1,S q and pXVF

2,S , ρ
VF
2,Sq be the base change of the

p-divisible groups pX 1VF
1 , ρ1VF

1 q and pXVF
2 , ρVF

2,Sq to S through the morphism g. Then we get a map

MVFpSq Ñ NFpSq : g ÞÑ

´´

X 1VF
1,S , ρ

1VF
1,S

¯

,
´

XVF
2 , ρVF

2,S

¯¯

. Therefore we obtain a morphism between

formal schemes πVF : MVF Ñ NF. Using the open cover we fixed in §4.11 and Lemma 4.6.4, we
have the following isomorphism of formal schemes over NF:

(72) ιVF : MVF „
ÝÑ rNF.

Denote by MVF
˝ “

`

ιVF˘˚
´

rN ˝
F

¯

, MFV
‚ “

`

ιVF˘˚
´

rN ‚
F

¯

. Then MVF
˝ Ă M´, MVF

‚ Ă M` and

tMVF
˝ ,MVF

‚ u gives an open cover of MVF.
Recall that we defined Fr : N0,F Ñ N0,F as the relative Frobenius morphism of N0,F in §4.1.

Denote by pVF
˝ : MVF

˝ Ñ NF the restriction of the morphism p´ : M´ Ñ N (cf. (39)) to MVF
˝ .

Denote by pVF
‚ : MVF

‚ Ñ NF the restriction of the morphism p` : M` Ñ N (cf. (39)) to MVF
‚ .

Then we have

pVF
˝ “ pId ˆ Frq ˝ πVF, pVF

‚ “ pFr ˆ Idq ˝ πVF.(73)

Let x P B be a nonzero element such that νppqpxqq ě 0. By the moduli interpretation of the
divisor Zpxq in Lemma 4.13.2, we have

(74) Zpxq X MVF
˝ “

`

πVF˘˚
pId ˆ Frq˚ ZNFpx1q, Zpxq X MFV

‚ “
`

πFV˘˚
pFr ˆ Idq

˚ ZNFpxq,

Notice that the quasi-isogeny x0 ¨ x1 “ x ¨ x0 : X 1FV
1 99K XFV

2 lifts to an isogeny over Zpxq X MVF.
Therefore

(75) Zpxq X MFV
˝ Ă

`

πVF˘˚ ZNFpx0 ¨ x1q, Zpxq X MFV
‚ Ă

`

πVF˘˚ ZNFpx ¨ x0q.

Lemma 6.8.1. Let x P B be a nonzero element such that νppqpxqq ě 0. Then we have the following
identity of effective Cartier divisors on MVF:

Zpxq X MVF “
`

ιVF˘˚
´

p ¨ Z
ĂNF

px´1
0 ¨ xq ` Exc

ĂNF

¯

.

Proof. The proof is almost identical to that of Lemma 6.7.1, so we omit it. □

Corollary 6.8.2. Let L5 Ă B be a Zp-lattice of rank 2. Then

χpM, LZpL5q bL
OM OMVFq “ p2 ¨ χ

´

N , LZN

´

x´1
0 ¨ L5

¯

bL
ON ONF

¯

´ 1.

Proof. The proof is almost identical to that of Corollary 6.7.2, so we omit it. □

7. Proof of the main theorem

7.1. Difference formulas combined.
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Lemma 7.1.1. Let L5 Ă B be a Zp-lattice of rank 2. Let x P B be a nonzero element such that
xKL5 and νppqpxqq ě maxtmaxpL5q, 2u. Then we have

χpM, LZpL5q bL
OM OMFFq “ χpM, LZpL5q bL

OM OMVVq “ BDen
´

xxyr´1s kH`
2 , L

5
¯

,(76)

χpM, LZpL5q bL
OM OMFVq “ χpM, LZpL5q bL

OM OMVFq “ BDen
´

xxyr´1s kH`
2 rps, L5

¯

.(77)

Proof. The formula (76) is proved by combining Lemma 6.5.1, Lemma 6.6.1 and Lemma 6.1.2. Let’s
now give the proof of the formula (77). By Corollary 6.7.2, 6.8.2 and Lemma 6.1.2 again, we have

χpM, LZpL5qbL
OMOMFVq “ χpM, LZpL5qbL

OMOMVFq “ p2 ¨BDen
´

xxyr´p´1s kH`
2 , L

5rp´1s

¯

´1.

By Lemma 3.4.1, we have

BDen
´

xxyr´1s kH`
2 rps, L5

¯

“ p2 ¨ BDen
´

xxyr´p´1s kH`
2 , L

5rp´1s

¯

´ 1.

Therefore (77) is true. □

Corollary 7.1.2. Let L5 Ă B be a Zp-lattice of rank 2. Let x P B be a nonzero element such that
xKL5 and νppqpxqq ě maxtmaxpL5q, 2u. Then we have

IntZ
´

L5 k xxy

¯

´ IntZ
´

L5 k xp´1xy

¯

“ BDen
´

H0ppq, L5 k xxy

¯

´ BDen
´

H0ppq, L5 k xp´1xy

¯

.

IntY
´

L5 k xxy

¯

´ IntY
´

L5 k xp´1xy

¯

“ BDen
´

H0ppq_, L5 k xxy

¯

´ BDen
´

H0ppq_, L5 k xp´1xy

¯

.

Proof. For the intersection number of Z-cycles, we have

IntZ
´

L5 k xxy

¯

´ IntZ
´

L5 k xp´1xy

¯

“ 2 ¨ χpM, LZpL5q bL
OM OMFFq ` 2 ¨ χpM, LZpL5q bL

OM OMFVq

p76q,p77q
“ 2 ¨ BDen

´

xxyr´1s kH`
2 , L

5
¯

` 2 ¨ BDen
´

xxyr´1s kH`
2 rps, L5

¯

.

On the analytic side, we have the following formula by Lemma 3.3.3,

BDen
´

H0ppq, L5 k xxy

¯

´BDen
´

H0ppq, L5 k xp´1xy

¯

“ 2 ¨ BDen
´

xxyr´1s kH`
2 , L

5
¯

` 2 ¨ BDen
´

xxyr´1s kH`
2 rps, L5

¯

.

Hence the first formula follows from the above two identities.
For the intersection number of Y-cycles. By the identity YpHq “

`

ιM
˘˚ Zpx0 ¨Hq, we have

IntY
´

L5 k xxy

¯

´ IntY
´

L5 k xp´1xy

¯

“ IntZ
´

L5rqpx0qs k xxyrqpx0qs

¯

´ IntZ
´

L5rqpx0qs k xp´1xyrqpx0qs

¯

“ BDen
´

H0ppq, L5rqpx0qs k xxyrqpx0qs

¯

´ BDen
´

H0ppq, L5rqpx0qs k xp´1xyrqpx0qs

¯

“ BDen
´

H0ppq_, L5 k xxy

¯

´ BDen
´

H0ppq_, L5 k xp´1xy

¯

.

Here the last identity is proved by Lemma 3.4.2. □

7.2. Base cases: the geometric side. Let L Ă B be a quadratic lattice of rank 3 such that
minpLq “ 0. Let x P L be an element such that νppqpxqq “ 0. By Lemma 5.5.2, we have the
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following equality of Cartier divisors on M,

Zpxq “ ExcM ` N I`
0 px0 ¨ xq,

where the divisor N I`
0 px0 ¨xq is isomorphic to the blow up rN0px0 ¨xq of the formal scheme N0px0 ¨xq

along its unique closed F-point. For simplicity, let z “ x0 ¨x. We fix an isomorphism ιz : N I`
0 pzq

„
ÝÑ

rN0pzq. Let pz be the following composition morphism

pz : N I`
0 pzq

ιz
ÝÑ rN0pzq

πz
ÝÑ N0pzq ãÑ N .

Recall that we use ExcI`
z to denote the exceptional divisor on N I`

0 pzq.

Lemma 7.2.1. Let y P B be an element such that x, y are linearly independent. Then we have

(78) χpN I`
0 pzq,ON I`

0 pzqXZpyq
bL

O
N I`

0 pzq

OExcI`
z

q “ ´1.

Proof. By definition we know that ExcI`
z “ ExcM X N I`

0 pzq. As a divisor on ExcM, we have

rOExcM bL
OM ON I`

0 pzq
s “ rOExcI`

z
s “ Op1, 0q

by Corollary 5.3.2 (b). Then we have

χpN I`
0 pzq,ON I`

0 pzqXZpyq
bL

O
N I`

0 pzq

OExcI`
z

q “ χpM,ON I`
0 pzq

bL
OM OZpyq bL

OM OExcMq

“ χpExcM,OExcI`
z

bL
OExcM

OZpyqXExcMq

“ Op1, 0q ¨ Op´1,´1q “ ´1.

□

Let y P B be an element such that it is linearly independent from x and νppqpyqq “ 1. Denote by
z1 “ x0 ¨ y. By the moduli interpretation of the special divisor Zpyq, we have

ppzq
˚

`

ZN pp´1z1q
˘

“ pπzιzq
˚

`

N0pzq X ZN pp´1z1q
˘

Ă N I`
0 pzq X Zpyq.

Notice that νppqpp´1z1qq “ 0, hence the intersection N0pzq XZN pp´1z1q is a regular divisor on N0pzq

which is isomorphic to SpfW0 by [GK93, (5.10)], where W0 is the integer ring of a ramified quadratic
extension of Qp. Denote this divisor by Cpyq. Let rCpyq be the strict transform of the divisor Cpyq

under the blow up morphism πz : rN0pzq Ñ N0pzq. Let pz,1, pz,2 : N I`
0 pzq Ñ N0 be the composition

of pz with the two projections from N » N0 ˆW N0 to N0.

Lemma 7.2.2. Let y P B be an element such that it is perpendicular to x and νppqpyqq “ 0 or 1.
Then

N I`
0 pzq X Zpyq “

$

&

%

ι˚z

´

Exc
ĂN0pzq

¯

, if νppqpyqq “ 0;

ι˚z

´

2 ¨ Exc
ĂN0pzq

` rCpyq

¯

, if νppqpyqq “ 1.

Proof. Using Lemma 4.4.1 (b), we can construct the following open cover of the formal scheme
rN0pzq:

(79) rN0pzq˝ “ SpfW rusrrtss
L `

νp` t2ptp´1 ´ uq
˘

, rN0pzq‚ “ SpfW rvsrrt1ss
L `

ν 1p` t12ptp´1 ´ vq
˘

,

where ν, ν 1 are invertible elements in the corresponding rings and uv “ 1. Using Lemma 4.6.4, we
can see easily that rN0pzq˝ Ă M` and rN0pzq‚ Ă M´. Let y1 “ x´1y. Then we have y1 P B0. By
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the moduli interpretation of Zpyq in Lemma 4.13.2, we have

Zpyq X rN0pzq˝ “ ppz,1q
˚ ZN0py1q, Zpyq X rN0pzq‚ “ ppz,2q

˚ ZN0py1
1q.

‚ If νppqpyqq “ 0, we have νppqpy1qq “ νppqpy1
1qq “ 0. The equation cutting out ZN0py1q (resp.

ZN0py1
1q) has the form t ` a ¨ p (resp. t1 ` a1 ¨ p) for some a P ON0 (resp. a1 P ON0) since

ZN0py1q (resp. ZN0py1
1q) is isomorphic to SpfW by Remark 4.3.4. Using the open cover (79),

the equation of Zpyq on rN0pzq˝ (resp. rN0pzq‚) is given by tˆ(a unit element in O
ĂN0pzq˝)

(resp. t1ˆ(a unit element in O
ĂN0pzq‚)). Therefore we have

N I`
0 pzq X Zpyq “ ι˚z

´

Exc
ĂN0pzq

¯

.

‚ If νppqpyqq “ 1, we have νppqpy1qq “ νppqpy1
1qq “ 1. The equation cutting out ZN0py1q

(resp. ZN0py1
1q) has the form p ` t2 ¨ fptq where fptq P W rrtss (resp. p ` t12gpt1q where

gpt1q P W rrt1ss) since ZN0py1q (resp. ZN0py1
1q) is a regular formal scheme but not formally

smooth over W by Remark 4.3.4. Using the open cover (79), the equation of Zpyq on rN0pzq˝

(resp. rN0pzq‚) is given by t2 ¨
`

ν´1pu´ tp´1q ` fptq
˘

(resp. t12 ¨
`

ν 1´1pv ´ t1p´1q ` gpt1q
˘

).
Therefore the multiplicity of ExcI`

z in the divisor N I`
0 pzq X Zpyq is exactly 2. Since every

horizontal divisor in N I`
0 pzq XZpyq has intersection number 1 with ExcI`

z , we conclude that
there is only one horizontal divisor by Lemma 7.2.1. Notice that rCpyq Ă N I`

0 pzq X Zpyq is a
horizontal divisor. Therefore

N I`
0 pzq X Zpyq “ ι˚z

´

2 ¨ Exc
ĂN0pzq

` rCpyq

¯

.

□

Corollary 7.2.3. Let L Ă B be a lattice of rank 3 whose Gross–Keating invariant GKpLq “ p0, 0, 1q

or p0, 1, 1q. Then

IntZpLq “

$

&

%

´1, if GKpLq “ p0, 0, 1q;

0, if GKpLq “ p0, 1, 1q.

Similarly, we have

IntYpLq “

$

&

%

´1, if GKpLq “ p´1,´1, 0q;

0, if GKpLq “ p´1, 0, 0q.

Proof. Note that the statement for IntYpLq follows from IntZpLq via (33). Now we prove the state-
ment for IntZpLq.

Let x, y1, y2 be an orthogonal basis of the lattice L where νppqpxqq “ 0 and νppqpy2qq “ 1. Let
z “ x0 ¨ x. We have

IntZpLq “ χ

ˆ

M,OZpxq bL
OM OZpy1qb

L
OMOZpy2q

˙

“ χ
´

M,ON I`
0 pzq

bL
OM OZpy1q bL

OM OZpy2q

¯

“ χ
´

N I`
0 pzq,OZpy1qXN I`

0 pzq
bL

OM OZpy2qXN I`
0 pzq

¯

.

In the following, we use p¨, ¨q
ĂN0pzq

(resp. p¨, ¨qN0pzq) to denote the intersection pairing of divisors on
rN0pzq (resp. N0pzq).
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‚ νppqpy1qq “ 0. By Lemma 7.2.2, we have

IntZpLq “

´

Exc
ĂN0pzq

, 2 ¨ Exc
ĂN0pzq

` rCpy2q

¯

ĂN0pzq
“ ´2 ` 1 “ ´1.

‚ νppqpy1qq “ 1. By the construction of rCpyiq where i “ 1, 2, we have

(80) Cpyiq » ZN0pp´1x0 ¨ yiq.

By Lemma 7.2.2, we have

N I`
0 pzq X Zpyiq “ ι˚z

´

Exc
ĂN0pzq

` π˚
z Cpyiq

¯

.

By Lemma 4.5.1, we have

IntZpLq “

´

Exc
ĂN0pzq

` π˚Cpy1q,Exc
ĂN0pzq

` π˚Cpy2q

¯

ĂN0pzq

“ ´1 ` 0 ` 0 ` pπ˚Cpy1q, π˚Cpy2qq
ĂN0pzq

“ ´1 ` pCpy1q, Cpy2qqN0pzq .

Notice that p´1x0 ¨ y1, p
´1x0 ¨ y2, z span an orthogonal basis of a rank 3 lattice in B whose

Gross–Keating invariant is p0, 0, 1q. By (80) and the fact that N0pzq “ ZN pzq, we have
pCpy1q, Cpy2qqN0pzq “ 1 by [GK93, Proposition 5.4]. Therefore IntZpLq “ 0.

□

7.3. Proof of Theorem 5.6.7. Theorem 5.6.7 states that for a Zp-lattice L Ă B of rank 3, we have

(81) IntZpLq “ BDenpH0ppq, Lq.

and

(82) IntYpLq “ BDenpH0ppq_, Lq ´ 1.

We first prove (81). Notice that this is automatically true if L is not integral because both sides
are 0. Now we assume that the quadratic lattice L is integral. Let pa1, a2, a3q be the Gross–Keating
invariant of L where 0 ď a1 ď a2 ď a3 are integers. Let npLq “ a1 ` a2 ` a3. We prove the equality
(81) by induction on n.

1. Base cases: npLq “ 1 or 2. The equality (81) is true by combining Lemma 3.5.1 and Corollary
7.2.3.

2. Induction step: If the equality (81) is true for all quadratic lattices L such that npLq ď k

where k ě 2 is an integer. Let L1 be a quadratic lattice such that npL1q “ k ` 1. Let
x1, x2, x3 be an orthogonal basis of L1 such that νppqpx1qq ď νppqpx2qq ď νppqpx3qq. Then
νppqpx3qq ě 2. Let L5 “ Zp ¨ x1 k Zp ¨ x2 and L “ L5 k Zp ¨ p´1x3. Then we have
npLq “ k ´ 1 ă k. The equality (81) holds by combining IntZpLq “ BDenpH0ppq, Lq and
Corollary 7.1.2.

Therefore we can conclude that the equality (81) is true for all lattices L Ă B of rank 3.
The proof of (82) is similar so we omit it. □



62 QIAO HE AND BAIQING ZHU

Part 3. Applications

8. A conjecture of Kudla–Rapoport

8.1. CM cycles on N0px0q. Roughly speaking, the formal scheme N0px0q parameterizes cyclic
isogenies deforming x0. Since νppqpx0qq “ 1, we have N0px0q “ ZN px0q by Lemma 4.4.1. Let

´

Xuniv π
ÝÑ X 1univ, pρuniv, ρ1univq

¯

be the universal deformation of the isogeny x0 over N0px0q. Let B0 be the subset of B consisting of
trace 0 elements. Let S be the subset of H0ppq consisting of trace 0 elements.

Definition 8.1.1. Let H Ă B0 be a subset. Define the special cycle ZCM
N0px0q

pHq Ă N0px0q to be the
closed formal subscheme cut out by the conditions,

ρuniv ˝ x ˝ pρunivq´1 P EndpXunivq;

ρ1univ ˝ x1 ˝ pρ1univq´1 P EndpX 1univq.

for all x P H.

For a given element x P B0, the special cycle ZCM
N0px0q

pxq is not a divisor and has embedded
components. Let ZCM

N0px0q
pxq5 be the associated divisor of ZCM

N0px0q
pxq following the notion of Kudla

and Rapoport [KR00, §4]. In the current situation, let fx, fx1 P ON0px0q be the two elements cutting
out the closed formal subschemes over which x and x1 are isogenies respectively. Let gx be the
greatest common divisor of fx and fx1 , then the associated divisor of ZCM

N0px0q
pxq is defined by the

element gx.
In 2006, Michael Rapoport gave on talk titled “Some remarks on special cycles on Shimura curves".

In that talk, he explained his conjecture with Steven Kudla as follows. Let S Ă H0ppq be the
sublattice of trace 0 elements. Note that if v P H0ppq is a vector with qpvq “ 1, then S is isometric
to the perpendicular lattice of v in H0ppq. Let

BDen pS,Mq :“ ´ 2 ¨
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

Den pX,S,Mq

Den
`

S,H1 ‘H`
1 rps

˘ ,

where H1 is the perpendicular lattice of v in H`
2 .

Conjecture 8.1.2. Let x, y P B0 be two linearly independent vectors. Let M be the Zp-lattice
spanned by x and y. Then

χ
´

N0px0q,OZCM
N0px0q

pxq5 bL
ON0px0q

OZCM
N0px0q

pyq5

¯

“ BDenpS,Mq ` 1.

In the following paragraphs, we will reformulate and then confirm this conjecture.

8.2. Geometric cancellation law. Let 1 P B be the identity element. By the definition of the
special cycles on N px0q, there exists an isomorphism ι0 : N0px0q » ZN px0qp1q. For a subset H Ă B0,
let H 1 “ t1u YH. We have

ZCM
N0px0qpHq “ pι0q˚pZN px0qpH

1qq

Recall that we denote by rN0px0q the blow up of the formal scheme N0px0q along its unique closed
F-point. The isomorphism ι0 induces a closed immersion rN0px0q Ñ Zp1q Ă M. By Lemma 5.5.2,
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this closed immersion induces an isomorphism rN0px0q
„
ÝÑ N I`

0 p1q “ rDp1q “ rZp1q. We still denote
this isomorphism by ι0.

Definition 8.2.1. Let H Ă B0 be a subset. Define the special cycle ZCMpHq Ă rN0px0q to be

ZCMpHq :“ ZCM
N0px0qpHq ˆN0px0q

rN0px0q.

For a single element x P B0, denote by ZCMpxq the cycle ZCMptxuq.

Recall that we use
ˆ

X1,M
px0q1,M

ÝÑ X 1
1,M,

´

ρ1,M, ρ1
1,M

¯

˙

,

ˆ

X2,M
px0q2,M

ÝÑ X 1
2,M,

´

ρ2,M, ρ1
2,M

¯

˙

to denote the universal object over M. Over the formal scheme rN0px0q » N I`
0 p1q Ă M, we have

the following commutative diagram

(83)

X1,M X2,M

X 1
1,M X 1

2,M,

xuniv
0,1

1
„

xuniv
0,2

1
„

We can identify X1,M with X2,M (resp. X 1
1,M with X 1

2,M) using the diagram (83). Comparing the
definition of ZpHq in Definition 4.13.1 and the definition of ZCMpHq in Definition 8.2.1, we get

Lemma 8.2.2. Let H Ă B0 be a subset. Then

ZCMpHq “ pι0q˚
´

N I`
0 px0q X ZpHq

¯

.

Corollary 8.2.3. Let x P B0. The CM cycle ZCMpxq is an effective Cartier divisor on the formal
scheme rN0px0q.

Proof. By Lemma 8.2.2, we know that ZCMpxq “

´

Zpxq X N I`
0 p1q

¯

ˆN I`
0 p1q,ι0

rN0px0q. Lemma

4.13.2 shows that Zpxq is a divisor on M, hence Zpxq X N I`
0 p1q is a divisor on N I`

0 p1q. Therefore
ZCMpxq is an effective Cartier divisor on the formal scheme rN0px0q. □

Lemma 8.2.4. Let x P B0. Let πx0 : rN0px0q Ñ N0px0q be the blow up morphism with exceptional
divisor Excx0. Then

ZCMpxq “ π˚
x0

´

ZCM
N0px0qpxq5

¯

` Excx0 .

Proof. Let fx, fx1 P ON0px0q be the two elements cutting out the closed formal subschemes over
which x and x1 are isogenies respectively. Let gx be the greatest common divisor of fx and fx1 . Then
pfx, fx1q “ pgxq ¨ mx where mx Ă ON0px0q is a primary ideal whose radical is the maximal ideal by
the proof of [KR00, Lemma 4.2]. Therefore π˚

x0
mx is a multiple of Excx0 , i.e.,

(84) ZCMpxq “ π˚
x0

´

ZCM
N0px0qpxq5

¯

`mx ¨ Excx0 .

By Lemma 7.2.1, we have

χ
´

rN0px0q,OZCMpxq bL
O

ĂN0px0q
OExcx0

¯

“ ´1.

Notice that χ
ˆ

rN0px0q,O
π˚
x0

´

ZCM
N0px0q

pxq5

¯ bL
O

ĂN0px0q
OExcx0

˙

“ 0, hence by (84), we get ´mx “ ´1,

therefore mx “ 1. □
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By the above lemma and Lemma 4.5.1 (d), we obtain the following:

Corollary 8.2.5. Let x, y P B0 be two linearly independent vectors. Then

χ
´

N0px0q,OZCM
N0px0q

pxq5 bL
ON0px0q

ZCM
N0px0qpyq5

¯

“ χ
´

rN0px0q,OZCMpxq bL
O

ĂN0px0q
OZCMpyq

¯

` 1.

8.3. Analytic cancellation law.

Lemma 8.3.1. Let M Ă B0 be a Zp-lattice of rank 2. Then

BDenpS,Mq “ BDenpH0ppq,Zp ¨ 1 kMq.

Proof. In Lemma 3.3.3, we take L5 “ M and x “ 1. Then νppqpxqq “ 0. The formula in this lemma
corresponds to the “n “ 0” case of Lemma 3.3.3. □

8.4. Derived CM cycles LZCMpMq.

Lemma 8.4.1. Let M Ă B0 be a Zp-lattice of rank 2. Let tx, yu be a basis of M , then the element
rOZCMpxq bL

O
ĂN0px0q

OZCMpyqs belongs to the group Gr2KZCMpMq

0 p rN0px0qq and only depends on the
Zp-lattice M .

Proof. Let L “ M k xx0y. Notice that

LZpLq “ rOZpx0q bL
OM OZpx1q bL

OM OZpx2qs

“ rOExcM bL
OM OZpx1q bL

OM OZpx2qs ` rON I`
0 px0q

bL
OM OZpxq bL

OM OZpyqs

“ rOp0,´1q bL
OExcM

Op0,´1qs ` rON I`
0 px0qXZpxq

bL
O

N I`
0 px0q

ON I`
0 px0qXZpyq

s.

The elements rON I`
0 px0qXZpxq

s P Gr1KZpxq

0 pN I`
0 px0qq and rON I`

0 px0qXZpyq
s P Gr1KZpyq

0 pN I`
0 px0qq

are both linear combinations of (quasi-)canonical liftings of the form rOWss (horizontal part) and
rOExcI`

x0¨x
s (vertical part) by Lemma 5.6.1. In the derived intersection rON I`

0 px0qXZpxq
bL

O
N I`

0 px0q

ON I`
0 px0qXZpyq

s, the derived intersections between (quasi-)canonical liftings are proper ([Gro86],
[GK93]); the derived intersection of (quasi-)canonical liftings with rOExcI`

x0¨x
s is also proper; the

derived intersection rOExcI`
x0¨x

bL
O

N I`
0 px0q

OExcI`
x0¨x

s P Gr2K
ExcI`

x0¨x

0 pN I`
0 px0qq because ExcI`

x0¨x » P1
F

is an integral Noetherian scheme. Therefore the element rON I`
0 px0qXZpxq

bL
O

N I`
0 px0q

ON I`
0 px0qXZpyq

s

belongs to the group Gr2KZpLq

0 pN I`
0 px0qq.

Since LZpLq is independent of the basis of L by Lemma 5.6.3, the element rON I`
0 px0qXZpxq

bL
O

N I`
0 px0q

ON I`
0 px0qXZpyq

s P Gr2KZpLq

0 pN I`
0 px0qq is independent of basis x, y of M . Notice that we have an

isomorphism ι0 : rN0px0q
„
ÝÑ N I`

0 px0q. By Lemma 8.2.2, we have

rOZCMpxq bL
O

ĂN0px0q
OZCMpyqs “ pι0q

˚
rON I`

0 px0qXZpxq
bL

O
N I`

0 px0q

ON I`
0 px0qXZpyq

s

Therefore rOZCMpxqbL
O

ĂN0px0q
OZCMpyqs P Gr2KZCMpMq

0 p rN0px0qq only depends on the Zp-latticeM . □

Based on Lemma 8.4.1, the following definition is reasonable.
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Definition 8.4.2. Let M Ă B0 be a Zp-lattice of rank 2. Let tx, yu be a basis of M . Define the
derived CM cycle to be

LZCMpMq “ rOZCMpxq bL
OM OZCMpyqs P Gr2KZCMpMq

0 p rN0px0qq.

8.5. Intersection of CM cycles.

Definition 8.5.1. Let M Ă B be a Zp-lattice of rank 2. Define the arithmetic intersection numbers

IntCMpMq :“ χ
´

rN0px0q, LZCMpMq

¯

.

Here χ denotes the Euler–Poincaré characteristic.

Theorem 8.5.2. Let M Ă B be a Zp-lattice of rank 2. Then

IntCMpMq “ BDenpS,Mq.

Proof. Let L “ M k Zp ¨ 1. By the proof of Lemma 8.4.1, we have

LZpLq “ rOp0,´1q bL
OExcM

Op0,´1qs ` pι0q˚
LZCMpMq.

Therefore

IntCMpMq “ IntZpLq “ BDenpH0ppq, Lq
Lemma 8.3.1

“ BDenpS,Mq.

□

Proof of Conjecture 8.1.2. The original Conjecture 8.1.2 follows by combining Theorem 8.5.2 and
Corollary 8.2.5. □

9. Arithmetic intersection of Hecke correspondences

9.1. Modular curves. Let Af be the ring of finite adèles over Q. Let U Ă GL2pAf q be a sufficiently
small compact open subgroup, the quotient space GL2pQqzHˆGL2pAf q{U admits a canonical model
YU over Q such that

YU pCq :“ YU ˆQ C “ GL2pQqzH ˆ GL2pAf q{U » GL2pQq`zH` ˆ GL2pAf q{U,

where GL2pQq` consists of elements with positive determinant and H` is the upper half plane. The
curve YU has a canonical compactification XU which is a proper smooth curve over Q. The curve
XU has a Hodge class LU P PicpXU qQ as defined in [YZZ13, §3.1.3]

9.2. Cyclic isogeny. Let π : E Ñ E1 is an isogeny of two elliptic curves over a base scheme S. For
a prime p|degpπq, define the p-part πp : E Ñ E1 of π to be an isogeny which factors π in the way
π “ πp ˝ πp where πp : E1 Ñ E1 is another isogeny such that p ∤ degpπpq.

Definition 9.2.1. An isogeny π : E Ñ E1 between two elliptic curves over S is cyclic if kerpπq is a
cyclic group scheme over S in the sense of [KM85, §6.1]. For a prime number p|degpπq, we say π is
p-cyclic if the p-power torsion subgroup of kerpπq is cyclic in the sense of [KM85, §6.1].

For a cyclic isogeny π : E Ñ E1 of degree pn for some integer n ě 0 between elliptic curves. There
is a standard decomposition of π into the composition of n degree p isogenies:

π : E “ E0
π1
ÝÑ E1

π2
ÝÑ ¨ ¨ ¨

πn
ÝÑ En » E1.
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We refer to [KM85, §6.7] for the details on the notions of standard decomposition.

9.3. Global Hecke correspondences. Let U be the same compact open subgroup in GL2pAf q as
§9.1. For a double coset UxU of UzGL2pAf q{U where x P GL2pAf q, we have a Hecke correspondence
defined as the image of the morphism:

pπUXxUx´1,U , πUXxUx´1,U ˝ Txq : TpxqU :“ XUXxUx´1 Ñ X2
U .

Notice that the connected components π0pXU q of XU is given by Qˆ
`zAˆ

f {detpUq. For an element
a P π0pXU q, define XU,a to be the connected component of XU corresponding to a. For an element
α P Qˆ

`zAˆ
f {detpUq, define MU,α “

Ů

aPπ0pXU q

XU,a ˆXU,aα. Then

X2
U “

ğ

αPQˆ
`zAˆ

f {detpUq

MU,α.

The Hecke correspondence TpxqU is supported on the component MU :“ MU,detpxq.

9.4. Integral models of modular curves. Let p be a finite prime. Let n be a positive integer. Let
Up Ă GL2pAp

f q is a sufficiently small compact open subgroup. Let Γ0ppnq be the following subgroup
of GL2pZpq:

Γ0ppnq “

#

g “

˜

a b

pnc d

¸

: a, b, c, d P Zp, detpgq P Zˆ
p .

+

Let U “ Γ0ppnq ¨ Up, we are going to construct an integral model YU for the modular curve YU .
The model YUpppnq is a Deligne–Mumford stack over Zppq. Let S be a connected Zppq-scheme. Let s
be a geometric point of S. The groupoid YUpppnqpSq consists of objects pE

π
Ñ E1, ηpq, where E π

Ñ E1

is a cyclic isogeny of degree pn and ηp is a π1pS, sq-invariant Up-equivalence class of isomorphisms

ηp :
´

Ap
f

¯2
»

ÝÑ V ppEsq.

A morphism from pE1
π1
Ñ E1

1, η
p
1q to pE2

π2
Ñ E1

2, η
p
2q is a pair pf, f 1q of isomorphisms f : E1 Ñ E2 and

f 1 : E1
1 Ñ E1

2 such that f 1 ˝ π1 “ π2 ˝ f and ηp1 “ V ppfq ˝ ηp2 as Up-orbits.
For a point τ P H`, denote by Eτ the elliptic curve C

L

Z ` Zτ . For the elliptic curve Eτ , we

have Erms “
`

1
mZ ` 1

mZτ
˘ L

Z`Zτ » pZ{mZq
2, there is naturally defined apτ : V ppEτ q Ñ

´

Ap
f

¯2
by

choosing the isomorphism Erms
„
ÝÑ pZ{mZq

2 compatibly using the basis 1, τ . There is a bijection
between the set associated to the groupoid YU pCq and YU pCq given an follows: Let rτ, gs P YU pCq »

GL2pQq`zH` ˆ GL2pAf q{U be a point. It is mapped to the object

(85)
´

Eτ
ˆpn
ÝÝÑ Epnτ , pa

p
τ q

´1
˝ g

¯

P YU pCq.

Given an object pE
π

Ñ E1, ηpq P YU pCq, there exists an element τ P H` such that there exists two
isomorphisms f : E Ñ Eτ and f 1 : E1 Ñ Epnτ such that f 1 ˝ π ˝ f´1 : Eτ Ñ Epnτ is given by
multiplication by pn. This object is mapped to the following element in YU pCq:

(86) rτ, apτ ˝ V ppfq ˝ ηps P GL2pQq`zH` ˆ GL2pAf q{U.

The above two maps are inverse to each other.
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The stack YU is a 2-dimensional Deligne–Mumford stack. There exists another 2-dimensional
regular Deligne–Mumford stack XU which can be viewed as a compactification of YU . In particular,
XU is proper over Zppq. We refer the readers to [Č17, §4.1.2] for more details about XU . The stack
YU is an open substack of XU and XU pCq » XU pCq.

9.5. Moduli interpretations of Hecke correspondences.

Lemma 9.5.1. The following elements form a set of coset representative for Γ0ppqzGL2pQpq{Γ0ppq:
˜

pa 0

0 pb

¸

,

˜

0 pa

pb 0

¸

,

where a, b P Z.

Proof. We refer to the proof of Bushnell and Henniart [BH06, §17.1]. □

Definition 9.5.2. We divide the group GL2pQpq into the following four subsets

VI`
p “

ď

aďb

Γ0ppq

˜

pa 0

0 pb

¸

Γ0ppq, VI´
p “

ď

băa

Γ0ppq

˜

pa 0

0 pb

¸

Γ0ppq,

VII`
p “

ď

aăb

Γ0ppq

˜

0 pa

pb 0

¸

Γ0ppq, VII´
p “

ď

bďa

Γ0ppq

˜

0 pa

pb 0

¸

Γ0ppq.

Lemma 9.5.3. Let x P M2pAf q such that detpxq P Qˆ
` and xp is a primitive element in the lattice

H0ppq. Let x˚ P M2pAf q be the contragredient of x. Let n “ νppdetpxpqq ě 0. Let U “ Γ0ppq ¨ Up be
a compact open subgroup of GL2pAf q. Then

I`: If xp P VI`
p , there exists an isomorphism TpxqU » XΓ0ppn`1q¨UpXxUpx´1 under which the

morphism TpxqU Ñ X2
U on the open subvariety YΓ0ppn`1q¨UpXxUpx´1 is given by

ιI`x :
´

E
π
ÝÑ E1, ηp

¯

ÞÑ

´´

E
π1
ÝÑ E1, ηp

¯

,
´

En
πn`1
ÝÝÝÑ E1, V ppπn ˝ ¨ ¨ ¨ ˝ π1q ˝ ηp ˝ px˚q

´1
¯¯

.

I´: If xp P VI´
p , there exists an isomorphism TpxqU » XΓ0ppn`1q¨UpXx´1Upx under which the

morphism TpxqU Ñ X2
U on the open subvariety YΓ0ppn`1q¨UpXx´1Upx is given by

ιI´x :
´

E
π
ÝÑ E1, ηp

¯

ÞÑ

´´

En
πn`1
ÝÝÝÑ E1, V ppπn ˝ ¨ ¨ ¨ ˝ π1q ˝ ηp ˝ x´1

¯

,
´

E
π1
ÝÑ E1, ηp

¯¯

.

II`: If xp P VII`
p , there exists an isomorphism TpxqU » XΓ0ppnq¨UpXxUpx´1 under which the mor-

phism TpxqU Ñ X2
U on the open subvariety YΓ0ppnq¨UpXxUpx´1 is given by

ιII`x :
´

E
π
ÝÑ E1, ηp

¯

ÞÑ

´´

E
π1
ÝÑ E1, ηp

¯

,
´

E1 π_
n

ÝÝÑ En´1, V ppπq ˝ ηp ˝ px˚q
´1

¯¯

.

II´: If xp P VII´
p , there exists an isomorphism TpxqU » XΓ0ppnq¨UpXx´1Upx under which the mor-

phism TpxqU Ñ X2
U on the open subvariety YΓ0ppnq¨UpXx´1Upx is given by

ιII´x :
´

E
π
ÝÑ E1, ηp

¯

ÞÑ

ˆˆ

E1
π_
1

ÝÝÑ E, V ppπ1q ˝ ηp ˝ x´1

˙

,
´

En´1
πn
ÝÑ E1, V ppπn´1 ˝ ¨ ¨ ¨ ˝ π1q ˝ ηp

¯

˙

.

Proof. We only give the proof for the case I`. For simplicity, denote by xn the following element

xn “

˜

pn 0

0 1

¸

P GL2pQq`.
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We have the following diagram for the correspondence TpxqU :

TpxqU

XΓ0ppq¨Up XΓ0ppq¨Up

π π˝T pxq

By the definition of Hecke correspondence TpxqU , we know that it is isomorphic to compactification of
the modular curve YΓ0ppn`1q¨UpXxUpx´1pCq » GL2pQq`zH` ˆGL2pAf q{UpXxUpx´1. Let rτ, gs be an
element of the set YΓ0ppn`1q¨UpXxUpx´1pCq, it is mapped to rτ, gs P XΓ0ppq¨UppCq under the morphism
π, and rτ, gxs “ rxnτ, xngxs “ rdetpxq´1xnz, xng px˚q

´1
s P XΓ0ppq¨UppCq under the morphism π ˝

T pxq.
By the bijective map (85), the element rτ, gs P YΓ0ppn`1q¨UpXxUpx´1pCq corresponds to the object

ˆ

Eτ
ˆpn`1

ÝÝÝÝÑ Epn`1τ , pa
p
τ q

´1
˝ g

˙

P YΓ0ppn`1q¨UpXxUpx´1pCq in the groupoid YΓ0ppn`1q¨UpXxUpx´1pCq.

The element rτ, gs P YΓ0ppq¨UppCq corresponds to the object
´

Eτ
ˆp
ÝÝÑ Epτ , pa

p
τ q

´1
˝ g

¯

P YΓ0ppq¨UppCq

in the groupoid YΓ0ppq¨UppCq. The element rdetpxq´1xnτ, xng px˚q
´1

s P YΓ0ppq¨UppCq corresponds to

the object
´

Epnτ
ˆp
ÝÝÑ Epn`1τ ,

`

appnτ
˘´1

˝ xng px˚q
´1

¯

P YΓ0ppq¨UppCq in the groupoid YΓ0ppq¨UppCq.

Notice that Eτ
ˆpn
ÝÝÑ Epnτ is the composition of the first n degree p isogenies of the standard decom-

position of the degree pn`1 cyclic isogeny Eτ
ˆpn`1

ÝÝÝÝÑ Epn`1τ . We have the following commutative
diagram

´

Ap
f

¯2
V ppEτ q

´

Ap
f

¯2

´

Ap
f

¯2
V ppEpnτ q

´

Ap
f

¯2
.

ηp

x˚

apτ

V ppˆpnq xn

V ppˆpnq˝ηp˝px˚q
´1 appnτ

Therefore
`

appnτ
˘´1

˝ xng px˚q
´1

“ V ppˆpnq ˝ ηp ˝ px˚q
´1. Hence the object

´

E
π
ÝÑ E1, ηp

¯

P

YΓ0ppn`1q¨UpXxUpx´1pCq is mapped to
´

E
π1
ÝÑ E1, ηp

¯

,
´

En
πn`1
ÝÝÝÑ E1, V ppπn ˝ ¨ ¨ ¨ ˝ π1q ˝ ηp ˝ px˚q

´1
¯

P

YΓ0ppq¨UppCq, i.e., the case I` is true. □

9.6. Generating series. Let v be a place of Q. Let A be the ring of adèles over Q. Let V “ M2pQq

be equipped with the quadratic form given by determinant. Recall that V “ tVvu is the following
incoherent collection of quadratic spaces of A of rank 4 (cf. (7)),

(87) Vv “ Vv “ M2pQvq if v ă 8, and V8 is positive definite.

Let qV : V Ñ A be the quadratic form on V. Let Vf “ V bA Af . Let H “ GSpinpV q, we have
H » GL2 ˆGm GL2. We still use det to denote the morphism H Ñ Gm.

Let U Ă GL2pAf q be a compact open subgroup. Let K “ pU ˆUq XHpAf q » U ˆGm U . Let MK

be the compactification of the Shimura variety ShpH,Kq. It’s easy to see that MKpCq “ MU,1. For
i “ 1, 2, let pi : MK Ñ XU be the two projection morphisms. Let x “ x8 b xf P V be an element.
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Following [YZZ23, §3.3], define the following cycle in MK :

TpxqK “

$

’

’

&

’

’

%

Tpxf qU , if qVpxq P Qˆ;
1
2 pp˚

1LU ` p˚
2LU q , if x “ 0;

0, if qVpxq R Qˆ and x ‰ 0.

Let S pVq “ S pV8q b S pVf q be the Schwartz function space on V. Let ϕ8 P S pV8q be the
standard Gaussian function. Let ϕf P S pVf q be a K-invariant function. Let ϕ “ ϕ8 b ϕf . Let
rK “ OpV8q ˆK, it acts on V. Define the following generating series

(88) Tpϕq “
ÿ

xP rKzV

ϕpxqTpxqK .

Notice that there exists an extended Weil representation r of GL2pAq on the space S pVq (cf. [YZZ23,
§2.1]). Define

(89) Tpg, ϕq “
ÿ

xP rKzV

prpgqϕq pxq ¨ TpxqK .

9.7. A regular integral model for MK and supersingular uniformization. Let U “ Γ0ppq¨Up,
where Up Ă GL2pAp

f q is a sufficiently small compact open subgroup. Let K “ U ˆGm U and
Kp “ Up ˆGm Up, we will construct a regular integral model MK,ppq for the compactified Shimura
variety MK over Zppq.

Let H˝
K,ppq

be the integral model of the Shimura variety associated to the group H “ GL2ˆGmGL2

of level K. For a connected Zppq-scheme S and a geometric point s of S, H˝
K,ppq

pSq is a groupoid
whose objects are of the following form

(90)
´´

E1
π1
ÝÑ E1

1

¯

,
´

E2
π2
ÝÑ E1

2

¯

, pηp1 , η
p
2q

¯

where π1, π2 are degree p isogenies between elliptic curves, and pηp1 , η
p
2q is a π1pS, sq-invariant Kp-

orbit of a pair of isomorphisms:

ηpi : T ppEiq :“
ź

l‰p

TlpEiq
„
ÝÑ

´

pZp
¯2
, i “ 1, 2,

such that for the elements e1 “ p1, 0q and e2 “ p0, 1q of
´

pZp
¯2

, we have
´

pηp1q
´1

pe1q, pηp1q
´1

pe2q

¯

E1

“

´

pηp2q
´1

pe1q, pηp2q
´1

pe2q

¯

E2

,

where p¨, ¨qEi is the Weil pairing on the elliptic curve Ei for i “ 1, 2.
Denote by HK,ppq the compactification of the integral model H˝

K,ppq
in the sense of [Lan13]. It

can be viewed as an integral model of MK . Denote by Hss
K,ppq

Ă H˝
K,ppq

Ă HK,ppq the closed
substack where E1 and E2 are supersingular. Let E be a supersingular elliptic curve over F such
that Erp8s » X. Let B be the unique quaternion division algebra over Q which ramifies at p and 8

with norm map νB : B Ñ Q. Let
´´

E1
f1
ÝÑ E1

1

¯

,
´

E2
f2
ÝÑ E1

2

¯

, pηpE,1, η
p
E,2q

¯
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be one of the objects in Hss
K,ppq

pFq. Then there exists four quasi-isogenies ρE,i : E Ñ Ei, ρ1
E,i : E Ñ E1

i

(i “ 1, 2) of degrees 1 such that ρ1´1
E,i ˝ fi ˝ ρE,i “ x0. We fix a choice of representatives ηpE,1 and ηpE,2

from now on.
Let pHss

K be the base change to Z̆p of the completion of HK,ppq along the closed substack Hss
K,ppq

(we refer to [Har05, Definition A.12] for the definition of the completion of an algebraic stack
along a closed substack, see also [Eme16, Example 5.9, Remark 5.10]). Then we have the following
supersingular uniformization map which is an isomorphism between formal algebraic stacks over Z̆p

([RZ96, Theorem 6.24]):

(91) ΘH : pHss
K

„
ÝÑ H 1pQq0zN px0q ˆHpAp

f q{Kp,

where H 1pQq0 “ tg P BˆpQq ˆQˆ BˆpQq : νppνBpgqq “ 0u. The isomorphism should be viewed as
an isomorphism between fppf sheaves of groupoids over Spf Z̆p. The map ΘH is given as follows: Let
S be an object in NilpW . Let

(92)
´´

E1
π1
ÝÑ E1

1

¯

,
´

E2
π2
ÝÑ E1

2

¯

, pηp1 , η
p
2q

¯

be an object in pHss
KpSq. Then there exists four quasi-isogenies ρE,i : Ei ˆF S Ñ Ei ˆS S, ρ1

E,i :

E1
i ˆF S Ñ E1

i ˆS S (i “ 1, 2) of degrees 1 such that πi ˝ ρE,i “ ρ1
E,i ˝ fi for i “ 1, 2. For i “ 1, 2, let

gi P GL2pAp
f q be the element such that

(93) gi “

´

ηpE,i

¯´1
˝ V ppρE,iq

´1 ˝ ηpi .

Then gi is determined up to right multiplication by an element in Up. By the definition of HK,ppq,

we must have detpg1q “ detpg2q. Let ρi “ pρE,i ˝ ρE,iq rp8s and ρ1
i “

´

ρ8
E,i ˝ ρ8

E,i

¯

rp8s. Then the
object (92) is mapped to

ˆˆ

E1rp8s
π1rp8s
ÝÝÝÝÑ E1

1rp8s, pρ1, ρ
1
1q

˙

,

ˆ

E2rp8s
π2rp8s
ÝÝÝÝÑ E1

2rp8s, pρ2, ρ
1
2q

˙˙

ˆ pg1, g2q

P H 1pQq0zN px0qpSq ˆHpAp
f q{Kp.

We also want to make the action of H 1pQq0 on the formal scheme N px0q clear. Let

(94)
´

X1
π1
Ñ X 1

1, pρ1, ρ
1
1q

¯

,
´

X2
π2
Ñ X 1

2, pρ2, ρ
1
2q

¯

be an object in the set N px0qpSq. Let pb1, b2q P H 1pQq0. Then

pb1, b2q¨

´´

X1
π1
Ñ X 1

1, pρ1, ρ
1
1q

¯

,
´

X2
π2
Ñ X 1

2, pρ2, ρ
1
2q

¯¯

“

´´

X1
π1
Ñ X 1

1, pρ1b
´1
1 , ρ1

1b
1´1
1 q

¯

,
´

X2
π2
Ñ X 1

2, pρ2b
´1
2 , ρ1

2b
1´1
2 q

¯¯

.

Let MK,ppq be the blow up of the Deligne–Mumford stack HK,ppq along the closed substack Hss
K,ppq

,
i.e., MK,ppq is the stacky proj of the Rees algebra

À

ně0 In over HK,ppq where I is the ideal sheaf
of the closed substack Hss

K,ppq
([QR22, Definition 3.2.1, Example 3.2.6]). Let xMss

K be the base
change to Z̆p of the completion of MK,ppq along the exceptional divisor ExcK . Notice that by the
universal property of blow up, the automorphism g : N px0q Ñ N px0q extends to an automorphism
g : M Ñ M, i.e., the group H 1pQq0 also acts on the formal scheme M.



INTERSECTIONS OF HECKE CORRESPONDENCES ON MODULAR CURVES 71

Notice that if the level group Kp Ă HpAp
f q is sufficiently small, the Deligne–Mumford stacks

HK,ppq and Hss
K,ppq

are schemes, the morphism π : MK,ppq Ñ HK,ppq is the usual blow up morphism

along the closed subscheme Hss
K,ppq

. The formal algebraic stacks xMss
K and pHss

K are obtained by formal
completion along ExcK and Hss

K,ppq
respectively.

Lemma 9.7.1. The stack MK,ppq is a 3-dimensional regular Deligne–Mumford stack. There exists
a supersingular uniformization map which is an isomorphism between formal algebraic stacks over
Z̆p (or simply an isomorphism between two fppf sheaves of groupoids over Spf Z̆p):

(95) ΘM : xMss
K

„
ÝÑ H 1pQq0zM ˆHpAp

f q{Kp.

It also makes the following diagram commutative

xMss
K H 1pQq0zM ˆHpAp

f q{Kp

pHss
K H 1pQq0zN px0q ˆHpAp

f q{Kp.

ΘM

ΘH

Proof. Let x P |MK,ppqpFq| be a point. Let Ox denote the étale local ring of the Deligne–Mumford
stack MK,ppq at x.

If x R |ExcKpFq|, let x1 “ πpxq P |HK,ppqpFq|, we have Ox » Ox1 . Let x1 “ px1, x2q where
xi P |XU pFq|. The local ring Oxi is the strict henselization of a regular local ring A which is flat over
Zp. Moreover, the ring A is formally smooth over Zp if and only if xi R |Yss

U pFq| by the works of Katz
and Mazur [KM85], Edixhoven [Edi90]. We refer to [Edi90, §1.1.3] for the formally smoothness at
an ordinary point, and §1.2.3 of loc. cit. for the formally smoothness at a cusp point (here we use
the fact that the level structure of XU at p is given by Γ0ppq).

‚ If x1 R |H˝
K,ppq

pFq|, we have at least one of xi (i “ 1, 2) belongs to the cuspidal locus of the
modular curve XU , hence the local ring Ox1 is the strict henselization of a local ring of the
form A1 bZp A2 where A1 is formally smooth over Zp and A2 is a regular local ring.

‚ If x1 P |H˝
K,ppq

pFq|, we have at least one of xi (i “ 1, 2) belongs to the ordinary locus of the
modular curve XU , hence the local ring Ox1 is also the strict henselization of a local ring of
the form A1 bZp A2 where A1 is formally smooth over Zp and A2 is regular.

Therefore the local ring Ox » Ox1 is the strict henselization of a regular local ring, and hence is
itself regular.

If x P |ExcKpFq|, the local ring Ox is the strict henselization of a local ring isomorphic to some
local ring of the formal scheme M. In both cases, the local ring Ox is regular by Proposition 4.11.1,
hence MK,ppq is regular.

The formal scheme M and the integral model MK,ppq are constructed by blowing up along the
supersingular F-point (objects) of the formal scheme N px0q and the integral model HK,ppq. Since
we have the uniformization morphism ΘH : pHss

K
„
ÝÑ H 1pQq0zN px0q ˆ HpAp

f q{Kp, the supersingular
uniformization morphism ΘM for xMss

K follows easily. □

9.8. Supersingular uniformization of Hecke correspondences. Fix an odd prime p, we still
assume that U “ Γ0ppq¨Up, where Up Ă GL2pAp

f q is a sufficiently small compact open subgroup. We
abbreviate HK,ppq and MK,ppq as HK and MK . Let x P V be an element such that qVpxq P Qˆ and



72 QIAO HE AND BAIQING ZHU

xp is a primitive element in the lattice H0ppq. Let n “ νppqVpxqq ě 0. Let symbols ˚ P tI, IIu and
? P t`,´u. If xp P V˚?

p is a primitive element in H0ppq, we can extend the morphism Tpxf qU Ñ X2
U

to XΓ0ppn`1q¨U 1p Ñ HK (if ˚ “ I) or XΓ0ppnq¨U 1p Ñ HK (if ˚ “ II) where U 1p “ Up X xUpx´1 (if
? “ `) or U 1p “ Up X x´1Upx (if ? “ ´) using the moduli interpretations of Lemma 9.5.3. Define

pTpxqK “

$

&

%

`

strict transform of XΓ0ppn`1q¨U 1p

˘

` ExcK , if ˚ “ I;

strict transform of XΓ0ppnq¨U 1p , if ˚ “ II.

We remark here that the symbol pT is used to denote the “integral model” of Hecke correspondence,
not a completion of some stuff, to keep in consistence with the notations of [YZZ23] where they
added the “hat” symbol to denote an arithmetic cycle (although we haven’t added a green current
to it).

Definition 9.8.1. Let x P V be an element such that qVpxq P Qˆ. Then there exists a unique
integer r such that prxp is a primitive element in the lattice H0ppq. Define

pTpxqK “ pTpprxqK .

For a K-invariant Schwartz function ϕf P S pVf q. Let ϕ “ ϕ8 b ϕf P S pVq where ϕ8 P S pV8q is
the standard Gaussian function, i.e., ϕ8pxq “ e´2πq8pxq. Define formally

(96) pTpg, ϕq “
ÿ

xP rKzV

prpgqϕq pxq ¨ pTpxqK , g P GL2pAq.

This can be viewed as the integral version of the generating series Tpg, ϕq as in (89) by the follow-
ing lemma. The convergence of the generating series is not a prior clear, but each of its Fourier
coefficients defines a codimension 1 cycle on MK , as they involve only finite sums.

Lemma 9.8.2. Let x P V be an element such that qVpxq P Qˆ. Then pTpxqK is an effective Cartier
divisor on the Deligne–Mumford stack MK . Moreover, we have

pTpxqK ˆSpecZppq
SpecQ “ TpxqK .

Proof. The strict transform of the regular Deligne–Mumford stack XΓ0ppnq¨U 1p is still regular by
Lemma 4.5.1, hence it’s still a divisor on MK,ppq. Therefore pTpxqK is still a divisor.

The Hecke correspondence only depends on the coset QˆzV. Let r be an integer such that prxp
is a primitive element in H0ppq. Then we have TpxqK “ TpprxqK . Since ExcMK

is supported on
the special fiber of MK,ppq, we have

pTpxqK ˆSpecZppq
SpecQ “ pTpprxqK ˆSpecZppq

SpecQ “ TpprxqK “ TpxqK .

□

Recall that B is the unique quaternion division algebra over Q which ramifies at p and 8. For
an element y P B, let H 1

y Ă H 1 be the subgroup which stabilizes y. Let H 1
ypQq0 “ H 1

y XH 1pQq0.

Lemma 9.8.3. Let x P V be an element such that qVpxq P Qˆ and xp is a primitive element in the
lattice H0ppq. Let pTpxqss

K be the base change to Z̆p of the completion of pTpxqK along its supersingular
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locus. Then we have the following identity in K
pTpxqssK
0 p xMss

KqC:

(97) pTpxqss
K “

ÿ

yPH 1pQq0zB
qBpyq“qVpxq

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

g´1yPKpx

Θ´1
M

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

´

N I`
0 px0yq ` ExcM, g

¯

, if xp P VI`
p ;

´

N I´
0 px0yq ` ExcM, g

¯

, if xp P VI´
p ;

´

N II`
0 pyq, g

¯

, if xp P VII`
p ;

´

N II´
0 py1q, g

¯

, if xp P VII´
p .

Proof. We will only give the proof for the case xp P VI`
p . Let THpxq » XΓ0ppn`1q¨UpXxUpx´1 be the

closure of the image of Tpxq in the stack HK under the morphism Tpxq Ñ X 2
U given in Lemma 9.5.3

(I+). Let pTHpxqss be the base change to Z̆p of the completion of THpxq along its supersingular locus.
We will prove that

(98) pTHpxqss “
ğ

yPH 1pQq0zB
qBpyq“qVpxq

ğ

gPH 1
ypQq0zHpAp

f q{Kp

g´1yPKpx

Θ´1
H

`

stI`x0y pN0px0yqq , g
˘

.

We prove this by constructing explicit maps between the two sides of (98).
Let S be a Z̆p-scheme such that p is locally nilpotent on S. Let pz, gq P pHss

KpSq ˆ HpAp
f q{K be

an element such that rpz, gqs P pTHpxqsspSq. It gives rise to the following object in pHss
KpSq:

´´

E1
π1
ÝÑ E1

1, η
p
1

¯

,
´

E2
π2
ÝÑ E1

2, η
p
2

¯¯

.

There exists four quasi-isogenies ρE,i : Ei ˆF S Ñ Ei ˆS S, ρ1
E,i : E1

i ˆF S Ñ E1
i ˆS S (i “ 1, 2) of

degrees 1 such that πi ˝ ρE,i “ ρ1
E,i ˝ fi for i “ 1, 2. Since rpz, gqs P pTpxqsspSq, there exists a cyclic

isogeny π : E1 Ñ E1
2 of degree pn`1 such that π1 (resp. π2) is the first (resp. last) degree p isogeny

in the standard decomposition of π. Let ỹ “

´

ρ1
E,2 ˝ ρ1

E,2

¯´1
˝ π ˝

´

ρ1
E,1 ˝ ρ1

E,1

¯

P End0pEq » B and

y “ x´1
0 ¨ ỹ. By (93), we have qBpyq “ qVpxq and g´1y “ x. Moreover, the following element

ˆˆ

E1rp8s
π1rp8s
ÝÝÝÝÑ E1

1rp8s, pρ1, ρ
1
1q

˙

,

ˆ

E2rp8s
π2rp8s
ÝÝÝÝÑ E1

2rp8s, pρ2, ρ
1
2q

˙˙

lies in the closed formal subscheme stI`x0y pN0px0yqq Ă N px0q. The reverse direction can be proved
easily, therefore (98) is true.

Let pTblpxq be the strict transform of pTHpxq under the blow up morphism MK Ñ HK . By the
definition of pTpxqK , we have

(99) pTpxqK “ pTblpxq ` ExcK .

Denote by pTblpxqss the base change to Z̆p of the completion of pTblpxq along the supersingular locus.
By (98), we have

pTblpxqss “
ğ

yPH 1pQq0zB
qBpyq“qVpxq

ğ

gPH 1
ypQq0zHpAp

f q{Kp

g´1yPKpx

Θ´1
M

´

rN I`
0 px0yq, g

¯

.

Combining with (99), the formula in the lemma of the case I` is true. □
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Remark 9.8.4. Both of the summations on the right hand side of (97) are finite. The first summa-
tion is finite by the Witt theorem. The second summation is also finite since it finally reduces to the
finiteness of the double coset H 1

ypQqzH 1
ypAp

f q{K̃p where K̃p Ă H 1
ypAp

f q is a compact open subgroup.

Corollary 9.8.5. Let pTpϕqss
K be the base change to Z̆p of the completion of pTpϕqK along its super-

singular locus. Then we have the following identity in K
pTpϕqssK
0 p xMss

KqC:

pTpϕqss
K “

ÿ

yPH 1pQq0zB

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

ϕppg´1yq ¨ Θ´1
M

$

&

%

pZpyq, gq , if ϕp “ 1H0ppq;

pYpyq ´ ExcM, gq , if ϕp “ 1H0ppq_ .

Proof. Denote by Vppmq the following subset of H0ppq:

Vppmq “ tx P V : detpxq P Qˆ
ą0, νppqVpxqq “ mu.

For symbols ˚ P tI, IIu and ? P t`,´u, define

V˚?
p pmq “ tx P Vppmq : xp P V˚?

p XH0ppqu, V˚?
p pmq_ “ tx P Vppmq : xp P V˚?

p XH0ppq_u.

Therefore we have

pTpϕqK “
ÿ

xP rKzV

ϕpxq ¨ pTpxqK “

8
ÿ

m“´8

ÿ

xP rKzVpmq

ϕpxq ¨ pTpxqK

We first consider the case ϕp “ 1H0ppq. By Corollary 9.8.3, we have

pTpϕqss
K “

8
ÿ

m“0

ÿ

˚PtI,IIu

ÿ

?Pt`,´u

ÿ

xP rKzV˚?
p pmq

ϕppxpq ¨ pTpxqss
K .

For m “ 0, we have ˚ “ I and ? “ `, hence
ÿ

˚PtI,IIu

ÿ

?Pt`,´u

ÿ

xP rKzV˚?
p p0q

ϕppxpq ¨ pTpxqss
K “

ÿ

xP rKzVI`
p p0q

ϕppxpq ¨ pTpxqss
K

“
ÿ

xP rKzVI`
p p0q

ÿ

yPH 1pQq0zB
qBpyq“qVpxq

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

g´1yPKpx

ϕppg´1yq ¨ Θ´1
M

´

ExcM ` N I`
0 px0yq, g

¯

Lemma 5.5.2
“

ÿ

yPH 1pQq0zB
νppqBpyqq“0

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

ϕppg´1yq ¨ Θ´1
M pZpyq, gq .

Notice that Dpyq “ Zpyq if νppqBpyqq “ 0 or 1. Similar arguments apply to m ě 1, we get (using
Lemma 5.5.2 repeatedly)

ÿ

˚PtI,IIu

ÿ

?Pt`,´u

ÿ

xP rKzV˚?
p pmq

ϕppxpq ¨ pTpxqss
K “

ÿ

yPH 1pQq0zB
νppqBpyqq“m

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

ϕppg´1yq ¨ Θ´1
M pDpyq, gq .
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Therefore

pTpϕqss
K “

8
ÿ

m“0

ÿ

yPH 1pQq0zB
νppqBpyqq“m

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

ϕppg´1yq ¨ Θ´1
M pDpyq, gq

“
ÿ

yPH 1pQq0zB

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

ϕppg´1yq ¨ Θ´1
M

˜

8
ÿ

m“0

Dpp´myq, g

¸

“
ÿ

yPH 1pQq0zB

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

ϕppg´1yq ¨ Θ´1
M pZpyq, gq .

Using (36), (37) and (54), the proof of the case ϕp “ 1H0ppq_ is similar. So we omit it. □

Remark 9.8.6. The first sum in the corollary is infinite, so its convergence is not a prior clear.
However, the “Fourier coefficients” on the right-hand side—i.e., the sums over vectors with fixed norm
m “ qBpyq—are finite. In Theorems 9.10.1 and 9.11.2, we compute the nonsingular intersections of
these Fourier coefficients and show that their total sum converges to a finite number.

9.9. Whittaker functions and Eisenstein series. Let ν : GSp6 Ñ Gm be the homomorphism
such that kerpνq “ Sp6. Let P be the following Siegel parabolic subgroup of GSp6:

P “

#˜

a ˚

0 ν ¨ ta´1

¸

P GSp6

ˇ

ˇ

ˇ

ˇ

a P GL3, ν P Gm

+

.

Let M,N Ă P be the following groups,

M “

#

mpaq “

˜

a 0

0 ν ¨ ta´1

¸

P GSp6

ˇ

ˇ

ˇ

ˇ

a P GL3, ν P Gm

+

,

N “

#

npbq “

˜

13 b

0 13

¸

P GSp6

ˇ

ˇ

ˇ

ˇ

b P Sym3

+

.

For a complex number s P C, define the following character λs of P pAq:

λs

˜˜

a ˚

0 ν ¨ ta´1

¸¸

“ |ν|
´3s
A |detpaq|2sA .

Let Ipsq “ IndGSp6pAq

P pAq
λs be the degenerate principal series of GSp6pAq. It’s easy to see that Ipsq “

b1
vIvpsq is the restricted tensor product of the local function space Ivpsq.
There exists a Weil representation r of the group Sp6pAq on the Schwartz function space S pV3q

(cf. [YZZ23, §2.1], see also [Li23, Definition 2.2.1]). For an element a P Aˆ, let

dpaq “

˜

13 0

0 a ¨ 13

¸

.

Let Φ P S pV3q be a Schwartz function. Define

(100) fΦpg, 0q “ |νpgq|
´3
A r

`

dpνpgqq´1g
˘

Φp0q.
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The function fΦpg, 0q is an element of Ipsq. We extend it to a standard section fΦpg, sq of Ipsq. It
satisfies

(101) fΦpdpνqnpbqmpaqg, sq “ |v|
´3s´3
A |detpaq|

2s`2
A fΦpg, sq.

Notice that for a single place v and a Schwartz function Φv P S pV3
vq, we can define a section

fΦvpgv, sq P Ivpsq using similar formulas as (100) and (101).
Define the Siegel Eisenstein series associated to the function Φ P S pV3q to be

Epg, s,Φq “
ÿ

γPP pQqzGSp6pQq

fΦpγg, sq.

This summation is absolutely convergent when repsq ą 2. It extends to a meromorphic function of
s P C and holomorphic at s “ 0 (cf. [Kud97, Theorem 2.2]). In the following, we will always assume
that Φ “ Φ8 b Φf where Φ8 is the standard Gaussian function on V3

8, i.e., Φ8pxq “ e´2πtrpq8pxqq

and Φf P V.
Let ψ “ bvψv : QzA Ñ Cˆ be the standard character. For T P Sym3pQq, define its T -th Fourier

coefficients to be
ET pg, s,Φq “

ż

Sym3pQqzSym3pAq

Epnpbqg, s,Φqψp´Tbqdb.

When Φ “ bvΦv is decomposable and T is non-singular, we have the following decomposition

ET pg, s,Φq “
ź

v

WT,vpgv, s,Φvq,

where the local Whittaker function is given by

WT,vpgv, s,Φvq “

ż

Sym3pQvq

fΦv

`

w´1
3 npbqgv, s

˘

ψv

ˆ

´tr
ˆ

1

2
Tb

˙˙

db, w3 “

˜

0 13

´13 0

¸

.

Let 1 “ p1vq P GSppAq be the identity element. Kudla [Kud97, Proposition A.6] proved the
following:

Lemma 9.9.1. Let v be a finite prime. Let Λ Ă Vv be a Zv-lattice of rank 4. Let L be a non-
degenerate quadratic Zv-lattice of rank 3 with fundamental matrix T . Then for positive integers
k,

WT,vp1v, k, 1Λ3q “ |detpSq|3{2
p ¨ DenpΛ kH`

2k, Lq,

where S is the a fundamental matrix of the lattice Λ.

For a nonsingular matrix T P Sym3pQq, define

(102) DiffpT q “ tv : T is not represented by the quadratic space Vvu.

The set DiffpT q has odd cardinality. By [Kud97, Proposition A.4], we also have

WT,vpgv, 0,Φvq “ 0, if v P DiffpT q.

For a finite place p and a Schwartz function Φ P S pV3q, define

E1
ppg, 0,Φq “

ÿ

T :DiffpT q“tpu

E1
T pg, 0,Φq.
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9.10. Arithmetic intersection of Hecke correspondences. Recall that N is an odd and square-
free positive integer. Take U “ Γ0pNqppZq. Let X0pNq be the proper regular integral model of
X0pNq constructed by Katz, Mazur [KM85] and Česnavičius [Č17]. Let M0pNq be the blow up
of the Deligne–Mumford stack X0pNq ˆZ X0pNq along its supersingular points with residue field
characteristic p|N .

Let H0pNq be the following rank 4 quadratic lattice over Z:

H0pNq “

#˜

a b

Nc d

¸

: a, b, c, d P Z

+

.

Then 1
H0pNqbpZ :“ bpă81H0pNqbZp

is a function in S pVf q. For an integer m ą 0, define

(103) pTpmq “
ÿ

xP rKzV
qVpxq“m

1
H0pNqbpZpxq ¨ pTpxqK “

ÿ

xP rKzH0pNqbpZ
qVpxq“m

pTpxqK .

It is a divisor on M0pNq. For three positive integers m1,m2,m3, define the intersection numbers of
three divisors to be

(104)
´

pTpm1q ¨ pTpm2q ¨ pTpm3q

¯

“ χ
´

M0pNq,O
pTpm1q

bL
OM0pNq

O
pTpm2q

bL
OM0pNq

O
pTpm3q

¯

.

Notice that the intersection number may not be finite. The next theorem gives an example where
this number is well-defined and finite.

Theorem 9.10.1. Let m1,m2,m3 be three positive integers such that there is no positive definite
binary quadratic form over Z which represents the three integers m1,m2,m3. Then

´

pTpm1q ¨ pTpm2q ¨ pTpm3q

¯

“ ´2 ¨
ÿ

T

E1
T p1, 0,Φ8 b 1

pH0pNqbpZq
3q,

where the summation ranges over all the half-integral symmetric positive definite 3 ˆ 3 matrices T
with diagonal elements m1,m2,m3.

Proof. The condition that there is no positive definite binary quadratic form over Z which represents
the three integers m1,m2,m3 implies that the three divisors tpTpmiqu3i“1 have no self-intersections
on the generic fiber of M0pNq [GK93, Proposition 3.2]. For a prime number p (not necessarily odd),
let Bppq be the unique quaternion algebra over Q which ramifies at p and 8. Let Mppq be following
formal scheme:

Mppq “

$

&

%

N » SpfW rrt1, t2ss, if p ∤ N ;

M, if p |N .
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Take Φ “ Φ8 b 1
pH0pNqbpZq

3 P S pV3q, we have the following by Corollary 9.8.5 and (103)

´

pTpm1q ¨ pTpm2q ¨ pTpm3q

¯

“
ÿ

pă8

χ

ˆ

M0pNqppq,OpTpm1q
bL

OM0pNqppq

O
pTpm2q

bL
OM0pNqppq

O
pTpm3q

˙

(105)

“
ÿ

pă8

ÿ

yPH 1pQq0zBppq3

qBppqpyiq“mi

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

Φppg´1yq ¨ χ
´

Mppq, r
Lb3

i“1OZpyiqs

¯

¨ logppq

“
ÿ

pă8

ÿ

T

ÿ

yPH 1pQq0zBppq3

T pyq“T

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

Φppg´1yq ¨ χ
´

Mppq, r
Lb3

i“1OZpyiqs

¯

¨ logppq.

where the summation symbol for T in the last line ranges over all the half-integral symmetric positive
definite 3 ˆ 3 matrices T with diagonal elements m1,m2,m3.

For p ∤ N , [YZZ23, Theorem 5.4.3] shows that
ÿ

yPH 1pQq0zBppq3

T pyq“T

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

Φppg´1yq ¨ χ
´

Mppq, r
Lb3

i“1OZpyiqs

¯

¨ logppq(106)

“ ´2 ¨ E1
T p1, 0,Φ8 b 1

pH0pNqbpZq
3q.

For p |N , we obtain the same formula as (106) by combining the volume calculation (110) and the
intersection of Z-cycles in Theorem 5.6.7 (we refer to the proof of Theorem 9.11.2 in the next section
for more details). Then the theorem follows by combining (105) and (106). □

Remark 9.10.2. For N “ 1, this theorem is proved by Gross and Keating [GK93, (1.19)].

9.11. Triple product formula: the minimal ramification case. Let p be an odd prime number.
Let U “ Γ0ppq ¨ Up, where Up Ă GL2pAp

f q is a sufficiently small compact open subgroup. Let
K “ U ˆGm U “ Kp ¨ Kp. For i “ 1, 2, 3, let ϕi “ ϕi,p b ϕpi P S pVq be three Schwartz functions
such that

(1) ϕi,8 is the standard Gaussian function on V8.
(2) ϕi,p “ 1H0ppq or 1H0ppq_ and ϕpi is invariant under the group Kp.
(3) There exists a finite place v prime to p such that the Schwartz function ϕv “ ϕ1,vbϕ2,vbϕ3,v P

S pV3
vq is regularly supported in the sense of [YZZ23, Definition 4.4.1].

Notice that by condition (3), the three cycles pTpgi, ϕiq have no self-intersections on the generic
fiber of MK,ppq because the existence of an intersection point on the generic fiber implies that the
function ϕ1 b ϕ2 b ϕ3 is nonzero at some point x P V such that the inner product matrix qpxq is
singular (we refer the readers to [YZZ23, Theorem 5.4.3]). The existence of these functions with some
additional non-vanishing properties were proved by Liu [Liu24]. Let G “ GL2 ˆGm GL2 ˆGm GL2.

Lemma 9.11.1. For an element g “ pg1, g2, g3q P GpAq such that gp “ 1p is the identity element,
let z P pTpg1, ϕ1q X pTpg2, ϕ2q X pTpg3, ϕ3qpFq (cf. Definition 9.8.1). Then for i “ 1, 2, 3, we have

z P pTpgi, ϕiq
sspFq.
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Proof. Let
´´

E1
π1
ÝÑ E1

1, pη
p
1 , η

1p
1 q

¯

,
´

E2
π2
ÝÑ E1

2, pη
p
2 , η

1p
2 q

¯¯

be the pair of degree p isogenies corre-
sponding to the point z. Condition (3) implies that dimQ HompE1, E2q ě 3. Therefore E1 and E2

must be supersingular elliptic curves. Hence z P pTpgi, ϕiq
sspFq for i “ 1, 2, 3. □

Denote by Φ P S pV3q by Φ “ ϕ1 b ϕ2 b ϕ3. For an element g “ pg1, g2, g3q P GpAq, define
rO

pTpg,Φq
s to be the image of Lb

3
i“1OpTpgi,ϕiq

in Gr3K 1
0pMK,ppqq. It is a formal sum by (96). Define

´

pTpg1, ϕ1q ¨ pTpg2, ϕ2q ¨ pTpg3, ϕ3q

¯

p
:“ χ

´

MK,ppq, rOpTpg,Φq
s

¯

¨ logppq.

The right hand side is also a formal sum, and we will show that this formal sum converges to a finite
number.

Theorem 9.11.2. Let ϕi P S pVq be three Schwartz functions satisfying (1), (2) and (3). Then
for all elements g “ pg1, g2, g3q P GpAq such that gv “ 1v (where v is another prime such that (3)
holds), we have
(107)́

pTpg1, ϕ1q ¨ pTpg2, ϕ2q ¨ pTpg3, ϕ3q

¯

p
“ ´2E1

ppg, 0,Φq, if gp “ 1p and Φp “ 1H0ppq3 or 1H0ppq_3 .

Proof. We first consider the case Φp “ 1H0ppq3 . Let z P pTpgi, ϕiq
sspFq, there exists three linearly

independent vectors y1, y2, y3 P B such that z P
3

Ş

i“1
Zpyiq. Let T be the fundamental matrix of the

quadratic lattice L spanned by y1, y2 and y3. Then

DiffpT q “ tpu.

Moreover, we have

χ
´

M, rLb3
i“1OZpyiqs

¯

“ IntZpLq “ BDenpH0ppq, Lq

“ p4pp´ 1q´2 ¨ logppq´1 ¨W 1
T,pp1, 0, 1H0ppq3q.

By Corollary 9.8.5, the formal sum rO
pTpg,Φq

s corresponds to the following formal sum in Gr3K 1
0p xMss

Kq:
ÿ

yPH 1pQq0zB3

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

Φppg´1yq ¨ Θ´1
M

´

rLb3
i“1OZpyiqs

¯

(108)

Therefore
´

pTpg1,Φ1q ¨ pTpg2,Φ2q ¨ pTpg3,Φ3q

¯

p
(109)

“
ÿ

yPH 1pQq0zB3

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

Φppg´1yq ¨ χ
´

M, rLb3
i“1OZpyiqs

¯

¨ logppq

“
ÿ

T :DiffpT q“tpu

ÿ

yPH 1pQq0zB3

T pyq“T

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

Φppg´1yq ¨
p4

pp´ 1q2
¨W 1

T,pp1, 0, 1H0ppq3q

“
p4

pp´ 1q2
¨

1

volpKpq
¨

ż

SOpBqpAp
f q

Φppg´1yqdg ¨W 1
T,pp1, 0, 1H0ppq3q.
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We use the same measures for orthogonal groups as fixed in [YZZ23, §1.4]. By the calculations of
the volume factor in Theorem 5.4.3 of loc.cit. and Siegel–Weil formula, we have

(110)
p4

pp´ 1q2
¨

1

volpKpq
¨

ż

SOpBqpAp
f q

Φppg´1yqdg “ ´2 ¨
ź

v‰p

WT,vpgv, 0,Φvq.

Therefore (107) is true when gp “ 1p.
Now we consider the case Φp “ 1H0ppq_3 . Let z P pTpgi,Φiq

sspFq, there exists three linearly

independent vectors y1, y2, y3 P B such that z P
3

Ş

i“1
pYpyiq ´ ExcMq. Let T be the fundamental

matrix of the quadratic lattice L spanned by y1, y2 and y3. Then

DiffpT q “ tpu.

Moreover, we have

χ
´

M, rLb3
i“1OYpyiq´ExcMs

¯

“ IntYpLq ` 1 “ BDenpH0ppq_, Lq

“ p4pp´ 1q´2 ¨ logppq´1 ¨W 1
T,pp1, 0, 1H0ppq_3q.

By Lemma 9.8.5, we have

rO
pTsspg,Φq

s “
ÿ

yPH 1pQq0zB3

ÿ

gPH 1
ypQq0zHpAp

f q{Kp

Φppg´1yq ¨ Θ´1
M

´

rLb3
i“1OYpyiq´ExcMs

¯

.

The remaining parts are similar to the proof of the case Φp “ 1H0ppq3 . □

9.12. (Semi-global) Arithmetic Siegel–Weil formula on MK . In this section, we prove a
(semi-global) Arithmetic Siegel–Weil formula following the idea in [LZ22b, §12]. We keep the no-
tations fixed in §9.7 and §9.8. Fix an odd prime p, let U “ Γ0ppq ¨ Up where Up Ă GL2pAp

f q is a
sufficiently small compact open subgroup and K “ U ˆGm U . Define M˝

K “ MK ˆHK
H˝

K .
We say a Schwartz function

φK “
â

v∤8
φK,v P S pVr

f q

is p-admissible if it is K-invariant and φK,p “ 1H0ppqr . First, we consider a special p-admissible
Schwartz function of the form

φK “ pφiq P S pVr
f q, φi “ 1Ωi , i “ 1, ¨ ¨ ¨ , r.

where Ωi Ă Vf is a K-invariant open compact subset such that Ωi,p “ H0ppq.
For a nonsingular matrix T P SymrpQq, denote by Z˝

HpT, φKq a stack whose fiber category over
a connected scheme S consists of the following objects,

´´´

E1
π1
ÝÑ E1

1

¯

,
´

E2
π2
ÝÑ E1

2

¯

, pηp1 , η
p
2q

¯

, px1, ¨ ¨ ¨ , xrq

¯

where
´´

E1
π1
ÝÑ E1

1

¯

,
´

E2
π2
ÝÑ E1

2

¯

, pηp1 , η
p
2q

¯

is an element in H˝
KpSq (see (90)). For 1 ď i ď 3, the

element xi P HomSpE1, E2q is an isogeny such that the quasi-isogeny π2 ˝ xi ˝ π´1
1 : E1

1 Ñ E1
2 is

also an isogeny with the following restrictions: Under the standard basis e1 “ p1, 0q, e2 “ p0, 1q of
´

pZp
¯2

, the morphism ηp2 ˝ T ppxiq ˝ pηp1q
´1

:
´

pZp
¯2

Ñ

´

pZp
¯2

can be identified with a 2 ˆ 2 matrix,
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or just an element in Vp
f . The isogenies xi should satisfy

ηp2 ˝ T ppxiq ˝ pηp1q
´1

P Ω
ppq

i , 1 ď i ď r.

The natural morphism Z˝
HpT, φKq Ñ H˝

K is finite and unramified, and thus it defines a cycle on
H˝

K which we still denote as Z˝
HpT, φKq. Define ZHpT, φKq to be the Zariski closure of Z˝

HpT, φKq

in HK , and
ZpT, φKq :“ ZHpT, φKq ˆHK

MK .

For a general p-admissible Schwartz function φK P S pVr
f q (which can be written as a C-linear com-

bination of special p-admissible functions, after possibly shrinking K), we obtain a cycle ZpT, φKq P

Z˚pMKqC by extending C-linearly.
For r “ 3, if ZHpT, φKq is nonempty, we have Z˝

HpT, φKqpFpq ‰ ∅. By the proof of Lemma 9.11.1
and Theorem 9.11.2, the morphism Z˝

HpT, φKq Ñ H˝
K sends |Z˝

HpT, φKqpFpq| to the supersingular
locus of H˝

K modulo p, and we have DiffpT q “ tpu. Moreover, the cycle Z˝
HpT, φKq itself is finite

over Fp, hence Z˝
HpT, φKq “ ZHpT, φKq.

Recall that we use xMss
K to denote the base change to Z̆p of the formal completion of MK along

ExcK . For special p-admissible Schwartz function φK , denote by pZsspT, φKq the base change to Z̆p

of the completion of ZpT, φKq along its supersingular locus. For a general p-admissible Schwartz
function φK P S pVr

f q, we obtain a cycle pZsspT, φKq P Z˚p xMss
KqC by extending C-linearly. We state

the following proposition about the p-adic uniformization of the cycle ZpT, φKq, which originates
from the comparison of the moduli problem defining the (semi)-global special cycle ZpT, φKq and
that of the local special cycle ZpLq (Definition 4.9.1 and 4.13.1). Other than that, the proof is
similar to that of [LZ22b, Proposition 12.7.1], so we omit it.

Proposition 9.12.1. For 1 ď r ď 3, assume that φK P S pVr
f q is p-admissible. Then for all

T P SymrpQqą0, the p-adic uniformization isomorphism in (95) induces the following identity in

K
pZsspT,φKq

0 p xMss
Kq,

(111) pZsspT, φKq “
ÿ

xPH 1pQq0zBr

qBpxq“T

ÿ

gPH 1
xpQq0zHpAp

f q{Kp

Θ´1
M pZpxq, gq .

Assume T P Sym3pQqą0. Let t1, t2, t3 be the diagonal entries of T . Let φK P S pV3
f q be a special

p-admissible Schwartz function. Define

IntT,ppφKq :“ χ
´

ZpT, φKq,OZpt1,φKq bL
OMK

OZpt2,φKq bL
OMK

OZpt3,φKq

¯

¨ log p.

We extend the definition of IntT,ppφKq to a general p-admissible φK P S pV3
f q by extending C-

linearly.

Theorem 9.12.2. Let φK P S pV3
f q be a p-admissible Schwartz function. For all T P Sym3pT qą0,

(112) IntT,ppφKq “ ´2 ¨ E1
T p1, 0,Φ8 b φKq.
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Proof. Since ZpT, φKq is supported on the supersingular locus, by (111) we know that

IntT,ppφKq

“
ÿ

xPH 1pQq0zB3

qBpxq“T

ÿ

gPH 1
xpQq0zHpAp

f q{Kp

φKpg´1xq ¨ χ
´

M,OZpx1q bL
OM OZpx2q bL

OM OZpx3q

¯

¨ log p

By (109) and (110), we have IntT,ppφKq “ ´2 ¨ E1
T p1, 0,Φ8 b φKq. □
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