INTERSECTIONS OF HECKE CORRESPONDENCES ON MODULAR CURVES

QIAO HE AND BAIQING ZHU

ABSTRACT. We compute the arithmetic intersections of Hecke correspondences on the product of
integral model of modular curve Xy(NN) and relate it to the derivatives of certain Siegel Eisenstein
series when N is odd and squarefree. We prove this by establishing a precise identity between
the arithmetic intersection numbers on the Rapoport—Zink space associated to Xo(N )2 and the

derivatives of local representation densities of quadratic forms.
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1. INTRODUCTION

1.1. Background. Let H = {7 = z + iy : z,y € R,y # 0} be the union of the upper and lower
half plane. Let Yy(1) be the fine moduli stack of elliptic curves over C, whose coarse moduli space
Yo(1)c has C-points given by the quotient GLo(Z)\H and is isomorphic to Spec C[j] by the elliptic
modular function j = j(7). Let Xo(1) be the compactification of Yp(1), its associated coarse moduli
space Xo(1)c is isomorphic to PL.

For a positive integer m, the m-th Hecke correspondence T'(m) (resp. T'(m)c) is a divisor on the
product Yp(1)? (resp. Yp(1)2) which parameterizes degree m isogenies between elliptic curves. Let
T(m) (resp. T(m)c) be the closure of T(m) (resp. T(m)c) in the compactification Xo(1)? (resp.
Xo(1)2). Kronecker and Hurwitz showed that as a line bundle on Xo(1)2 = P& x PL,

T(m) = O(o1(m), o1(m)) := priO(o1(m)) @ pr;O(o1(m)),

where o1(m) = >} d and pry, pry are the two projections from ]P’(lC X IP’}C to its two factors. Notice
dlm

that {o1(m)}m=1 is the Fourier coefficients of the following non-holomorphic modular form, which

is also a special value of a weight 2 Eisenstein series of genus 1 (cf. [BGHZ08, §2.3]),
G()———1 ——1—1—5 o1(m) =x + iy with y » 0 and ¢ = (2miT)
m wi an ex .

o7 Sty 24 1(m)q"™, T =x+ 1y Y q p(2miT

m=1

Hurwitz (cf. |GK93, Proposition 2.4]) also studied the intersection number of two divisors 7'(m;)
and T(mg) on the affine plane Yy(1)2 ~ SpecC[j, j']. The two divisors intersect properly if and
only if mymsg is not a perfect square, and in this case the intersection T'(m1) N T'(mg) parameterizes
certain CM elliptic curves over C. It turns out that the intersection number equals to the summation
of certain Fourier coefficients of a weight 2 genus 2 Siegel Eisenstein series. This is a special case
of the geometric Siegel-Weil formula and yields a beautiful geometric proof of the Hurwitz class
number formula.

In this article, we consider the arithmetic intersection between Hecke correspondences. Let N
be an odd square-free positive integer. Denote by Vy(N) the moduli stack of elliptic curves with
Lo(V)-level structure defined by Katz and Mazur [KM85|, whose compactification is constructed
by Cesnavicius in [C17]. The product space Xo(N)? := Xo(N) xz Xo(N) is normal but not regular
when N # 1. We construct a regular integral model Mq(N) of X5(N)? by blowing up at certain
supersingular points of X5(N)2. We also define an “integral” Hecke correspondence 7 (m) on the
model My(N). It will be a Cartier divisor on My(N) whose generic fiber over C equals the m-
th Hecke correspondence on Xo(N). We study the intersection between three correspondences
{T (m;)}iz1,2,3 on Mo(N). The computation of the intersection numbers will be reduced to the
intersections of “local” Hecke correspondences on the Rapoport—Zink space associated to the model
Mo(N). We established an identity:

(1) ( Intersection numbers on ) B ( Derivatives of local density polynomial )

Rapoport—Zink space of quadratic lattices

This finally builds up the bridge connecting the intersection numbers of Hecke correspondences and
the summation of derivatives of certain Fourier coefficients of a weight 2 genus 3 Siegel Eisenstein
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series, which is a special case of the non-degenerate term of the arithmetic Siegel- Weil formula and
belongs to an influential program initiated by Kudla [Kud97, Kud04].

The key result is the identity (1), as the global result follows easily by p-adic uniformization of the
supersingular locus of My(N). The identity of the type in (1) are called Kudla—Rapoport conjecture,
which can be regarded as the nonarchimedean part of the arithmetic Siegel-Weil formula.

The arithmetic Siegel-Weil formula was first established in the works of Kudla, Rapoport and
Yang [KRY99, KRY04, KRY06| for GSpin Shimura varieties associated to GSpin(n — 1,2) where
n = 1,2. The archimedean part was proved by the work of Garcia—Sankaran [GS19] and Bruinier-
Yang [BY20]. The work of Gross—Keating [GK93| complemented by the ARGOS volume [VGW 07|
established the nonarchimedean part for the case n = 3 with hyperspecial level. The case for general
n with hyperspecial level and odd p was proved by Li and Zhang [LZ22b]|.

In fact, the Kudla—Rapoport conjecture was originally formulated for unitary Rapoport—Zink
space associated to U(n — 1,1) with hyperspecial level [KR11]. Terstiege |Terl3a| solved the n =
3 case. The work of Li-Zhang [LZ22a| solved the general case of the original Kudla—Rapoport
conjecture. The work of Li-Liu and Yao [LL22, Yao24| established an invariant for the exotic
smooth models over ramified primes.

In the unitary case, there are also many works about Shimura varieties with bad reduction.
However, because of the bad reduction, even the formulation of the formula was not clear for a long
time. For Kramer models over ramified primes, the works of Shi [Shi23| and He-Shi—Yang [HSY20]
proved the n = 2 case. A general formulation was proposed and the case n = 3 was proved in
[HSY23| and finally He-Li—Shi-Yang [HLSY23| proved the general case. Over unramified primes,
Cho [Cho22] proposed a general conjecture for the maximal parahoric levels. In [CHZ23|, Cho-
He-Zhang showed that a formulation similar to that of [HSY23] is the same as the formulation of
[Cho22| and reduced it to a strong version of Tate conjecture for certain Deligne-Lusztig varieties.

Moreover, the unitary case has seen a number of other recent and thrilling developments, including
formulas for degenerate terms by Bruinier-Howard [BH21| and Chen [Che24| and the function field
case by Feng—Yun—Zhang [FYZ24].

We refer to the left hand side of (1) the geometric side, while the right hand side the analytic
side. The Rapoport—Zink space appearing on the geometric side is determined by the quadratic
lattice appearing on the analytic side. The case N = 1, which locally corresponds to the rank 4
self-dual lattice (Ma(Z,), det), is the classical work of Gross and Keating [GK93| complemented by
the ARGOS volume [VGWT07|. The question is widely open if the quadratic lattice is not self-dual,
or equivalently, the Rapoport—Zink space has some non-hyperspecial level structures. The works of
Kudla-Rapoport [KR00|, Sankaran—Shi-Yang [SSY23|, and Zhu [Zhu25| proved the case when L is
of rank 3 but not self-dual, which corresponds to GSpin(1,2) Shimura varieties.

Our work essentially settled the case when L is a specific rank 4 lattice that is not self-dual, see
(4) in the next section for the precise definition of the lattice (the self-dual case is exactly the work
of Gross-Keating [GK93|). In particular, this corresponds to GSpin(2,2)-Shimura varieties. Since
the GSpin Shimura varieties are not of PEL type, such problems are much more involved. In the
current work, we make essential use of the concrete moduli interpretation of the Rapoport—Zink

space which only exists for certain low dimensional special cases.
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Before we introduce the main results, we briefly mention the new difficulties that arise compared
with the Gross—Keating’s case. Because of the existence of non-trivial level structure, both of the
geometric side and analytic side become much more complicated. For example, the RZ space will
no longer be regular. To compute the intersection number, we consider the blow-up of the original
space, which lacks a nice moduli interpretation. Moreover, the special fiber of the RZ space will
have more complicated components compared with the Gross—Keating’s case, which causes a lot
of troubles for the study of special cycles. For the analytic side, essentially we need to consider
the Whittaker functional of some representation that is no longer unramified, which is significantly
harder than the unramified case. When the level of the modular curve becomes deeper, we don’t
even know how to construct a suitable regular integral model of the product of modular curves so
that we can compute the special divisors and intersection numbers.

1.2. Main results. We only state the local version of our main result. Let p be an odd prime. Let
IF be the algebraic closure of the finite field F,, and W = W(FF). We fix a supersingular p-divisible
group X over [F of dimension 1 and height 2. Let B = End°(X) := End(X) ®z, Q, be the space of
quasi-endomorphisms of X, which is isometric to the unique quaternion division algebra over Q.
Let g be the quadratic form on B given by the reduced norm of B. Let xg € B be an element such
that v,(q(zo)) = 1 where v, is the valuation so that v,(p) = 1. We consider the following functor
N(zp): for a a W-scheme S such that p is locally nilpotent in Og, the set N (z0)(S) consists of
tuples
(X1 = X, (phpﬁ)) : (Xz = X, (027/)/2)) ,

where {X;, X/};_1 2 are deformations of X to S via the height 0 quasi-isogenies p; and p} from X to
X; and X, and 7y, are deformations of the quasi-isogeny xp under the framing morphisms p; and
pk. The functor NV (zg) is represented by a formal scheme formally of finite type over W.

Let

univ univ

2 Xuniv Zo,1 Xluniv ( univ /univ) Xuniv %0,2 X/univ univ /univ)
(2) 1 a1 »\P1 P ) 2 T A a(Pz » P2

be the universal object over the formal scheme N (z). Let x € B be a non-zero element and denote
by @’ the element zo - x - z 1. 'We have the following commutative diagram

univ x univ
XYoo > X5

univ univ
0,1 l l‘ro,z

aniv x’ univ
XY - > XM,

where the dotted arrows below z and 2z’ mean that they are quasi-isogenies. For a subset H < B,
define the special Z-cycle Zr(z,)(H) < N (o) (vesp. special Y-cycle Yar(zg)(H) < N (z0)) to be the
closed formal subscheme over which both x and 2’ (resp. z(-x and 2’ - xy) deform to isogenies for all
x € H (cf. Definition 4.9.1). As we will see later (see §1.4.2), one should regard the special Z-cycles
as local analogues of the global Hecke correspondences we mentioned previously, and Y-cycles as a
dual version of this (see Remark 1.4.7).

The formal scheme N(xg) is normal but not regular. In order to consider intersection problem,

we need to construct a regular model first. Let 7 : M — N(z) be the blow up morphism along the
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unique closed F-point of AM(xp). Then M is a 3-dimensional regular formal scheme. For a subset
H c B, denote by Z(H) = 7% Zpr(3,)(H) (vesp. Y(H) = 7*Vpr(a)(H)) the direct pullback. When
H = {x} consists of only one element z, Zxr(;,)(z) and Vr(z,)(z) are not Cartier divisors. However,
we show that Z(x) and Y(x) are Cartier divisors on M (cf. Lemma 4.13.2 and Corollary 4.13.3).

Let L < B be a Z,-lattice of rank 3, we now associate to L several integers: the arithmetic
intersection number of Z-cycles Int? (L), of Y-cycles IntY (L), and the derived local density of L into
some not self-dual lattices.

Let x1, x2, x3 be a basis of L. Define the arithmetic intersection number of Z-cycles to be

(3) t? (L) == X(M, Oz(,) ®6,, Oz(a2) @6, Oz(as))-

where Oz(,,) denotes the structure sheaf of the special divisor Z(z;), ®H{9M denotes the derived
tensor product of coherent sheaves on M | and x denotes the Euler—Poincaré characteristic. The
arithmetic intersection numbers of Y-cycles IntY (L) are defined by similar formula (3) but replacing
Z by Y. Both the numbers Int? (L) and IntY (L) are independent of the choice of the basis of L by
the linear invariance property (cf. Corollary 5.6.3).

Now we define the local density and derived local density. For another quadratic Z,-lattice (of
arbitrary rank) M, define Rep a1, to be the scheme of integral representations, an Zy-scheme such
that for any Zy-algebra R, Rep,, 1 (R) = QHom(L ®z, R, M ®z, R). Here QHom denotes the set of
homomorphisms of quadratic modules. The local density associated to M and L is defined to be

#Repyy 1,(Zy/p?)

Den(M, L) = lim d-dim(Rep(M,L))q,

d—0 D

Let Hy(p) and Ho(p)" be the following two quadratic lattices of rank 4 over Z,:

(4) Hy(p) = {(a b) :a,b,c,dezp}, Hy(p)Y = {(a p_1b> ca,b,c,de Zp}.
pc d c d

Here the quadratic forms of Ho(p) and Ho(p)" are given by the determinant. Let Hy, = (H; )®* be
a self-dual lattice of rank 2k, where the quadratic form on H = Z12? is given by (z,y) € Zg — xy.

Let Hi" be a self-dual lattice of rank 1 whose discriminant is a square in Q. There exist local
density polynomials Den(X, Hy(p), L), Den(X, Ho(p)", L) € Q[X] such that

Den(X, Ho(p), L)| y_,—» = Den(Ho(p) & Hy, L),

(5) \ \ +
Den (X, Hy(p) ’L)‘X:p_k = Den(Hy(p)" © H,,, L).

Both polynomial vanishes at X = 1 since L ¢ B is anisotropic and cannot be embedded into Hy(p)
and Hy(p)Y. Therefore we consider the (normalized) derived local density

d Den(X, Hy(p), L)

dX’X—l Den(Ho(p), Hy © Hy"[p])’

d Den(X, Ho(p)V, L)

d‘X’X=1 Den(Ho(p)", Hy © Hy [p~'])’

0Den (Hy(p), L) = —2-

dDen (Hy(p)¥,L) = —2-

Here for a quadratic lattice N and an element a € Q,, the symbol N[a] means another quadratic
lattice with the same Zj,-module as N but with the quadratic form multiplied by a.
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Remark 1.2.1. It is pointed out by Chao Li that the extra scaling scalar 2 comes from the fact
that the formal scheme N (z0) is a double cover of the Rapoport-Zink space associated to the lattice
Ho(p)-

Let Op be the maximal order of the division quaternion algebra B. Our main theorem is the
following two precise identities between several quantities just defined.

Theorem 1.2.2 (Theorem 5.6.7). Let L — B be a Zy-lattice of rank 3. Then
Int?(L) = éDen (Hy(p), L),

and
7

IntY (L) = dDen (Hy(p)¥, L) — 1 = dDen (Ho(p)¥, L) — 2@137“)2 . Den(Oy, L).

We remark that in an ongoing work, we have a precise conjecture for the general GSpin RZ
space with maximal parahoric level which specialize to Theorem 1.2.2. We hope to establish more
special cases to provide evidence for the general conjecture in the future. We also remark that
the formulas in Theorem 1.2.2 is a manifestation of the duality phenomenon studied in [Cho22|(cf.

[Cho22, Conjecture 1.6]) in the GSpin group setting.
1.3. Strategy of the proof.

1.3.1. Difference formula on the analytic side. Let L be a vertex lattice, i.e., pLY < L < LY. Let
M be another quadratic lattice. Let {(z) be a rank 1 quadratic lattice generated by = such that
n = vp(q(z)) = 0. In §3, we compute the difference of two local densities Den(L, M & {(z)) and
Den(L, M @ {(p~!z)). The main result is Theorem 3.2.1. Specializing it to our situation, we get

Lemma 1.3.1 (Lemma 3.3.3). Let L’ < B be an Zy-lattice of rank 2. Let x € B be an element such
that v,(q(z)) = 0 and x L L". Then

JDen <H0 (p), Lo <x>> —0Den (Ho (p), o <p_1ac>>

dDen ((z)[—1] & Hy [p], Lb) , ifn=0;

2 0Den ((z)[~1] © Hy [p], L")
(6) =< +0Den ((x)[-1]© HS, L), ifn=1;

2 0Den ({z)[—1] ® HS [p], Lb)
| +2- Den (()[-1]© H, L"), ifn>2.

The difference formula is related to the double coset decomposition of the lattice Hy(p) under
the left and right multiplication of T'g(p) := Ho(p)*. Let z € Hy(p) be a primitive element such
that vp(det(x)) = n > 0, the primitivity of  means that x € Hy(p)\pHo(p). Then the double coset
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Lo(p)zTo(p) has the following possibilities (Lemma 9.5.1):

n n—1
To(r) (; ;’) o), To(p) <p0 ‘f) o), To(p) (2 r )mp), o) (po é) To(r).

When n > 2, the four cosets are different. When n = 1, the last two cosets are the same, therefore
there are 3 different cosets. When n = 0, the last two cosets do not exist, while the first two are the
same, therefore there is only 1 coset. That corresponds the number of terms appearing on the right
hand side of the difference formula (6).

1.3.2. Difference formula on the geometric side. Denote by My the base change M xy F. It can
be viewed as the Cartier divisor of the ideal sheaf generated by p. There are four irreducible
components of My labeled by M, M¥V MVF and MVV (see §4.10). The superscripts here
indicate the isogeny type (Frobenius or Verschiebung) of the first and second universal deformation
of xg over the corresponding irreducible component. All four irreducible components are isomorphic
to the formal completion of the scheme BI(O’O)AI% along its exceptional divisor. We have the following
identity of Cartier divisors on M (Proposition 4.11.1):

Mg =2 Excpq + MFF + MYV 4+ MFY 4+ MVE,
We prove the following lemma:

Lemma 1.3.2 (Lemma 6.4.1). Let L’ = B be a Zy-lattice of rank 2. Let x € B be another element
such that vy(q(x)) = max{val(L’),2} and x L L”, then

mt® (L’ @ (z)) — Int* (L’ © (p~'x)) = x(M,“Z(L") @, Orty)
= XM, EZ(L) ®p,, Opqrr) + X(M,EZ(L") @, Ongvv)
+ X(M,H‘Z(Lb) @E@M Opev) + X(M,LZ(Lb) ®H(‘9M O pqvr).

1.3.3. Difference formula combined and the induction method. For quadratic lattices of rank less
or equal to 3, the local density polynomial has been computed explicitly in Yang’s work [Yan98|.
Combining with some calculations of intersection numbers in [GK93| which are blow-up invariant

by §6.3, we prove the following:

Lemma 1.3.3 (Corollary 7.1.2). Let L’ < B be a Zy-lattice of rank 2. Let x € B be a nonzero
element such that © L L’ and v,(q(x)) = max(L’). Then

Int? (Lb D <x>) — Int® (Lb o <pfla:>> = 0Den (Ho (p), L’ ® <a:>> — 0Den (Ho (p), L’ ® <p71x>> .

Actually, there is a correspondence between the terms on the right hand side of the geometric
difference formula (Lemma 1.3.2) and that of the analytic difference formula Lemma 1.3.1. Namely
(Lemma 7.1.1),

XMEZ(L) &, Opger) = X(MEZ(L) @5, Opqvv) = éDen (<x> @H;,Lb)
XM EZ(D) @5, Oprv) = XM EZ(L) @, Opvr) = @Den (<x>[ 1] & Hy [p], b)
<

Let (a1, az,a3) be the Gross—Keating invariant GK(L) of the quadratic lattice L where a1 < as <

as. We prove Theorem 1.2.2 for Z-cycles in the two base cases that the GK(L) = (0,0,1) and
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(0,1,1) by computing both sides explicitly (§3.5 and §7.2). Then the statement in Theorem 1.2.2
about Z-cycles follows from Lemma 1.3.3 by inducting on the integer n(L) = a; + az + as.

1.3.4. Automorphism of M. There is a naturally defined automorphism ™ of the formal scheme
M (§4.12). For a subset H c B, we have Y(H) = (LM)* (Z(xzo - H)). Combining the geometric
difference formula for Z-cycles and some identities between local densities (Lemma 3.4.1), we obtain:

Lemma 1.3.4 (Corollary 7.1.2). Let L’ < B be a Z,-lattice of rank 2. Let x € B be a nonzero
element such that x L L’ and v,(q(z)) = max{max(L"),2}. Then

IntY (Lb o <x>> — IntY (Lb D <p_1x>) = dDen (HO (»)V,Le <x>> — 0Den <H0 (p)¥, L& <p_1m>) .

Then the statement in Theorem 1.2.2 about Y-cycles follows from Lemma 1.3.4 and similar in-

duction method as the Z-cycle case.
1.4. Applications.

1.4.1. A conjecture of Kudla—Rapoport. In 2006, Kudla and Rapoport defined CM cycles on the
modular curve Xo(N) for an arbitrary positive integer N. Roughly speaking, a CM cycle param-
eterizes a pair of CM isogenies (j,j') of two elliptic curves E, E’ which admits a cyclic isogeny
7 : E — E' of degree N, where j € End(E) and j' € End(E’) such that j o = moj. It is
conjectured that the local arithmetic intersection numbers of two CM cycles on the Rapoport—Zink
space associated to the modular curve Xo(N) are related to the derivatives of local densities in the
flavor of (1). Our result can be applied to confirm this conjecture when N is odd and squarefree.

We only state the “local” theorem, from which the global one can be deduced easily. The key
observation is the following: Suppose that the element zyp € B we picked satisfies ¢(z¢) = N. Then
the strict transform Z(1) of the special cycle Z(1) on M is isomorphic to the blow up of the
Rapoport—Zink space associated to Xo(/V) along its maximal ideal. The pullback of special cycles
Z(z) to Z(1) coincides with CM cycles defined by Kudla-Rapoport. This fact can be viewed as a
geometric cancellation law (cf. §8.2).

Let M < B? (trace 0 elements in B) be a rank 2 lattice with basis ,y. Define

IntCM(M) = X(N(](N), OZCM(Z‘) ®H(7)M OZCM(y))‘

This number is independent of the choice of basis z,y. Let S < Hy(p) be the sublattice of trace 0
elements. Combining with analytic cancellation law (cf. §8.3) on the local densities, we obtain:

Theorem 1.4.1 (Theorem 8.5.2). Let M = BY be a Z,-lattice of rank 2. Then
Int®™ (M) = éDen(S, M).
Remark 1.4.2. We remark here that Shi [Shi22] has a different method to calculate Int“ (M1).

Remark 1.4.3. When N is squarefree, the modular curve Xo(N) is a GSpin Shimura variety with
almost self-dual level structure. In the language of He, Zhang and Zhu [HZZ25], there are two kinds
of special cycles, Z-cycles and )-cycles, on the associated Rapoport—Zink spaces (the definition
on the integral models are similar). The CM cycles defined by Kudla and Rapoport for Xo(N)
correspond to the Y-cycles, while the Z-cycles on X((V) are defined and studied by Shi, Sankaran
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and Yang [SSY23|, and Zhu [Zhu25|, [Zhu24a|. The relation between these two kinds of cycles can
be found in [HZZ25, Proposition 5.5.1]. If we replace Xo(N) by a Shimura curve Shp associated
to a quaternion algebra B, which we regard as a GSpin Shimura variety with almost self-dual level
structure again, then the intersection of Y-cycles was considered in [KR00, KRY06].

1.4.2. Arithmetic intersections of Hecke correspondences. Let V be a rank 4 incoherent quadratic

space over A given by the following:
(7) Vy =V = M2(Qy) if v < 00, and Vo, is positive definite.

Given a Schwartz function ® = @, ® @5 € .7(V3) where @, is given by the standard Gaussian
function on V3. There is a classical incoherent Eisenstein series E(g, s, ®) (§9.9) on the group GSpg.
Denote by Er(g,s,®) the T-th Fourier expansion of it. The central value of E(g,s, ®) is 0 by the
incoherence. Let E7.(g,0, ®) be the derivative of Er(g,s, ®) at 0.

Let N be an odd squarefree positive integer. Let Mo(N) be the blow up of the Deligne-Mumford
stack Xo(N) xz Ap(INV) along its supersingular points with residue field characteristic p|N. For a
positive integer m, we define a Cartier divisor 'T'(m) (cf. (104)) on Mo(N) whose generic fiber equals
to the classically defined m-th Hecke correspondence on Xo(N)? (Lemma 9.8.2).

Theorem 1.4.4 (Theorem 9.10.1). Let mq,ma, m3 be three positive integers such that there is no

positive definite binary quadratic form over Z which represents the three integers mq, mo, m3. Then

~

(Tema) - Tlma) - T(my)) = ; —2E <1, 0,00 ® 1(HO(N>®2)3> ,

where the summation ranges over all the half-integral symmetric positive definite 3 x 3 matrices T

with diagonal elements m1,mo, ms.

Remark 1.4.5. For each single non-degenerate positive definite matrix 7' € Syms(Q), we also prove
a (semi)-global Arithmetic Siegel-Weil formula in §9.12 following the idea in [LZ22b, §12].

The condition on mi,me, m3 guarantees that there is no self-intersections between the three
divisors 'T'(m,) on the generic fiber. In the works of Yuan-Zhang—Zhang [YZZ23|, they use “regular”
test functions (cf. Definition 4.4.1 of loc. cit.) to avoid the self-intersection. Using this method,
they proved the (semi-global) arithmetic Siegel-Weil formula on the product of modular curves at
a place p where the modular curve has good reduction (cf. Theorem 5.4.3 of loc. cit.). Our work
gives a generalization of their formula at a prime p where the level structure is given by T'o(p).

Let p be an odd prime. Let U = I'g(p) x UP be an open compact subgroup of GLa(Ay). Let
K = U xg,, U. We define a regular integral model M () over Z, for the product of modular
curves Yy x Yy. Using Weil representation, we can vary the Hecke correspondence and define a
divisor T(g, ¢) on M &,(p) Where g € GLa(A) and ¢ € (V) following the works of Kudla [Kud04]
and Yuan—Zhang-Zhang.

Theorem 1.4.6 (Theorem 9.11.2). Let ¢; € #(V) be three Schwartz functions satisfying

(1) ¢i 0 is the standard Gaussian function on V.

(2) dip = LHyp) o Layp) and @ is invariant under the group KP.

(3) There exists a finite place v prime to p such that the Schwartz function ¢, = $1,®P2 ;P34 €
S (V3) is regularly supported in the sense of [YZZ23, Definition 4.4.1].
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Let ® = 01 Qpa®¢3 € . (V3). Then for all elements g = (g1, 92, g3) € (GLa xg,, GLa xg,, GL2) (A)
such that g, = 1, and g, = 1,. We have

(8) <:[\_(gl7 (Zﬁl) . ?(92, ¢2) . :[\_(937 (;53)) = Z —QE%(g, 0, (I)), if q)p = 1Ho(p)3 or 1H0(p)v3.
T:Diff(T)={p}

The set Diff(T') consists of all finite places | where T is not represented by V.

Remark 1.4.7. During the proof of the above theorem, we find that the case ®, = 1p,(,)3 corre-
sponds to the global intersections of Z-cycles on M (,), while the case ®, = 1y (,)vs corresponds
to the global intersections of Y-cycles.

1.5. The structure of the paper. In Part 1, we introduce notations on quadratic lattices and
local density (§2). Then we establish a difference formula of local density and apply it to cases that
we are interested (§3).

In Part 2, we define the Rapoport—Zink space and special cycles on it in §4. Then we study the
intersection of special divisors and the exceptional divisor in §5. The main results in this section
allows us to give a complete decomposition of the special divisors. We also prove the linear invariance
of the derived special cycles. In §6, we establish the difference formula on the geometric side. In
§7, we combine the geometric and analytic difference formulas and also calculate the base cases to
prove the main theorem (Theorem 1.2.2).

Finally in Part 3, we give two applications of our results: A conjecture of Kudla and Rapoport
(§8) and the arithmetic intersections of Hecke correspondences (§9).

1.6. Acknowledgments. We would like to thank Chao Li, Yifeng Liu, Michael Rapoport, Wei
Zhang and Zhiyu Zhang for helpful conversations and comments. We also would like to thank the
anonymous referees for the valuable comments that greatly improve the paper.

1.7. Notations. Throughout this article, we fix an odd prime p (see Remarks 3.4.3 and 5.4.5 for
why we require p > 2). Let F'/Q, be a finite extension, with ring of integers O, and uniformizer
7. Let vy : F — Z U {0} be the valuation map on F' which maps 7 to 1. Let F be the algebraic
closure of FF),. Let F Dbe the completion of the maximal unramified extension of F. Let O i+ be the
integer ring of the field F.

1.7.1. On crystalline sites. For a scheme or formal scheme S over O, denote by NCRISo,. (S/Spec O};)
the big fppf nilpotent crystalline site of S over Op (cf. [FGLOS8, Definition B.5.7.]), the definition
is the same as the crystalline site defined in the works of Berthelot, Breen and Messing [BBM82,
§1.1.1.] except that we replace the pd-structure by Op-pd-structure [FGLO8, Definition B.5.1.] (No-
tice that they are equivalent when F' = Q,). Denote by Ogrys the structure sheaf in this site. For a
point z € S(IF), let (/9\57z be the complete local ring of S at the point z. Let NilpOF be the category
of Oj-schemes on which 7 is locally nilpotent. For an object S in Nilpoﬁ, we use S to denote the
scheme S X0, F.

1.7.2. On Grothendieck K-groups. For a noetherian formal scheme X together with a closed formal
subscheme Y, denote by K} (X) the Grothendieck group of finite complexes of coherent locally free
Ox-modules acyclic outside Y . We use Ko(X) to denote K (X). Let Kj(Y) be the Grothendieck

group of coherent sheaves of Oy-modules on Y.
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Throughout this article, we adopt the notational convention of writing £, for a line bundle on a
(formal) scheme X, to also represent the class [Ox] — [£] in the Grothendieck group Koy(X).

Let (X, Ox) be a noetherian formal scheme over Spf O 4, define its dimension to be sup dim Ox .
zeX (F)
For a closed formal subscheme Y < X, define the codimension of Y in X to be codimxY =

in{F){dim Oxy — dimOy,}. Notice that both the notions of dimension and codimension agree
zeY

with that for schemes. Denote by FIK] (X) the codimension i descending filtration on K} (X)

(9) FEYX) = (] Im(K{(X) - K (X))

zZcY
codimx Z>1

Denote by Gr'K} (X) its i-th graded piece. For an object A € F'K} (X), denote by [A] its image
in Gr' K} (X). There is also an ascending filtration F; K}(X) on K}(X)

(10) FENX) = | Im (K)(2) > K(X)).

ZcX
dimZ<i

We also have a cup product - on Kg/ (X)g = Kg/ (X)®zQ defined by tensor product of complexes.
Under the identification K} (X) = K{(Y), the cup product is derived tensor product.

Part 1. Analytic side
2. QUADRATIC LATTICES AND LOCAL DENSITIES

2.1. Notations on quadratic spaces and lattices. A quadratic space (U, qy) over F is a finite
dimensional vector space U over F' equipped with a quadratic form ¢y : U — F, the quadratic form
qu induces a symmetric bilinear form given by

('7'):UXU_)F7
(11) (z,9) = qu(z +y) — qu(z) — qu(Y).

We say a quadratic space U is non-degenerate if the bilinear form (-,-) is non-degenerate.

An isometry between two quadratic spaces (U, q7) and (U’, gy ) is a linear isomorphism ¢ : U — U’
preserving quadratic forms, i.e., g (¢(z)) = qu(z) for any x € U. In that case, we say U and U’ are
called isometric.

Given by a quadratic space (U, qy) over F' and a nonzero number s € F', denote by (U[s], qu[s])
the quadratic space whose underlying linear space U[s]| = U, and the quadratic form gy[s] defined
as quls](z) = s-qu(x), for all x € U.

A quadratic lattice (L, q1) is a finite free Op-module equipped with a quadratic form g, : L — F.
The quadratic form g7, also induces a symmetric bilinear form L x L L) F by similar formula (11).
The quadratic form ¢z, can be extended to the linear space Ly = L ®p, F. We say a quadratic
lattice L is non-degenerate if the quadratic space Lg is non-degenerate. In the following paragraphs,
we will always assume the lattice is non-degenerate.

For a nonzero number s € F, denote by (L[s], q1[s]) the quadratic lattice whose underlying lattice
L[s] = L, and the quadratic form q[s] defined as qz[s](z) = s - qr(x), for all z € L.
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For a quadratic lattice L and a sublattice M < L, define M+ := {x € L : (x, M) = 0}. For two
quadratic lattices (L1,q1) and (L, ¢2), define L1 & Ls to be the quadratic lattice whose underlying
Op-lattice is L1 @ Lo, and the quadratic form ¢ = ¢1 @ go.

We say a quadratic lattice is integral if ¢z (x) € Op for all x € L. For an integral lattice L, define
LY ={x e L®p, F : (z,L) € Op}. Define its fundamental invariants to be the unique sequence of
integers (a1,--- ,a,) such that 0 < a; <--- < ap, and LY /L ~ @} ,Op/n% as Op-modules. Define

min(L) = a1, max(L) = ay.
Definition 2.1.1. We say a quadratic lattice L is a vertex lattice if it is integral and all the
fundamental invariants a; satisfy that 0 < a; < 1, i.e.,
nLLY c Lc L.
When all the fundamental invariants are 0, i.e., L = LY, we say the quadratic lattice L is self-dual.

Let a] < --- < a. be all the different numbers appearing in aq,--- ,a,. There exists a Jordan

decomposition of the quadratic lattice L as follows,
L~ @;‘:ILZ"
where L;[7~%] is a self-dual lattice.

Lemma 2.1.2. The Jordan decomposition is unique in the sense that if we have two decompositions
L ~&] L and L ~ @;lzlL;, where Li[ﬂ'_a;],L;[ﬂ'_in] are self-dual quadratic lattices for some
integers al,b; = 0 and o) < --- < al, by <--- <bl.. Then we must have ' = r and L; ~ L; (hence

a, = b.) for all i.
Proof. This is proved in the works of R. Schulze-Pillot [SP21, Corollary 5.21]. O

Example 2.1.3. Let (U, qy) be a quadratic space. For an element x € U, we use () to denote the
rank 1 quadratic lattice generated by x. It is non-degenerate if ¢(z) # 0. It is integral if ¢(x) € Op.
Its fundamental invariant is v;(q(x)). When p is odd, the lattice {(z) is self-dual if and only if

vr(q(z)) = 0.
2.2. Some invariants. Let (U, qy) be a quadratic space. Let’s assume that dimpU = n and the
symmetric bilinear form (-, ) is nondegenerate. Let {z;}?_; be a basis of U, and t;; = 3(2;,z;), we

define the discriminant of the quadratic space U to be:
disc(U) = (=1)""=D2det ((t;5)) € F*/(F*)2.

If {x;}?_, is an orthogonal basis of U then t;; = 0 if i # j and t;; # 0 by the nondegeneracy of (,-).
The Hasse invariant of the quadratic space U is
e(U) = | [(tiir ts) s
1<j
For a quadratic lattice L, we use disc(L) and €(L) to denote the corresponding invariants on the
quadratic space Ly = L ®o, F'. Recall that when p is odd, quadratic spaces U over F' are classified

by the following three invariants:

dimp U, disc(U), €(U).
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i.e., two quadratic spaces U and U’ are isometric if and only if the above three invariants for U and
U’ are the same.
Let x = ( ) : FX/(F*)? — {£1,0} be the quadratic residue symbol. For a quadratic space U,

define x(U) = x(discU). For a quadratic lattice L, define x(L) = x(disc Lr).
When p is odd, the quadratic space U admits a self-dual sub-lattice if and only if ¢(U) = +1 and

x(U) # 0, we will use Hj to denote the unique self-dual lattice of rank k and

X(HY) = x(dise(Hf)) = <.

2.3. Local densities of quadratic lattices.

Definition 2.3.1. Let L, M be two integral quadratic Op-lattices. Let Repy, ; be the scheme of

integral representations, an Op-scheme such that for any Op-algebra R,
Rep(M, L)(R) = QHom(L ®o, R, M ®o, R),
where QHom denotes the set of quadratic module homomorphism.
Definition 2.3.2. Let L, M be two quadratic Op-lattices (not necessarily integral) with rank n,m

respectively. Let a = 0 be an integer such that L[7?] and M[r®] are both integral. The local density

of integral representations is defined to be

Canms)y2 i #Rep(M[n%], L[7])(OF/7?)
Den(M, L) =q (nt1)/ (}LHOIO qd~dim(Rep(M,L))F

This number is independent of the choice of a by [Kit99, Proposition 5.6.1].

Remark 2.3.3. If L, M have rank n, m respectively and the generic fiber (RepMJJ)F # &, then
n < m and

n(n+1)

—

It is well-known that there exists a local density polynomial Den(X, M, L) € Q[X] such that

dim(Rep(M, L)) = dim Op, — dim Oy = (75) — ("5") = mn —

Den(q %, M, L) = Den(M & H;,, L)

for all non-negative integers k. For our case, one can see this via Lemma 3.3.1 and an induction

argument.

Definition 2.3.4. Let L, M be two quadratic Op-lattices. Let PRep,;; be the Op-scheme of
primitive integral representations such that for any Op-algebra R,

PRep(M, L)(R) = {¢ € Rep(M, L)(R) : ¢ is an isomorphism between Lp and a direct summand of Mp}.
where Lg (resp. M) is L ®o, R (resp. M ®o, R). The primitive local density is defined to be

Pden(M, L) = lim ToReP L) (OF/ ).

d—o0 qd~dim(RepM’L)F

Remark 2.3.5. For a positive integer d, a homomorphism ¢ € Rep(M, L)(Or/7%) or Rep(M, L)(OF)
is primitive if and only if ¢ := ¢ mod 7 € PRep(M, L)(Op /), which is equivalent to dimg, (¢(L) +
m-M)/m- M = rankp, (L). This agrees with the definition of primitive local density in [CY20, §3.1]
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Example 2.3.6. Let k be a positive integer. Let € € {£}. Let s € Op be a nonzero number. Let
{x) be a rank 1 quadratic lattice such that ¢(z) = s. It has been calculated explicitly that (|[LZ22b,
(3.3.2.1)])

1— g7k, when k is odd and 7| s;
l1+e¢ (-k)/2 hen k is odd and :
(12) Pden(HE, () = x(8)q when k is odd and 7 1 s
(1 —eq*?)(1 + e¢'~*?), when k is even and 7| s;
1—eq k2, when k is even and 7 1 s.

3. DIFFERENCE FORMULA ON THE ANALYTIC SIDE

3.1. Primitive elements in vertex lattices. Let (L, ¢q) be a vertex quadratic lattice such that
LY # L or 7 'L. Let (-,-) be the bilinear form on L. There exists two self-dual lattices (H1,q;)
and (Haz, ¢2) such that ranke, Hy, rankep, Hy > 1.

(13) L ~ Hy[7] ® Hs.

By the uniqueness of the Jordan decomposition, the lattices H; and Hy are unique under isometric
equivalence. We will fix an isomorphism (13) in the following paragraphs.

We say an element x € L is primitive in L if = ¢ wL. Let O(L) be the orthogonal group of the
lattice L, i.e., O(L) = {g € Autop, (L) : (9(x1),9(z2)) = (21, 22) for all 1,29 € L}.

Lemma 3.1.1. Let © = x1 + 22 € L be a primitive element where x1 € Hi[w]| and x2 € Ho.

(a) If xo is a primitive element in Hy, there exists an element g € O(L) such that g(x) € Hs.
(b) If xo is not a primitive element in Ha, there exists an element g € O(L) such that g(x) €
H1 [7T]

Proof. We first prove (a). If rankp,H2 = 1, the primitivity of x5 implies that v;(¢(z)) = 0. We
have the following decomposition

L = {z)®{z)".
By the uniqueness of the Jordan decomposition (Lemma 2.1.2), there exist two isometric maps
#1 : {x) => Hyand ¢s : {x)* => Hy[r]. Define g € O(L) to be the composition L = {(x)*&(x) $1602,

Hi[r]@ Hy 22 L, then g(z) € Hy.

If rankp, Hy > 2. The primitivity of x2 implies that there exists an element y € Hy such that
F, - z+F,-y < L/mL is a non-degenerate quadratic subspace since T3 # 0 and H> is self-dual. Then
the lattice M := Op - x + Op - y is self-dual. We have the following decomposition

L=MaoM™.

Then M7 is a vertex lattice, therefore there exists two self-dual lattices M; and Ms such that
Mt ~ Mi[r] & Ma. We get L ~ Mi[nr] & M & My. Lemma 2.1.2 implies that there exist two
isometric maps ¢ : M1 — Hp and ¢ : M & My — H,. Define g € O(L) to be the composition
L~ Mr]oMaM 222 0o H, 2 L then g(z) € H,.

Now we prove (b). We know that x; is primitive in Hj since xg is not primitive in Ho. If

rankp, Hy = 1, the primitivity of x; implies that v;(qi[r](xz)) = 1. Notice that for all elements
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l € L, we have v, ((z,1)) = ve((x1,]) + (22,1)) = min{v.((z1,!)),vx((z2,1))} = 1. We have the
following decomposition
L={()a )"

By the uniqueness of the Jordan decomposition (Lemma 2.1.2), there exist two isometric maps
¢1 : {x) = Hi[r] and ¢g : {x)+ => Hy. Define g € O(L) to be the composition L = {x)@{x)* $15,
Hi[r]® Hy Y25 L, then g(x) € Hi[x].

If rankp, Ho > 2. The primitivity of 1 in H; implies that there exists an element y € H; such
that F, - 71 + F, -y < H;/mH; is a non-degenerate quadratic subspace since 77 # 0 and H; is
self-dual. Let M := Op -2 4+ Op -y < L. The inner product matrix of M under the basis {z,y} is

mqi(@) + @2(w2) F(rny)) _ @) $(z1,y) L2 (@(@2/m) 0
Z(z1,9) Tq1(y) sy aly) 0 0)"

Therefore MV /M ~ Op/m @ Op/m. Notice that for all elements | € L and m = azx + by € M, we
have vy ((m,1)) = ve(a(z, 1) + by, 1)) = min{v;((x1,1)),vz((z2,1)),v=((y,1))} = 1. Then we have a
decomposition

L=MoM"
Then M*’ is a vertex lattice, therefore there exists two self-dual lattices M; and M, such that
M+t ~ Mi[n] © M. We get L ~ M & M;[r] © My. Lemma 2.1.2 implies that there exist two

isometric maps ¢1 : M & Mj[r] — Hi[r] and ¢o : My — H,. Define g € O(L) to be the

composition L ~ M & M[r] & My 9802, ) [7] © Hy 49, L, then g(x) € Ho. O

Lemma 3.1.2. Let n = 2 be a positive integer and € € {+}.
(a) For a primitive element x € Hf, we have

()[-1] & H;_,, ifn=>3,;

()t ~
(x)[—¢], ifn=2.

(b) For a primitive element x € HE[r|, we have

I LT TN
(x)[—¢], if n=2.

Proof. The case n = 2 can be verified by hand. For n > 3, the quadratic lattice H;, is isometric to

the quadratic lattice H,” @ HE_,. For (a), we can assume x € H, , then it’s easy to see that the

orthogonal complement of x in Hy is isometric to (x)[—1]. The statement (b) follows from (a). O
3.2. Difference formula for vertex lattices. The main goal of this section is to prove the fol-
lowing formula.

Theorem 3.2.1. Let ni,ng > 2 be two integers. Let 1,60 € {+}. Let L = H;}[m|®© H2. Let
M be a quadratic lattice of rank m. Let {x) be a rank 1 quadratic lattice generated by x such that
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n = vg(q(z)) = 0. Let

H [r@ Hz © ol-1], ifnm >3

Ly =
H2 & ()| —e1], if ng = 2.
Ly = Hpl[n]© H2 , & x)[-1], if ng = 3;
Ht m] ©(z)[—e2], if ng = 2.
Then we have
(14)  Den(L,M&(x)) —¢™** ™" Den (L, M & (n~'z))
= ¢™ 172 . Den (Ly, M) - Pden (Hﬁi,@}[yfl]) + Den (Ly, M) - Pden (H%’ <x>) .

Remark 3.2.2. In the formula (14), some non-integral quadratic lattices might appear, such as
(r71x) and (x)[r~!]. We take the corresponding local density term to be 0 when such non-integral
quadratic lattice appear by Definition 2.3.2.

3.2.1. Decomposition of some sets.

Lemma 3.2.3. Letd = n+1 be an integer. Then we have a decomposition of the set Rep(L, {x))(Or/7%)
as follows,
[n/2]

Rep(L, @)(©@p/x) = | | || PRep (L. ') + wa(w)~4]) (O/n")
i=0 teOp/(n?)

[n/2]
~ |_| |_| PRep (L, {r"'z)) (Op/x%7").

i=0 teOp /()

Proof. Let ¢ € Rep(L,{x))(Or/m?). Let i be the largest integer such that ¢(%) € 7°L/r?L. Then
we must have 0 < ¢ < [§] because vr(q(x)) = n. Define ¢ ¢ (nin)/m U nigy — L/mL to
be ¢p(m—iz) = 7 ip(T). Since we only know that ¢ (¢(Z)) = ¢(z) mod 7%, there exists an element
t € Op/n* such that

q (m7'p(T)) = 7 ¥q(x) + 7%t = 7 %q(2) (1 + ﬂdq(a:)_lt> mod 797¢,

Hence § € PRep (L, (ria) {1+ wlg(a)4]) (Or/m~).
Since d = n + 1, we know that the lattice (m~*2)[1 + 7%q(2)~'#] is isometric to (7 ~'x), therefore
L] PRep (L (ra)[1 + 7%(2)'4]) (Or /7)) = || PRep (L, (n ') (Or/n%7).
teOp /() teOp /()
U

Let 0 < i < [§] be an integer. Let d > n + 1 be an integer. For an element ¢ € PRep (L, <7r*"ac>),

we have

p(r~ix) = 71 + T,
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where Z7 € Hy[r]/m? " H\[r] and T3 € Ho /7% *Hy. Define
PRep; (L, (v "2))(Op /7% := {¢ € PRep (L,{(n'x)) (Op/x""") : T3 € wHa /7" Hy},
PRepy (L, (77 '2))(Op/7"") := {¢ € PRep (L, (7 'x)) (Op/n""") : T3 ¢ mHo /7" " Hs}.
Then we have a decomposition

PRep (L, (7)) (Op/7*") = PRep, (L, (7 "2))(Op /7" |_|PRep2(L, (7)) (Op/n?7Y).

Lemma 3.2.4. Let 0 <i < [§] be an integer. Let d = n + 1 be an integer. We have
#PRepy(L, (m2))(Op/m) = "= . 4PRep(HZ2, (r2))(Op /7).
#PRep, (L, (n"2))(Op/7" ™)

qng(d—z’—l)-H - #PRep (H51

ni?

<7T_ia:>[7r_1]) (OF/ﬂ'd_i), if 772" 1q(x) € Op;

0, otherwise.

Proof. For simplicity, in the proof we denote Hy! by Hi, denote H2 by Ho.
Let ¢ € PRep, (L,{m "z)) (Op/7?~"). Then we have

¢(r—'x) = T + wrh e L/n" 'L,

where 77 € Hy[r]/n% "Hy[r] and 77 ¢ 7H;[n]/n% " Hy[x], and 2}, € Hy/m**~1Hy. Therefore we get
a map

pry : PRepy (L, {(m~"2))(Op/m™") — Ha /™" "'Hy, ¢ > b,
Conversely, given an element 172 € Hy/m?""1Hy, the inverse image of :72 under the map pry is

pry ' (#5) = {71 € Hu[n]/n"" Hu[x] :qpr, [ (T7) + qu, (wah) = q(n~"2) mod 747"

and 77 ¢ 7H, ] /7% H [x]}.

For an element 77 € pry ' (x5), we have mqg, (T7) + 72qm, (xh) = 7 %'q(x) mod 79", Hence

g (F1) = 72 g(2) - 7qu, () mod 741,

Therefore there exists an element u € Op/m such that

g, (T1) = 7 q(x) — 7qm, () + 7" umod 797,
then we get the following decomposition
prgl(g) = |_| (Z1 € H/n" Hy : q, (77) = 7 2 Yq(2) — mqu, (972) + 7%=y mod 7471,

UEOF/ﬂ'

and 77 ¢ wHy /m¢ " H, ).

Denote by L, the u-th term on the right hand side. Notice that 72" 1¢(z) — 7qpu, (:172) +d=imly =
77%~1g(z) mod 7. By the formula (12) and the definition of primitive local density, the primitive
local density of a rank 1 quadratic lattice into a self-dual lattice only depends on the mod 7 reduction
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of the rank 1 lattice, we get

4z, = #PRep(H1, (n~a)[n~'])(Op/n?"), it 7% 'q(z) € OF;

0, otherwise.
Therefore we have
#prfl(ari’) _ q - #PRep (Hla <7T_ix>[7r_l]) (OF/T(d_i)v if 77‘_21'_1(](1;) € OF;
2 0, otherwise.

Therefore
#PRep; (L, (m~"x))(Op/m"") = #Hy/n"" " Hy - #tpry ' (a})

<7r’izc>[7rfl]) (Op/m®H), if =% 1¢(z) € OF;

0, otherwise.

qng(dfifl)Jrl - #PRep (Hﬁ&?

Now we compute #PRepy (L, (7~ 'x))(Op/m?~%). The idea is similar to the previous computations.
Let ¢ € PRep, (L, (m~'z)) (Op/7*%). Then we have
¢p(riz) =77 + T3 € L/7"L,
where Z7 € Hy[7]/m? " H\[r], T3 € Ho/m? " Hy and T3 ¢ wHy/m? " Hy. Therefore we get a map
pry : PRepy(L, (n™'2))(Op /n*™") — Hy[n]/n’'Hi[x], ¢ — T1.

Conversely, given an element Z7 € Hy[r]/7% " H,[x], the inverse image of Z1 under the map pry is

prfl(fl) ={T3 € Hg/ﬂding cq(T2) = q(wfix) — H,[] (Z1) mod i

and T3 ¢ wHo/m " Hy}.
Notice that ¢(7~"z) — qp, [](T1) = q(7~"2) — 7qm, (T1) = q(7~"2) mod 7. By the formula (12), we
get
#prfl(aﬁ) = #PRep (H2,<7T_Zl'>) (OF/T('d_Z).
Therefore
P Repy(L. (ra)) (Op /) = £ [) /= Hiy ] - #PRep (H, (x~'a)) (Op /)
= ¢ #PRep (H32, (™ '2)) (Op/n'™).

O

3.2.2. A restriction map. Let d be a positive integer. We define a map Rep(L, M & {(z))(Or/r?) —

Rep(L,{z))(Or/m?) as follows: for an element ¢ € Rep(L, M & (x))(Op/7?), define

res(¢)(T) = o(T).
Lemma 3.2.5. Let 0 <i < [5] be an integer. When d = n + 1 is a large enough integer,
(a) For an element ¢ € PRepy (L, {(m~"2))(Op /7%, we have

#Rep(H;;! _y[r] @ H2 & (r'z)[—1], M)(Op/x%) - 0 TI™, if g > 3;

#Rep(HE? @<7T_i$>[*61], M)(OF/ﬂ'd) . q(”l)m, ifng = 2.

2

sres™(9) =
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(b) For an element ¢ € PRepy(L, (™ 'x))(Op /797%), we have

#Rep(HS! [7] © H2_, &{m 'z)[~1], M)(Op/a) - ¢"™, if ng = 3;
#Rep(H: @ (n~iz)[—es], M)(OF/Trd) g™, if ng = 2.

1

#res ! (¢) =

Proof. We only give the proof when ni,ne > 3, the other cases where n; = 2 or ng = 2 can be
proved by exactly the same strategy. Let {e;}!"; be a basis of the lattice M. Let j € {1,2} be an
element.

Let ¢ € PRepj(L,<7r*i:U>)(Op/7rd*i) be an element. Let 6 = ¢(n—z) € L/7? L. Let 6 € L be a
lift of § such that ¢() = 7=%'¢(z). Then

res H(¢) = {(T1, - ,Tm) € (L/7L)™ : (7%, %) = (e, ) mod 7%, (Tf, 70) = 0 mod 7.},
By Lemma 3.1.1 and Lemma 3.1.2, we know that
(15) Ligi= 0" = HY [r] & B & (ria)[-1],
(16) Lo = (0" ~ HE [r] @ By @ (ria)(—1].
For simplicity, we still use L; to denote the lattice L;;. We have an exact sequence
(17) 0— L; &) 2 L — Q; —> 0.

The quotient @) is a finite group since L; &(#) and L have the same rank. Tensoring the sequence
(17) by Op/7? for a sufficiently large integer d, we get

0 — K; —> L;/7L; &0)/x%(0) > L/n'L — Q; — 0,

where #K; = #Q; = ¢" 2772 Let i;  =1j x -+ X ij.

Claim: When d is large enough, the map (i;"") ™! (res™(¢)) — res™!(¢) is surjective.

Proof of the claim: Let (T7, -+ ,ZTm) € res ' (4). Let x1,---, 2, € L be lifts of the elements
T, ,Tm € L/mL. Then for all integers 1 < i < m,
(xia 0) /
- 0+
x; 2q(0) + x;,

(mi 79)
2q(0)

where (z},6) = 0. When d is large enough, the element € Op. Hence 2 € L. Therefore

zl € ()t = L;. Hence

[
Now we fix an isomorphism of Op-modules () ~ Op such that 6 is mapped to 1. Then when d
is large enough,

(@) res () = {(af, -+ ,ah,) € (Ly/n?Ly)™, (@1, -+ @) € (Op/z)™ - ag e 7" n,

(a},7}) = (e, &) mod 7.}
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Therefore (i;") "' (res™(¢)) ~ Rep(L;, M)(Op/7?) x (Op/7"~")™. Hence

#(1;") " (res ™ (9))
#KT

H#res (o) = — #Rep(L;, M)(Op/x%) - g(+2=m

Proof of Theorem 3.2.1. Let d = n + 1 be a large enough integer, we have

[n/2]
(18) #Rep(L, M & (x))(Op/n%) = 2 q' - #PRep, (L, {r "2)) (O /7%7") - #res™ (1)
i=0
+q" - #PRepy(L, (n™'2))(Op/m7") - ftres™ (¢2,)

where ¢1; € PRep (L, (r~'x)) and ¢a; € PRepy(L,(r~'x)). By the definitions of L1 ; (15), La; (16)
and (18), we have
[n/2]

Den(L, M & {z)) = Z gtz gimAZemene)  Den(Ly;, M) - Pden(HS!, (x'z)[x'])
i=0

+ ¢/ +2=m=n2)  Den(Ly s, M) - Pden(HE2, (n'z)).

2

Notice that L1 = L1 and Lo = La. Therefore
Den (L, M & {(z)) — ¢™27™~"2 . Den (LM <7T_1:c>)
—¢™ 172 . Den (Ly, M) - Pden (H;! <x>[7r_1]) + Den (Lg, M) - Pden (H;2,{(z)).

mny?

3.3. Analytic difference formula. Let s € F' be a nonzero number. Hy(s) be the following lattice

Hy(s) = {(jc Z) :a,b,c,de(’)p}.

We equip the lattice Hp(s) with the quadratic form given by the determinant morphism det :
Hy(s) = F. Then

over Or of rank 4,

Hy(s) ~ Hy [s]© H .
Let H:! = H and H? = HQJ?HQ. Applying Theorem 3.2.1 and the formula (12), we get the
following formula about Den(X, Hy(w), L) which we defined in (5).
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Lemma 3.3.1. Let {(x) be a rank 1 quadratic lattice generated by x such that n = v (q(x)) = 0.
Let LY be a rank 2 quadratic lattice over Op. Then

Den <X, Ho(n), L’ & <:L’>) —X? . Den (X, Ho(r), L’ & <7r_11‘>)

-

(1 —¢1X) - Den (X, (x)[-1] & HS [r], L*), if n = 0;

(1-¢*X) (1 + X) - Den (X,(z)[-1]® HJ [r], L*)
= +(g—1)X? - Den (X, (a)[-1]@ HS, L"), ifn=1

(1-¢*X) (1 + X) - Den (X,(z)[-1]® HS [r], L*)
+2(¢ — 1)X2 - Den (X, (x)[-1]® HS, L"), ifn>2

Definition 3.3.2. Let L and L” be quadratic lattices of rank 3 and 2 over Op respectively. Let (x)
be a rank 1 quadratic lattice generated by z. Define the (normalized) derived local densities
d Den(X, Hy(m), L)
CU(‘X—1DGH(H0(7T)7H2+@Hf[ﬂ])’
d Den(X, Hy(m)", L)
d‘X‘X—l Den(Ho(m)¥, Hy & Hy [7~1])’
d Den(X,{(z)[-1]® H,, L%
_dX’X=1 Den(Hy', Hy") 7
d Den(X, (z)[-1] @ H [x], L")
X[y Den(Hj[nlH{lx])

0Den (Hy(m), L) := —2-

0Den (Hy(m)",L) == —2-

dDen (<33>[—1] o H, Lb) -

dDen <<a:>[—1] @ Hy [x], Lb) -

Lemma 3.3.3. Let B be the unique division quaternion algebra over F'. Let L’ © B be an Op-lattice
of rank 2. Let x € B be an element such that n = vy(q(x)) = 0 and x L L. Then

0Den (Ho(ﬂ'), e <:L’>> —0dDen (Ho (m), L) & <7r_133>)

[(0Den (()[-1] @ Hf [x].L°),  ifn =0;

2 - 0Den ((z)[-1] @ Hy [x], Lb)
=14 +0Den ((z)[—1] @H;,Lb) , ifn=1;

2 - 0Den ((z)[—-1] @ H; [x], Lb)
| +2 - dDen ((@)[-1]®©Hy, L%, ifn=>2.
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Proof. Notice that Den(H; , H;") = 1 — ¢~!, therefore we have
DGH(HQ(W), I_IQJr @Hfr[ﬂ-]) = Pden(H;)HlJr) ’ Den(Hf S H;[W]v I_IlJr @Hfr[ﬂ-])
=(1—q ") Pden(H;", H{") - Den(H, [x], H{ [x])
=2(1-¢")-q-(1-¢")=2¢""(¢g—1)>*
Hence Den(Hy(m)", HY @ H{ [77Y]) = ¢ % Den(Hy(r), Hf @ H{ [r]) = 2¢7 (¢ —1)?. We also have
Den(Hy [x], H{ [7]]) = ¢ - Den(H, , H{") = ¢ — 1.
The lattice L @ {x) is contained in the space B, therefore it can’t be isometrically embedded into

the space H, by [Kud97, (I.14)]. Notice that the lattice Ho(m) is contained in the space H, , hence

we have
Den (1,H0(7r), L @<x>) — Den (1, Ho(r), I’ & <7f1x>) —0.
Taking derivatives and evaluate at X = 1 of both sides of the equation in Lemma 3.3.1, we get the

desired formula. O

3.4. Two identities. In §3.4 and §3.5, we assume F' = @, since we need to use a formula of Yang
[Yan98| which is over Q. Although the argument should work for a general p-adic field F', we keep
this assumption for safety.

Lemma 3.4.1. Let B be the unique division quaternion algebra over Q,. Let L’ < B be an ZLy-lattice
of rank 2. Let x € B be an element such that x 1 L’ and v,(q(x)) = max{max(L"),2}. Then

dDen (<x>€9 HY [p],Lb> = p? - 0Den (<x>[p*1] @H;,Lb[pfl]) — 1.

Proof. Since L’ has rank 2, we can apply the results of Yang [Yan98|, which gives a precise formula
for Den(X, M, L) where L is a lattice of rank 2 and M is a lattice of rank m > 2. Let 0 < a < b be
the fundamental invariants of the quadratic lattice L”. By direct computations using [Yan98|, we

get

1 aplatbt6)/2 _ gpy(atb+2)/2 _ 9pat2 4 n2 4 9p 1 if g = b mod 2;
(p—1)% | gplatb+5)/2 _ gp(a+b+3)/2 _9pa+2 L 2 4 9, 1 if ¢ % b mod 2.

0Den (<:L‘> © Hy [p], Lb) =

And
1 aplath+2)/2 _ gp(atb=2)/2 _9pa 4 9 if ¢ = b mod 2;

oDen ((xd[p @ HY, L’[p1]) = ——— -
(< e H; Ly ]) (p—=1)2 | gpla+d+1)/2 _ gpla+b=1)/2 _opa 4 9 if ¢ 2 b mod 2.

The identity in the lemma can be verified by comparing the above two formulas. O

Lemma 3.4.2. Let B be the unique division quaternion algebra over Q. Let L’ B be an ZLy-lattice
of rank 2. Let x € B be an element such that x 1 L’ and v,(q(x)) = max{max(L"),1}. Then

0Den (HO(]D)V,Lb fan) <l’>> — 0Den (Ho(p)V , L’ o} <p_1z>)

= 0Den (Ho(p), Lple <x>[p]> — ¢Den (Ho(p)a Lple <P_15U>[P]) .
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Proof. Let —1 < a < b be the fundamental invariants of the quadratic lattice L°. In this case, we
have

Den(Hy(p)" & Hy,, Lo (x)) —p~2k . Den(Hy(p)" & H;;C, e (p~ i)
—p™® (Den (Ho(p) @ H3,[p], L' [p] © (@)[p] ) = p~2 - Den (Ho(p) © H [p], L’[p] © 0~ '0)1p] ) )

=p"° (P - Pden (Hf ,,(2)) - Den ( H3,[p] & Hy & @)[p], L'[p])

# Pden (11§ o) 1p]) - Den (5 lp] © <o)L, L5 )
Let f(X), f1(X), f2(X) be polynomials such that for all k > 0,
F*) = Den (H [p] & (@)[~p] @ H, L'[p])
f1(p™) = Den (H[pl © H © @)[-p], L'[p]) .
f207*) = Den (H.lp] © @[-p], L'[p])
By the main theorem of [Yan98|, there exists two polynomials R;(X), R2(X) such that
F(X) =1+ Ri(X) + Ry(X),
AX) =1+ p ' X IR(X) + p 2 X 2?Ry(X), fo(X) =1+ X 'R (X) + X 2Ry(X).
Then we conclude that
oDen (Ho(p)”, L’ & (2)) — den (Ho(p)” . L’ & (')
—2p~" (p+ 1) - aDen ((o)[—pl @ H [p], L’[p]) — Ri(1)).
The number R} (1) is given by the following explicit formula

Ri(1) = L (1+p)(1 = pletD/2+2) - if a = bmod 2;
=1 | 14p—2prtrie, if a # bmod 2.

Then the identity in the lemma can be verified by combining Lemma 3.3.3 and computations of
oDen ((x)[—p] & Hy [p], L’[p]) in the proof of Lemma 3.4.1. O

Remark 3.4.3. The assumption p > 2 is also used in this section due to the reliance on [Yan98|.
This is the only essential use of p > 2 on the analytic side.

3.5. Base cases: the analytic side.

Lemma 3.5.1. Suppose F' = Q,. Let € € Z,; be an element. Then

Den (X, Ho(p), Hy © H{ [ep]) = (1 —p ' X) (1 +eX) (1 +e(p— 1)X — X?);
Den (X, Ho(p), H{ [e]® H; [p]) = (1 —p ' X) (1 —2X* + X*);

Den (X, Ho(p)¥, H [ep™ & Hy ) =p "(p—1)- (p— (1 +p)X + X?);

Den (X, Ho(p)*, Hy [p~ '] & H{ [¢]) = 0
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Hence
dDen (Ho(p), Hy & H{ [ep]) = —1;
dDen (Ho(p), H [e] Hy [p]) = 0;
oDen (Ho(p)¥, Hy [p~'] & Hf [e] )
oDen (Ho(p), H{ [ep™' | ® Hy ) =

Proof. By Lemma 3.3.1, we have that for positive integers k,
Den (™%, Ho(p), H5 © Hf [ep]) = (1 = p~7*)(1 + p~*) - Den(Hy}, H5)

+p'72*(1 — p~1) - Den(H,

2k+2) H3)-

By the calculations of Den(Hf,, H;) in |[LZ22b, Definition 3.4.1, Definition 3.5.1], we have
Den(Hj 1y, H5) = (1 - p™1)(1 + 7).

Then we get the first formula.
For the second formula, we have the following decomposition by Lemma 3.3.1,

Den(Ho(p) © Hy,, Hy"[e] © Hy [p]) = Den(Ho(p) © Hy,, Hy'[e]) - Den(Hy [p] & Hy,*, Hy [p]).

Both local densities Den(Ho(p) & Hyy, H{ [¢]) and Den(H, [p] & H,,, Hy [p]) can be computed by
the formulas in [Yan98|.
For the third formula, notice that

Den (X, Ho(p)", H{ [ep™' ] ® Hy ) | x - = p~°Den (Ho(p) & Hy,[p], Hi [€] © H [p]) -

Again we can use Lemma 3.3.1 to reduce the local densities to the cases where formulas in [Yan9§]
can be applied.

For the last one, we notice that H, can be mapped isometrically to Hy(p), which implies that
H; [p~'] can’t be mapped isometrically to Ho(p)Y @ H., for all k& > 0, hence the local density is
identically zero. O

Part 2. Geometric side
4. RAPOPORT—ZINK SPACES AND SPECIAL CYCLES

From now on, we assume F' = Q,. For simplicity, let W = Zp. Let B be the unique division
quaternion algebra over Q,. Let X be the unique (up to isomorphism) formal group of dimension 1
and height 2 over F with a principal polarization A : X — XV.

4.1. Rapoport—Zink spaces with hyperspecial level structures. Let Ay be the following
functor on the category Nilpy,: for any S € Nilpy, the set Ny(S) is the isomorphism classes of pairs
(X, p), where X is a p-divisible group over S and p is a height 0 quasi-isogeny between p-divisible
groups p : X xg S — X xg S. It is well-known that the functor N is represented by the formal
scheme Spf W|[t]] over SpfW (see [VGW107, Theorem 3.8, §7| for example).
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Let (X"niV, puniV) be the universal p-divisible group over the formal scheme Ny. Let D(X ") be
the (covariant)-Dieudonne crystal of the p-divisible group X"V (see [Kim18, §2.3] for the construc-
tion). It is a locally free (’)jc\l}gs—module crystal of rank 2. Given a morphism S — Ay where S is an ob-
ject in Nilpy, let D(X"™V) g be the pullback of the crystal D(X ") to the site NCRISy (S/Spec W).

Let D(X) be the Dieudonne module of the p-divisible group X. There exists a basis [e1, e2] of the
rank 2 free W-module D(X) such that the Hodge filtration on D(X)p := D(X) @ F is given by

0 — Fil'D(X)r = F - &3 — D(X)p.

Adjusting the element ¢ by some invertible element in the local ring Oy, the Hodge filtration on
the rank 2 free On;-module D(X"™V)(ANp) is given by

0 — Fil'D(X ™) (Np) = Oy - (e2 + ter) — D(X™Y)(Np).

4.2. CM cycles: the hyperspecial case. Recall we use (X", pU"V) to denote the universal
p-divisible group over the formal scheme Nj. Let B° be the subgroup of B consisting of trace 0

elements.

Definition 4.2.1. For any subset H < B, define the CM cycle Zx;,(H) < Ny to be the closed

formal subscheme cut out by the condition,
puniv oxo (puniv)—l c HOm(XuniV, Xuniv).
for all z € H.

4.3. Special cycles on the product: the hyperspecial case. Let NV = Ny xw Np. It is a formal
scheme which parameterizes two pairs (X, p), (X', p')). Let ((X"0Y, puniv), (X/niv, punivy) be the
universal pairs over the formal scheme N.

Definition 4.3.1. For any subset H < B, define the special cycle Zy(H) < N to be the closed

formal subscheme cut out by the condition,
p/univ oxo (puniv)—l c HOIIl(XuniV7 X/univ).
for all z € H.

Lemma 4.3.2. Let z € B be a nonzero element such that q(x) € Z,. Then Zx(z) is a Cartier divisor
on N (i.e., defined by one nonzero equation) and flat over W (i.e., the equation is not divisible by
p). Moreover, let x,y € B be two linearly independent elements, then the two divisors Zy/(x) and
Zn(y) intersect properly, and the irreducible components of the intersection Zy/(x) N Zx(y) are of
the form Spf Wy where Wy is the ring of definition of a quasi-canonical lifting of level s.

Proof. This is proved by Gross—Keating (see [GK93, (5.10)]). O

For H = {z}, we denote by Zxr(x) the cycle Zxn-({x}). By the moduli interpretation of the special
cycle Zxr(x), there is a closed immersion Zy (p~tx) — Zn(2).

Definition 4.3.3. Let £ € B be a nonzero element. Define the difference divisor associated to z on
N to be the following effective Cartier divisor on the formal scheme N,

Dy(z) = Zn(x) — Znv(p ).
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Remark 4.3.4. Terstiege first introduced the difference divisors on the unitary Rapoport—Zink
spaces with hyperspecial level [Terl3a| and proved the regularity of them |[Ter13b]. He also give
the construction of difference divisors on the Rapoport—Zink space associated to a rank 4 self-dual
quadratic lattice over Z, other than My(Z,) and studied the intersection numbers of them in [Ter11],
where he also proved the regularity of these difference divisors.

The formal scheme N is the (connected) Rapoport-Zink space associated to the self-dual lattice
Ma(Z,) with quadratic form given by determinant. The difference divisors D (z) are regular formal
schemes (cf. |[Zhu25, Theorem 6.2.2], see also [Zhu24b]), it is formally smooth over W if and only if
vp(q(z)) = 0. It’s easy to see that Zy(1) ~ N and for an element y € B® = {z € B | tr(x) = 0}, we
have the following isomorphism:

Zn,(y) = Zn(y) 0 Z(1).
Here we regard BY as the special quasi-endomorphism space for Ny. Let Dai(y) = Zn;,(y) —
Zn, (p~1y). Tt is a regular divisor on the formal scheme Nj. It is isomorphic to the ring of definition
of a (quasi-)canonical lifting of X and formally smooth over W if and only if v,(¢(y)) = 0.

4.4. Rapoport—Zink spaces with cyclic level structures. We have an isomorphism
(19) t: B ~ End°(X) := End(X) ®z Q.

Let £ — T be the main involution of the quaternion algebra B. Let x — z¥ be the Rosati
involution on End”(X) induced by the principal polarization A\. The two involutions are identified
under any choice of the isomorphism (19).

On the algebra B, denote by ¢ the quadratic form ¢(z) = z -7 € Q). On the algebra End®(X),
denote by gy the quadratic form ¢\(z) = z o 2¥ € Q,. The isomorphism ¢ is an isometry between
the quadratic spaces (B, q) and (End®(X),gy). Moreover, the maximal order Op of B is mapped
isometrically to End(X).

For all 2 € B, we consider the following contravariant set-valued functor Ny(x) defined over Nilpy;:
for every S € Nilpy, the set Ny(z)(S) consists of the isomorphism classes of elements of the following
form (X 5 X', (p, p')), where

(a) ((X,p), (X" 0)) e N(S);
(b) m: X — X' is a cyclic isogeny (i.e., ker(x) is a cyclic group scheme over S in the sense of
[KMS85, §6.1]) lifting p' oz 0 p~ L.

There is a natural morphism st, from ANy(z) to N given as follows,
(20) sty : Mo(x) — N;
(X 5 X' (p, ) — (X, p), (X', ")) -

Recall that by definition N' = Ny x Ny. Let s, : Ny(x) — Np be the composition of the morphism
st with the projection to the first factor N' — N, and let t, : Ny(z) — Ny be the composition
of the morphism st, with the projection to the second factor N' — Nj. Let s‘c}éﬁ : On = Ong(a)
s ONy = O () and t7 OnNy = Opj(a) be the corresponding local ring homomorphisms.

Lemma 4.4.1. Let x € B be a nonzero element such that v,(q(z)) = n for some integer n = 0. The

morphism sty is a closed immersion and identifies No(z) as an effective Cartier divisor on N'. We
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have the following equality of Cartier divisors on N,
Dar(z) = No(z).
Moreover,

(a) The functor Ny(zx) is represented by a 2 dimensional reqular local ring.

(b) There exists two elements t,t' € Opy(y) such that
(bl) There exists an element tg € Ops, such that On, ~ W{[to]] and s (to) = t, t¥ (to) = ¢'.
(b2) There exists an invertible element v € Oy (o) such that

p—1
WLt/ | vp+ (=) (" =) | [T @ =" , ifn>1;
Opyr(z) = Onp(a) = atb=n
a,b>1
W[t #11/(t — t), itn=0.

Proof. The equality Dy (z) = Ny(z) is proved by Zhu [Zhu25, Theorem 6.2.3]. The statement (a) is
[KM85, Theorem 5.1.1]. For (b), when n = 0, this is the cancellation law. When n > 0, note that
[KM85, Theorem 13.4.7| states that

p—1
Onoaye ~ FIILEN/ | (=7 @ =) | T @ — ")
a+b=n
a,b=1
Since we also know O,y () is a regular local ring, it has to be the form as claimed. O

4.5. Blow up of the cyclic deformation space. For an element z € B such that v, (¢(x)) > 0.
Let 7, : No(z) — Noy(z) be the blow up morphism of the formal scheme Ny(z) along its unique
closed F-point. We will see that the exceptional divisor of this blow up is isomorphic to IP’]%. For
integers k, we use OP%(k:) to denote the line bundle on PL of degree k. A formal scheme Z over
Spf W is called horizontal if it is flat over Spf W. Recall that for a line bundle £ on a (formal)
scheme X, we use L to denote element [Ox] — [£] in the group Ky(X).

Lemma 4.5.1. For an element x € B such that n := v, (¢(x)) = 0. Then

(a) The formal scheme Ny(z) is a 2-dimensional regular formal scheme and Excgz ) = PL. We

~,

Excy
also have an equality [OEXCF/( : Rk ] = (’)P%(—l) in Gr’K, N (N (2)) ~
0 x
Gr! Ko (Excyy () = Pic(Pg).

(b) If n = 1, the multiplicity r(n) of the exceptional divisor EXCNO(QC) in the divisor div(p) =

Okxe~
Ny (=) EXCNO(I)

No(a)p is given by
" 14+p7t if nis even;
2, if n is odd.

(c) Let C = Spf R < Ny(z) be a regular horizontal divisor where R is a regular local ring, then

* = ¢ ~
mC=C+ EXCNO(HD),
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where C < /\70 (z) is the strict transform of C under the blow up morphism 7, and isomorphic

to C under the morphism .. Moreover,
L _
[Ow;"C ®Oﬁ0<z) OEXCJVO( )] OlPl( ) [O ®O/\7 (@) OEXCNO(I)] = OIP’]%(l)

as elements in Pic(Ph).
(d) Let C1 = SpfRy,Cy = Spf Ry < Ny(z) be two regular horizontal divisors such that Ry and

Ry are two regular local rings and C1 # Ca, then

X(./\/o(l'), ®Oﬁ () OTI';ECQ) = X(NO(I.)7 OCl ®]]é/\/0(x> OCQ):
Proof. We only give the proof for n > 1 (the case n = 0 is similar and easier). We first prove (a) and

(b). By Lemma 4.4.1 (b2), the formal scheme Nj(z) is covered by the following two open formal

subschemes:
(21) U = SptW[ul[[t])/ (vp+ ¢ - fitw,t)) . U = SptW[ol[[£])/ (vp+ ") - faw,t))

where uv = 1 and fi1(u,t) € Wu][[t]], fo(v,t') € W[v][[t']] are two non-unit elements such that
f1(u,0) # 0 and fa(v,0) # 0. Therefore (a) and (b) are true by the explicit description of Ny(z) in
(21).

Now we prove (c). We write Oy =~ WI[t,']]/(dz) as in Lemma 4.4.1. By the regularity of
the divisor C, the equation fe € Opp(y) =~ W[t t']]/(d:) cutting out the divisor C must take the
following form

fe=a-t+d -t mod (p,t,t')?,
where a,a’ € W and at least one of them is a unit. Then under the explicit equation (21) of No (z),
the equation fr«¢ of the pullback 7%C takes the following form:

ferclu, =t - (a+ d'u) mod 2, frecly, =t - (av + a’) mod ™.

Therefore we have 7*C = Excgy @ T C; where C; is an irreducible divisor on Njy(z). The scheme
Cin Excf% (z) 2 single point scheme-theoretically since at least one of a,a’ is a unit. Therefore

[O¢ ®oﬁ( ) OBxege ] = Opi(1).
Notice that the maximal ideal of C is already principal since C is a 1-dimensional regular local ring,
therefore the strict transform of C is isomorphic to C under the morphism 7,. Notice that we have
Cc C1, hence C=0 by the irreducibility of both divisors. Therefore

[Oﬂ*fC ®H(5 ~

No(z) OEXCNO(Z)] [Ocl ®ON

Ny () OEXCNO(I)] [OEXCN ®

Orxeg ()] = Opp(0)-

Now we prove (d). Using the intersection pairing on the divisors on a regular surface, we have
o7 L

XWNo(2), Oz, ®0p,  Oxtey) = (MaC1 i)y ) = ((61 + Excz ) W;"Cz)

( ) projection formula (
(z)

(NO( ) Oc, ®ON( ) OC2)

ORo @)

No(z)
C1-C )/\fo (z)
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4.6. Rapoport—Zink space with level I'g(p). Let 2y € B be an element such that v,(g(xo)) = 1.
The cyclic deformation space Ny(xg) is a Rapoport-Zink space with level T'g(p). Let
<(Xuniv mg_ni: X/univ) (puniv pluniv)>
be the universal deformation of the quasi-isogeny zy over the formal scheme Ny(xy).
Let m © Oy (o) be the maximal ideal of the local ring Opy (z). Let No(wo)r = No(wo) xw F
be the reduction mod p of the formal scheme Ny(zg), it is a formal scheme over F. The following

lemma is clear from the above description of the local ring O, (4)-

Lemma 4.6.1. The following facts hold:

(a) The element p € m?\m>.
(b) By Lemma 4.4.1 (b), there exists two elements t,1" € Opg(zy) such that

(22) Ono(wo) = WL ]I/ (vp + (1 — ) (t — 7)) .

The formal scheme No(zo)r has two irreducible components Ny(xo)F and No(zo)V such that:
e The two irreducible components No(zo)¥ and No(xo)V intersect properly at the unique closed
point of No(zo)r.

e The formal scheme No(z0)¥ ~ SpfF[[t]]. Over the formal scheme No(zo)¥, the universal

univ

isogeny X "MV L, xreniv g isomorphic to the Frobenius morphism.
e The formal scheme Ny(z0)Y ~ SpfF[[t']]. Owver the formal scheme Ny(z0)V, the universal

univ

isogeny X"V L, xraniv g isomorphic to the Verschiebung morphism.

Proof. The part (a) is clear by the explicit equation (22). For part (b), let Ng(zo)¥ (resp. No(z0)V)
be the closed formal subscheme cut out by the equation ¢’ — tP (resp. t — t'P), therefore we have
No(20)¥ ~ SpfF[[t]] (resp. No(zo)Y =~ SpfF[[t']]). It’s easy to see that the two irreducible compo-
nents Ny (zo)¥ and Ny(zo)Y intersect properly at the unique closed point of Nj(zo)r.
By the equation ¢’ = t?, we have
iy ( Xuniv) (p)

univ

Therefore the universal isogeny X"V W, xrumiv g isomorphic to the Frobenius morphism over
No(zo)¥. The statement for Ny(zg)Y can be proved in the same way. We refer the readers to
[KM85, §13.4] for more details. O

Proposition 4.6.2. There exists a basis e, [ for the rank 2 free Opp(zy)-module ]D)(X“niv)NO(xo) and
a basis €', f' for the rank 2 free Opp,(zy)-module ]D)(X'u“iv)/\/o(m) such that the Hodge filtrations are
given by

(23) 0 — Fil'D(X ") e o) = Ono(ag) * (F + 7€) = DX ™) At 20):
(24) 0 — Fi'D(X"™ )\ (20) = ONo (o) - (F + y€') = DX nt (20)

and the morphism D(x0)ar (zo) takes the following form

D(xO)No(xo)[ev f] = [elaf/] <(1) _Op> .
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Moreover, the local Ting Opy (ay) s isomorphic to W[z, y]]/(p + zy).

Proof. Scaling the basis [e1, e2] of the rank 2 free W-module D(X) in the end of §4.1 by invert-
ible elements in W, we can assume that the morphism D(z)w takes the form D(zo)w|e1, e2] =

0 —p
[61, 62] <1 0 ) .

As O (zy)-modules, we have D(X“niV)NO(mO) ~ D(X) @w Oy (a) and D(X’uni")/\/o(xo) ~ D(X) @w
Ony(z0)- By the closed immersion SpecF — Np(zo) and the property of crystals, the morphism
D(20) Ay (2) takes the following form after scaling the elements e; and ez by invertible elements in
the local ring Opp ()

Do) aolens 2] = [, h] (i‘ g ;mh)

3 < _ _ ! ! ! ! /
for some elements h,m e m. Let e = ey, f = ex —mey, € =€, f' = e5 + he]. We have

(25) D(mo)/\/o(:vo)[evf] = [elhfl] (? _Op> .

Recall that Opy, >~ W[[t]]. Therefore the local ring Oy is isomorphic to W{[t, t']]. We can choose
two uniformizers ¢ and ' such that the Hodge filtrations on D(X"™), and D(X""V) are given
by

0 — Fil'D(X"Y) s = Opr - (e + teg) — D(X ) .
0 — Fil'D(X"™™)xr = Op - (eh + t'e)) — D(X"Y) .
Then the Hodge filtrations on ]D)(X“ni")/\/o(xo) and ]D)(X’uni")No(mO) are given by
0 — Opp(ao) * (€2 +te1) = Opngy(ag) - (f + (E+m)e) — ]D)(Xuni")/\/o(m).

0 = Opy(ag) * (€ +'€1) = Opyag) - (F' + (' = h)e’) — D(X"™) pr (-

Let x =t+mem,y =t —h em. Since xg lifts to an isogeny over the formal scheme Ny(zp), we
have D(20) A () (f + 7€) © Ongy(ao) - (f' + ye). By (25), we have D(20) Ay (z0) (f + 7€) = xf' —pe’ €
OnNiy(wo) - (f' +ye). Therefore p + zy = 0.

Next we want to show that m = (x,y). By the equation p+zy = 0, the two irreducible components
of the formal scheme Ny(xo)r are given by x = 0 and y = 0. By Lemma 4.6.1, they intersect
properly at the unique closed point of Ny(zg), hence m = (z,y). Therefore we conclude that

Ono(z0) = Wz, yll/(p + zy). O

Remark 4.6.3. We shall make the convention that under the isomorphism Opy 5,y =~ W[z, y]]/(p+
xy), the equation y = 0 is the equation of the irreducible component Ny(zo)", while the equation
)V

x = 0 is the equation of the irreducible component Ny(xg
Lemma 4.6.4. Let t,t' € ONo(zo) be two elements guaranteed by Lemma 4.4.1 (b) for the element
xo. Then there exists invertible elements v, v, wa,ws € W{|z,y]| such that

t=uvix+uvy’ +p-h, t'=wy+wal +p-h,

where h and h' are two elements in the local ring ONo (w0) -
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Proof. Under the coordinate in Proposition 4.6.2, the quotient ring Oy (20)/(P) = Fl[z,y]]/(z - y).
While under the coordinate ¢, ', we have Oy (z0)/(p) =~ F[[t,t']]/ ((t? — ') (t — "7)). Therefore there
exists invertible elements v, w € O/>\<fo (z0) such that

r=v: (t - t,p)v y=w- (tp - t/) n ONo(xo)/(p)'

The claim in the lemma follows by solving the above equations for ¢,¢'. O
4.7. The product space Ny(zg) xw No(xg). The formal scheme N (xg) = No(zo) xw No(zo) is
represented by the local ring W([z1,y1, z2, y2]]/(p + 1y1, p + 22y2) by Lemma 4.6.2. The sequence
P+ T1Y1,p + Tay2 = Tays — x1Yy1 is not a regular sequence since the second element is not regular.
Hence the local ring is not a regular local ring. Therefore the formal scheme N (zg) is not regular.

Notice that N(xo) xw F ~ Ny(xo)r xF No(xo)p. The formal scheme N (x)r has the following 4
irreducible components by Lemma 4.6.1.
(26) N(H?o)FF = No(xo)F XF No(xo)F, N(mo)FV = No(ﬂfo)F XF /\/o(ﬂio)v,

N(@o)¥V = No(z0)¥ xx No(wo)Y, N (o)™ = No(o)" xp No(o)"

Let ,1&]12; be the completion of the 2-dimensional affine plane at the point (0,0). By Lemma 4.6.1 (b),
the formal schemes N (20)¥, N(20)VV, N (20)¥V, N (20) VY are all isomorphic to AZ.

We define two morphisms s;,s_ : N(xg) — N by the moduli interpretations: let S be a scheme
in the category Nilpyy,

(27)

Syt <<X1 ' (PhPﬂ)) , (Xz ™ X! (pz,pé))) € N(20)(S) — (X1, p1), (X2, p2)) € N(5);
(28)

s (<X1 = X1, (pnp’l)) : <X2 3 X, (,oz,pé))) e N(20)(S) — (X1, p1), (X5, 05)) € N(S).

4.8. Local Hecke correspondences. Let zp € B be an element such that v,(q(z9)) = 1. Let
(Y:B—>B, b—b =z b.g;al be the conjugation-by-zy automorphism on B. Let x be an element
in B such that n = v,(q(z)) > 1. For an object (X - X', (p,p’)) € No(z)(S), there is a standard
decomposition of the cyclic isogeny 7 into n degree p isogenies:

(29) T X=X5x3..."x, 153X, =X
We refer to [KM85, §6.7| for the details on the notions of standard decomposition.

Let S be a W-scheme such that p is locally nilpotent on S, for any object (X = X', (p, p')) €
No(z)(S) with the standard decomposition of 7 as (29). We construct two height 0 quasi-isogenies
p1: X xgpS — X; xgS and p,—1: X xp S — X,,_1 xg S in the following way,

pr = (1 %5 5) 0 po (20 x5 B) ™Y, pu_t = (mn x5 5) L0 po (a0 xx 5).
pr = (1Y xs8) topo(xgxrS), pt = (1Y xs8S)opo(xg xpS) "
Then we have

(X 2 X0 oon)) s (K1 ™ X (o1 ) (X1 X, (pl,m) (X X (0 070)) € No(ao)(9).

Define four morphisms stit, stI= st stll= as follows
p xT T xT M x b)
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S (X5 X, (p, ) € No@)(8) = (X 5 X1, (o, 1)) (X1 ™ X', (puo1.0)) ) € Nio) (),
sty (X = X', (p,p')) € No(2)(S) — ((Xn—l =X Pn—lap')> 7 (X = X1, (p, ;1 >> € N(20)(9),
S (X5 X7, (p, ) € No(@)(8) = (X X1, (p,p1)) (X7 X, (0, 1))eN<xo )(9),
Sl (65 X () € o)) - (X0 ™ Xolor o)) (Xod ™ X () ) € G

Lemma 4.8.1. Let x be an element in B such that n = v,(q(z)) = 1. Then the four morphisms
stLt stl- st stl= : Ny (z) — N (o) are closed immersions.

Proof. We only give the proof for the morphism st.*. Notice that

(520 X tay) O stit = sty : No(x) = N

tI+

The morphism st is a closed immersion by Lemma 4.4.1, hence st," is a closed immersion. O

Lemma 4.8.2. Let x be an element in B such that n = v,(q(z)) = 1. Then the following diagram
1s Cartesian,

SpecF —— N (z0)VF

D
No(z) —=2— N (xo).

Proof. Tt is proved in [KM85, Theorem 13.3.5] that a cyclic isogeny 7 of degree p™ between two
p-divisible groups over an F-scheme S whose first decomposition m; is isomorphic to Verschiebung
morphism V' is isomorphic to V™. Then by Lemma 4.4.1 (b2), the fiber product Ny(x) Xt A (o)
N (z)VF is given by the following two equations

P —t and ¥ — ",

These two elements generate the maximal ideal of the unique closed F-point of ANp(z), hence
No(z) X st (o) N (20)VF ~ SpecF. O

Remark 4.8.3. We can summarize the above lemma as No(z) x 1+ N(zo)N(xO)VF ~ SpecF. Similar
arguments also imply that No(z) x 1 N(xo)N(xo)FV ~ SpecF, No(x) x u+ N(xO)N(JUO)VV ~ SpecF
and No(z) x ju- N (zo) N (20)FF ~ SpecT.

4.9. Special cycles on the product: the T'y(p) xg,, Io(p) case. The formal scheme N (zg)

parameterizes a pair of deformations of the quasi-isogeny xg. Let
(30) <X11HIV 938“1“' X/umv’ (lemiv’ plluniv)> ’ (Xumv rb‘“ﬁv X/umv, (pgniv7 p/2univ)>

be the universal pairs over the formal scheme N (zp).
Recall our convention that 2/ = x¢-z-zy ! Therefore we have the following commutative diagram

univ T univ
XPYo—- s > X3

univ univ
To,1 l iﬂcoz

. / .
X{unlv __z N Xéunlv’

here the dotted arrows below z and 2’ mean that they are quasi-isogenies.
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Definition 4.9.1. For any subset H < B. Define the special cycle Zxr(,,)(H) < N (o) to be the
closed formal subscheme cut out by the conditions,

univ

p2 oxo <p111n1V) c Hom(Xilnlv Xuan)’
p/2univ o .Z'/ o (plluniV) c Hom(X/unlv XéuniV).
for all z € H.
Define the special cycle Yy (qo)(H) = N(20) to be the closed formal subscheme cut out by the

conditions,

pIQuniV oLy T o (plllnlv) c Hom(XimiV ;niv);

p;niv o Tg - 7o (pllunlv) c Hom(X/umv X/unlv)
for all z € H.

st

I+
T T’ Stx

Lemma 4.9.2. Let z € B be an element such that vy, (q(x)) = 0. The morphisms st .,
and stgf (the later two morphisms are only defined for elements x such that v, (q(x)) = 1) sends

the corresponding source formal scheme to the special divisor Zy(y,)(z).

Proof. Let’s first consider the morphism stL! . : No(zo - ) — N(zg). We still use No(zo - x) to
denote the image in N(zo) of the closed immersion stLf .. Denote by

<X{+ (10)1 X/I+ ( 11+7P/1H>>7 <XI+ (360)2 X/I+ ( £+,p/21+>>

be the base change of the universal pair (30) to the formal scheme Ny(zg - ) through the morphism

I+
stzo -

The quasi-isogeny z¢ - z lifts to a cyclic isogeny (zg - z)'* : X{Jr — Xé”. By the definition of

tI+

the morphism st/

in 4.8, the isogeny (XIJr (® )2 X’I+> is the last term in the factorization of

-1
the cyclic isogeny (zg - 2)'*. Therefore the quasi-isogeny ((x0)£+> o (xg-z)* : X — X1t is an
isogeny. Notice that

(20)5") " o(moa)™*
(X%* (enls) XE L b >>

is a lift of the quasi-isogeny . Therefore the morphism st} . maps Ny(zo - &) to Zpr(zy)(2)-
The ideas and proofs for other morphisms stxo . sti* and stgf are similar. O

Lemma 4.9.3. Let x € B be an element.

(a) If vp(q(z)) = 0, we have the following equality of closed formal subschemes of N (xo):
styd - (No(o - ) = sth = (No(zo - 7)) -
(b) If vp(q(x)) = 1, we have the following equality of closed formal subschemes of N (xo):
st (No()) = sth™ (Mo(2)) -
Proof. Let S be a W-scheme such that p is locally nilpotent on S. We first prove (a). Let

(31) (X212 X0, (o1 0)) (32 ™ X5, (2, 4)
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be an object in the set sty (Mo(zo - 2)) (S). By the definition of the morphism st there exist
two isomorphisms ¢ : X1 — Xo and ¢’ : X — X/ such that mg 0 ¢ = ¢/ o m;. Then it’s easy to see
that the object

(%2 225 X1, (o2, 1)) € No(o - )(S)
(No(wo - 7))

as closed formal subschemes. The converse direction stLf , (No(zo - z)) St;;.f (No(zo - T)) can be

is mapped to the object (31) under the morphism st;;_f. Hence stht . (No(zo - 2)) < st'-

o T x0T

proved similarly. Hence (a) is true. The idea of the proof of (b) is similar so we omit it. O

4.10. Rapoport—Zink space with level I'y(p) xg,, I'o(p). Let g € B be an element such that
vp(q(z0)) = 1. Let m: M — N (x¢) be the blow-up morphism of the formal scheme N (z() along its
unique closed point.

Let Excaq be the exceptional divisor on the formal scheme M. Let My := M Xy F be the
reduction mod p of the formal scheme M.

Notice that the unique closed point pulls back to the unique closed point of the closed formal sub-
schemes N (o), N (20) VY, N (20)¥Y and N (20)VF of N (zg). Let M MVV MYV and MVF be
the strict transforms of the formal schemes N (2¢)", NV(z0)VV, N (20)FV and N (2¢)VF respectively
under the blow up morphism 7 : M — N(xg). The four closed formal subschemes M*¥, MYV MFV
and MV of M are all isomorphic to the formal scheme B1(070)1&12F.

Let € B be an element such that v,(g(z)) = 1. The unique closed point of N (z() also pulls
back to the unique closed point of the formal subschemes Ny(z) through the four closed immersion
stlt sth st st~ AMj(2) — N (20). Denote by Nyt (), Na~ (), Na'* () and Ng'~ () the strict
transform of the formal scheme Aj(z) under the three morphisms st} stl= st!'* and st~ respec-
tively. They are closed formal schemes of the formal scheme M, and are all isomorphic to the formal
scheme N ().

4.11. An open cover of the Rapoport—Zink space M. We give a detailed description of the
formal scheme M by giving an explicit open cover of it. By [KM85, Theorem 13.4.6|, the local ring
On(a) is isomorphic to W{[x1,y1, x2,%2]]/(p + T1y1,p + T2y2). The maximal ideal is generated by
the images of x1,y1,x2 and yo. Then the blow up formal scheme M is covered by the following 4
open formal subschemes:

Mf: Let y1 = w1121, 22 = vo121 and yo = uoix1. Then w1y = uoiv9y. Define
M = Spt Wugr, var][[21]]/(p + ugrva177).

M;: Let x1 = v19T2,y1 = w122 and yo = ugows. Then ugse = viouio. Define
MF = Spt W vz, ur2][[x2]]/(p + vizuiard).

M7 Let 1 = wi1y1, T2 = wo1y1 and yo = to1y1. Then wy; = woite;. Define

My = SptWlwar, t1][[11]1/(p + warta1y?).

M;: Let x1 = wioyo, y1 = t12y2 and xo = wooys. Then wog = wist1s. Define

My = SptW wia, t12][[42]]/(p + wiati2y3).

—
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Notice that we have the following relations (on the intersections of the corresponding opens):
(32) ug1 = Uiz, va1viz = 1, waruz = 1, torvar =1, unwiz = 1, t12 = va1.

We denote this cover by C. Let M* = M{ U MJ and M~ = M7 U M.

Proposition 4.11.1. The following facts hold:

(i) The 3-dimensional formal scheme M is reqular.
(ii) The exceptional divisor Excpy is isomorphic to P x PL.
(iii) The closed formal subschemes MY¥ MYV MEV and MVY are reqular Cartier divisors on

M, and we have the following equality of Cartier divisors:
Mp =2 Excp + M+ MY 4 MPY + MYE

(iv) Letx € B be an element such that v,(q(x)) = 1, the closed formal subschemes N3 (x), No~ (z),
N () and N3*~(x) are reqular Cartier divisors on M.

Proof. The four open formal subschemes M7, M3, M| and M; of the formal scheme M cover M
and are all regular formal schemes of dimension 3, hence (i) is true. Notice that the formal scheme
B1(070)A12F and /\N/'o(a:) are 2-dimensional regular formal schemes, hence the regular closed formal sub-
schemes MY MYV MEV MVE NG (2), Ny~ (2), Ng- (), Ng'™ (2) of M must be regular Cartier
divisors on M, i.e., (iv) and the first part of (iii) are true.

The exceptional divisor Excay is covered by the following 4 open subschemes

Excj(/L1 = Excapg 0 M7 =~ Spec Fluar, va1], Excj(/l’2 = Excap 0 M3 ~ Spec Flvga, uga],

Excy, = Excy 0 M ~ SpecFlwa, ta1], Exc)y o = Excp 0 My =~ SpecFlwiz, t12].
By the relations between the coordinates in (32), the above 4 schemes glue together and the resulting
scheme Pl x PL. Hence (ii) is true.
Now we prove the second part of (iii). By §4.6, we can assume that the irreducible component
No(zo)¥ is given by the equation z = 0, while the irreducible component Ny(z)¥ is given by the
equation y = 0. Hence the equations of the four closed formal subschemes N (zo)*F, N (z0)VV, N (2)¥V

and N (xo)VF are given by
N (o)™ = (y1,y2), N(xo)™ : (21, 22), N@o)™ : (yr,22), N(xo)'" : (21,30).

Hence it’s easy to see that
MFE - MFF < M U M7 is cut out by the equation ug; = 0 on M and u12 = 0 on M ;
MYV o MYV < M u M, is cut out by the equation we; = 0 on M| and wi2 = 0 on My ;
MEV o MEV M U M3 is cut out by the equation va; = 0 on M7 and ¢12 = 0 on M3 ;
MVE o MVE = M; U M7 is cut out by the equation vi2 = 0 on M; and t2; = 0 on M.
Therefore the second part of (iii) is true by the explicit open covering of the formal scheme M by

M MG, M7 and My . 0

Remark 4.11.2. For simplicity, in the following paragraphs we denote us; by wu, denote ve; by v.
Then the open covering of the exceptional divisor Excaq can be written in the following way by the
relations in (32)

EXCLJ ~ SpecF[v, u], EX(:L’2 ~ SpecF[v, u],
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Excy; =~ SpecF[v',u'], Excy, =~ SpecF[v, u'].
Notice that the coordinate v’ (resp. u') satisfies v -v' = 1 (resp. u-u' = 1) when v (resp. u) is
nonzero.
Use the coordinates u,v,u’ and v’. We fix an isomorphism ¢ : Excy ~ PL x PL such that the
first PL is obtained by gluing Spec F[v] and Spec F[v'] along Spec F[v, v'] ~ SpecF[v, v~!], while the
second PL is obtained by gluing Spec F[u] and Spec F[u/] along Spec F[u, '] ~ Spec Flu, u™].

4.12. An automorphism of M. Let 1o : Ny(xg) — Np(zg) be the following morphism: Let
S e Nilpyy,. Let cg = To - 75" € B. For an object (X 5 X (p, p’)) € No(z0)(S),

E (XLX’, (M)’)) = (X’ s X, (PlapOCO))-

Here we are identifying X"V (resp. X"V) with (X"V)V (resp. (X'"V)Y) via the principal
polarization of X"V (resp. X’""V). The morphism ¢q is an automorphism of Ny(zg) over W (but
not an involution unless Ty = xp). It induces an automorphism id x ¢y : N(zg) — N(xg) of the
formal scheme N(x¢). Under this isomorphism, the universal pair (30) is mapped to

) v
Xuniv x&nlw X/univ univ _/univ Xluniv (xggv) Xuniv /univ _univ
1 — A1, (,01 y P1 ) ) 2 Ay, (PQ yP2 O CO) .

By the moduli interpretations of special cycles on N(xg), we have that for all subsets H < B,

(33) V(o) (H) = (id x 10)* (Znr(zp) (20 - H)) = Zn(20) (@0 - H) X pr(ag),idxio N (20)-

Let x € B be an element such that v,(g(x)) > 1. By the definition of the morphisms stL" st}
sti* and st~ : AVb(z) — N (x0) in §4.8, we have the following identities of closed formal subschemes

of N (zo):
(34) st Woleor)) = (id x 10)* (K5 (No(@))) , st~ (ANG(E)) = (d x 10)* (st~ (No(a)))
(35) stit (Nop(2)) = (id x 10)* (sth ™ (No())) » stor (No(@T)) = (id x 0)* (sth— (No(z)))-

coT

Notice that by the universal property of the blow-up morphism 7 : M — N (x¢), the automor-
phism id x ¢y induces an automorphism (™ of the formal scheme M. By (34) and (35), we have the

following identities of closed formal subschemes of M:
(36) N (eom) = ()" (M @), M @) = (M) (MG (@),
(37) NEF (@) = (M) (N (@) . M (@) = (M) (NS (@)
4.13. Special cycles on the Rapoport—Zink space M.
Definition 4.13.1. For a subset H < B, define the special cycles Zy((H) = Zpr(z0)(H) X nr(zg) M
and YMm(H) = Y (w)(H) X pr(zo) M, 1.e., we have the following Cartesian diagrams
ZM(H) ——— M IYMm(H) — M

! Fool I

ZN(wo)(H) — N(l’o), y/\/(:co)(H) — N(l’o),
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Since Y (zo) (H) = (id x 10)* (Zpn(z0) (w0 - H)) and Zpr(y, )( H) = (1d % 10)* (Vnr(we) (H)), we have
YMm(H) = (v ) (Zm(zo - H)) and Zum(To - H) = (v )

By the moduli interpretation of the formal scheme AN (xg), the morphism 7 gives rise to the
following two pairs of deformations of the quasi-isogeny xzy over the formal scheme M:

(wo) (o)
(38) (levz LY X1M7(/71M7/01M)> <X2M O—Q’MXsz(P2M7P2M)>

By the moduli interpretation of the special cycle Zy(y,)(H) in Definition 4.9.1, the special cycle
Zm(H) is cut out by the following conditions,

p2,m 00 (p1a) " € Hom(X7 aq, Xo m);

Py a0 o (ph ) € Hom(XT q, X5 pq)-
for all z € H.
For simplicity, we denote the special cycle Zy((H) by Z(H) in all the following paragraphs. If
H = {z} where x € B, denote the special cycle Z({z}) by Z(z).
Recall that we define M+ = M{ U M3 and M~ = M7 UM, . For a symbol ? € {+, —}, let the
pair

(20)2 MT? /

(o)) a7 ,
((XLM? — XLM?)v(Pl,M?aPILM?)>7 <(X2,M7 - XQ,M?)v(PZM?ap,z,M?))

be the base change of the universal pair (38) over M to M’. Define Z*(z) := Z(z) n M’. Let
p? : M” — N be the following composition (recall that s, ,s_ are defined in (27) and (28)):
(39) pr M M D N () BN

Lemma 4.13.2. Let x € B be a nonzero element (recall that ' = xg - x - :zal). The closed formal
subscheme Z(x) of the formal scheme M is cut out by the conditions

(+) On M™*: py pp+ 0w o (pypq+) " € Hom(Xy pgr, Xo g+ ), o€,
Z(x) = Zn(x) XN p, M.

(=) On M™: pypq- 02’ o (pypg-) " € Hom(Xy pq—, Xomq-), den,
Z7(z) = Zn(2)) xprp. M™.

Therefore the special cycle Z(x) is a Cartier divisor on M.

Proof. We first prove the (+) case. Let 2 € Z%(x)(F) be a point. Let R be the completed local
ring of the formal scheme M at z. Without loss of generality, we can assume that z € M7 (F). Let
I c R be the ideal cutting out the divisor Z(x), we will show that I is a principal ideal.

By the moduli interpretation of Z(z), the ideal I is generated by two elements f, and f,/, where
fz (resp. fu) is the equation of the universal closed formal subscheme of M over which the quasi-
isogeny x (resp. z') lifts to an isogeny. By Lemma 4.3.2, the elements f, and f,, are nonzero when

x # 0, hence I # 0. The surjective homomorphism R/I? — R/I is equipped with a nilpotent pd
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structure. We have the following commutative diagram,

D(X1) — D(Xy)

D(xo)i iD(ﬂfo)

p(x}) 2 p(xy).

Let’s use the specific basis of the four Dieudonne modules stated in Proposition 4.6.2. Then

D(x)[e1, f1] = [e2, fo] (CCL _56/> , D(a")[eq, fil = €5, fol (Z// _5(:) )

where a,d’,c,c/,d e R/I? and p(a’ —d) = 0 € R/I?>. Then
D(z)(f1 + x1e1) = (d + cx1) fo + (ax1 — pc)ea,
D(x")(f1 + y1e1) = (a + y1) fs + (a'y1 — pe)es.

Since z € ./\/lf, we use the coordinate for ./\/lfr in §4.11. Recall that we have y; = ux; and
xo = vx1. The filtration on the Dieudonne crystals are given explicitly in Proposition 4.6.2, hence

fo = cvzt + dvry — axy — duva? € R/T?;
for = du?v2? + aury — d'uvry — cuva? = —uf, +uvzi(d —d') e R/I2.

Notice that z1|fs, for, let ¢ = fi/z1 and ¢ = fu/x1 (In Proposition 5.3.1, we calculated the
equations of f, and f,; which imply that both g and ¢’ are not units in R). Since p = —uvz? and
p(a’ —d) = 0e R/I?, we have

'Lw.%'1<d — a/) € (gfxag/f$’agf:v’)'

Then fo — ufe € (9fe, g fors 9fer) + I?. Therefore f,r = t- f, for some element t € R. Hence
I = (fz, for) = (fz) is a principal ideal, and Z7(z) = Zyx(x) xarp, M™. The proof of the (—) case

is similar so we omit the details here. O
By the identity Y(x) = (LM)* (Z(zo - )), we obtain the following

Corollary 4.13.3. Let x € B be a nonzero element. The closed formal subscheme Y(x) is a Cartier

divisor on M.

In the following paragraphs, for a nonzero element x € B, we refer to Z(x) as a special divisor

on the formal scheme M. By the moduli interpretation of the special divisor Z(x) in Proposition

4.13.2, there is a closed immersion Z(p~lz) — Z(z).

Definition 4.13.4. Let 2 € B be a nonzero element. Define the difference divisor associated to

to be the following effective Cartier divisor on the formal scheme M,
D(z) = Z(z) — Z(p 'x).

For a symbol ? € {+, —}, define D*(z) = D(z) n M".

Remark 4.13.5. By Proposition 4.13.2, we have

DT (z) = No(z) xprp, MT and D (z) = No(2') xprp. M.
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By the isomorphism Das(z) ~ Ny(z) in Lemma 4.4.1, we can give a moduli interpretation for the
difference divisor D(z) as follows:

D (z) : the quasi-isogenypg aq+ © Z 0 (p17M+)*1lifts to a cyclic isogeny,

D™ (x) : the quasi-isogenypy pq- © x' o (pLMf)*llifts to a cyclic isogeny.
5. SPECIAL DIVISOR AND THE EXCEPTIONAL DIVISOR

5.1. Line bundles on the exceptional divisor Exca. Let (X,Ox) be a noetherian formal
scheme over Spf W, we say a noetherian formal scheme (X, Ox) over Spf W is of pure dimension d
if for every closed point = € X (F), we have

dim Ox , = d.

Now we assume (X, Oy) is a regular noetherian formal scheme over SpfW of pure dimension d,
then we have a natural isomorphism [Zha21, §B.1] (see also [GS87, Lemma 1.9|, the proof also works
here)

(40) Ky (X) = K'(Y).

Let Y < X is a closed formal subscheme. If Z < Y is a closed subscheme such that codimx Z > d—1,
therefore dimY < 4 by the definition of dimension and codimension in §1.7.2 and the assumption
that X is of pure dimension d. Therefore the isomorphism (40) identifies

(41) FITKY (X)) S FK'(Y)
Lemma 5.1.1. Let (X, Ox) be a reqular Noetherian formal scheme over Spf W' of pure dimension
d.
(a). Let C,D < X be two effective Cartier divisors on X intersecting properly, we have the
following equality in Gr' K§VP(X),
[Oc+p] = [Oc] +[Ob].
(b). Let Z < X be a divisor such that Z itself is an integral reqular Noetherian scheme, we have
the following equality in GrlKOZ(X),
[Onz] =n-[Of] for all n > 0.
Proof. Part (a) follows from [Zha21, Lemma B.1]. In our case, we can take X; = C, Xo = D and
[€] = [Oc+p], then loc. cit. asserts that we have the identity
[Oc+p] = [Oc] +[Ob]

in the group K{(C u D)/K{(C n D) ~ K§¥P(X)/K§"P(X). Since the two divisors C' and D
intersect properly, we have K§{"P(X) c F2K§"P(X), therefore we have the claimed identity in (a).
Now we prove (b). Let Z € Ox be the ideal sheaf of the closed scheme Z. By [Sta25, OFDO0|, we
have
[07] = [TF/TF] mod Fy 2K}y (Z), keZ
because ZF/T**1 is a line bundle on the integral regular scheme Z whose dimension is d — 1. Since X

is regular of pure dimension d, the subgroup F2KZ (X) is isomorphic to Fq_oK}(Z) by (41). Then
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we have the following identity in KZ (X):
[Onz] = [07] + [Z/T?] + -+ [Z7Y)T"] = [Oz] + [Oz] + --- + [07z] = n[O7z] mod F2KZ(X).
Therefore we have the identity in (b). O
Under the isomorphism ¢ : Excaq ~ IP’I%- X IP’%F we fixed in Remark 4.11.2; let pry : Excypg — Pﬁ, be

the first projection, while pry : Excypq — IP’IlF be the second projection. Let £ be a line bundle on
Exca, it is isomorphic to priO(m) ® prsO(n) for some integers m and n. Define

O(m,n) == priO(m) ® prsO(n) € Pic(Exc).
For two line bundles £,G € Pic(Excpq), denote by £ - G the intersection product Pic(Excpq) x
Pic(Excaq) — Z on the group Pic(Excpg).
Lemma 5.1.2. Let my,ms,n1,ne be integers, then the intersection number of the line bundles
O(mi,n1) and O(ma,ng) is
(’)(ml,nl) . O(mg, ng) = ming + Mmoni.

Proof. This follows from the fact that O(1,0)-O(0,1) = 1 and the additivity of intersection numbers

between line bundles. O

5.2. Self-intersection of the exceptional divisor. For ¢ = 0,1,2, we have FS_iK(];:XCM (M) ~
F;Ko(Excaq). Notice that

GI,QK(])'EXCM (M) — F2K(])EXCM (M)/F?)K(])EXCM (M)
~ F1Ko(Exca) /FoKo(Excpa) ~ CH! (Excpay) ~ Pic(Excp).
The isomorphism is given by £ € Pic(Excaq) — [Opxen, ] — [£] € Cr2K M (M). We remind the

readers that we will use the notations in Remark 4.11.2 in the following paragraphs.

Lemma 5.2.1. We have the following equality in the group Gr2Ky (M) ~ Pic(Exc),
[OEXCM ®H(7)M OEXCM] = O(—l, _1)

Proof. Let T < Opq be the ideal sheaf of the exceptional ideal Excps. We know that [Ogxc,, ®H@M
Ofkxcp] = [Orxen] — [Z/Z%] € F1K{(Excpm) ~ F2KXM(M) (see the proof of the Lemma 5.1.1
(b)). Under the isomorphism GrQK(])E *M(M) ~ Pic(Excp), the element [Opxe,, ®H@M OFxcy, ] 18
given by restricting the invertible sheaf Z to Excas. Under the open cover of M in §4.11, the divisor
Excpq is given by the following equations and transformation rules:

+ — + —
M M M, M,
w w w w
Xuv xu "t N xuv~1
1 YL ¢ L X2 4 Y2
x (uv)~1 xu xvy L

The same transformation rule also applies to the corresponding open cover of Excyq ~ IP’]%- X ]P)]%? in
Remark 4.11.2. Therefore the corresponding line bundle is O(—1, —1). O
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5.3. Intersections of special divisors and the exceptional divisor. Let x € B be a nonzero
element such that ¢(x) € Zj.

Proposition 5.3.1. Let x € B be a nonzero element such that q(x) € Z, such that v,(q(z)) = n
for some integer n = 0. Then there exists a Cartier divisor 15(m) on the formal scheme M which

intersects with the exceptional divisor Excaq properly and

(i) When n =0, the following equality of Cartier divisors on M holds,
D(z) = Excag + D(x).
Moreover, the Cartier divisor Excag 0 ﬁ(x) of Excaq is
Exca n D(z) = (v = a nonzero number in F).
(ii) When n = 1, the following equality of Cartier divisors on M holds,
D(z) = 2 Excy + D(x),

Moreover, the Cartier divisor Excaq N ﬁ(aﬁ) of Excaq is
(v=0)
(v=0)

(u = a nonzero number in F) + (v/ =0), when n = 1;

~ +
Excpm nD(z) =
_l’_

(u=0)+ (' =0)+ (v =0), when n > 2.

Proof. By Lemma 4.13.2, we have

ZH(x) = Zn(z) xpnp, MT and 27 (z) = Zn(2)) xpnp M.
By Lemma 4.4.1, we have

DF(z) = No(z) xprp, MT and DY (z) = No(2') xprp. M.

For i = 1,2, let py; : M} — N be the composition M; — M’ 5 N\ Let prﬁ. : On — O, 7 be the
corresponding ring homomorphism. We will prove (i) and (ii) by studying the equation of the divisor
Z(z) on the open formal subscheme M; for i = 1,2 and ? € {+, —}. Fori = 1,2, let th,t € Oy (o)
be two elements satisfying the assumption in Lemma 4.6.4.

We first prove (i). If 7 = +, the equation of the special cycle Zy(x) is ] — vyt3 + p- f, for an
element f, € W[[t],t5]] and an invertible element v, € W[[t{,t5]]. By Lemma 4.6.4, we have

#(+ + D D
ST(t] — vty ) = vt + Vigy] — Val21T2 — VgliaYh + D - h,

where h € W[t ¢3]] is an element and v;; are invertible elements in the ring W[z, y:]]/(p + ziy:).-
Therefore the equation of the divisor Z(x) on M is

(42) 1=1: pfﬁfl(tzr —vgty) = x1 - (V11 — Valorv + Vlgupvp:n]ffl — vyvgeuP Pt — vy - h).
(43)  i=2: pﬁg(tf — vty ) = w2 - (110 — vyror + V12Up$§71 — VxV22U/pupr‘§71 —wv'zy - h).
If 7 = —, the equation of the special cycle Zx(z') is t| — wyty + p - g for an element g,/ €

W{[t;,t5]] and an invertible element w,» € W[[t;,t; ]]. By Lemma 4.6.4, we have

H#— — D p
ST(t] —wpty ) = Wiyl + wi2d] — WyrW21Y2 — Wyw22Zy + P - g,



INTERSECTIONS OF HECKE CORRESPONDENCES ON MODULAR CURVES 41

where g € W[t} ,t5]] is an element and w;; are invertible elements in the ring W[z, yi]]/(p+ zivs).
Therefore the equation of the divisor Z(x) on M; is

) _ _ -1 1
(44) i=1: pﬁ (tl — Wyrty ) =y1 - (w11 — Warwar v’ + w12ulp’0/py?f - wz'wmulpyf - ulvlyl - g).
(45) i=2: p#fz(tl_ — Wity ) = Yo - (W11V — Wywo1 + w12ulpy§_1 - wx/w22vpulpy§_1 —uvys - g).

Define D(z) := Z(z) — Excaq. By the equations (42)-(45) of the special divisor Z(z), we deduce
that ﬁ(m) is an effective Cartier divisor which intersects with the exceptional divisor Excaq properly.

The intersection D(z) N Excyq © Excpg is given by the equation v = vy 11/2_11 v = w:,:/wglwl_ll, where

the symbol (-) means the image of the corresponding element under the map Oag — Ogxec,,. Notice

that v, 11/2_11 Vi1 = wx/wglwl_ll is a nonzero number in F. Therefore (i) is true.
Now we prove (ii). If 7 = +. By Lemma 4.4.1, the equation of the special cycle Dpr(z) is

" N o _ -1
2 = VP + <ti|. _ (th;-)p ) (tlﬂ) _th;> . H <tirp 1 _ (th;.)pb 1)17

a+b=n
a,b>1

where v, and v are two invertible elements in the ring W[[t{",#1]]. By Lemma 4.6.4, we have

Sf(zx) = vp+ (V111E1 + V12y]10 — (vpvo129 + VzV22y§)p ) <(V11$1 + Vlzyzf)p — vy (V2122 + V22yg)>

(46) . I_I <(V11x1 +—V12y€>p

a+b=n
a,b=>1

a—1

pypt 1\ Pt
— (Vgp21T2 + Vypl2ys) ) ;

Therefore the equation of the divisor Dys(x) on M is

- -1
v+ oy "hy, whenn =1;

(47) i=1:p7" (2) = —vuvz? + z™
L ! h1, when n = 2.
Do’ + 28 he, when n = 1;
(48) =2 :pr(zm) = —vuv'z3 + xH" - 2 2

ho, when n = 2.

Here v, ; are invertible elements in the ring O , ,+, h; is an element in the ring O, +. By the equation
(46), the integer m,, satisfies the following conditions
=2, whenn=1;

mn

>3, whenn > 2.

Similar method also gives the following equations of the special divisor D(z) on the open formal
subscheme M~ = M| U M, . Let z,y € W[[t],t5]] be the equation of the special divisor Zx(z').
o + yf_lgl, when n = 1;

(49) =1 :pi(zx/) = —wuv'y} +y"
g1, when n = 2.

~ p—1 —1-
(50) =25 () = —wnugd 4y 0TS g vhenn = L
- 92, when n = 2.

Here w,w; are invertible elements in the ring O, -, g; is an element in the ring O -.
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Define D(z) := D(z) — 2 - Excpq. By the equations (47)-(50) of the difference divisor D(z),
we deduce that D(z) := D(x) — 2 - Excp is an effective Cartier divisor which intersects with the
exceptional divisor properly. The intersection ﬁ(x) N Excpg is an effective Cartier divisor on the

exceptional divisor Excaq. More specifically,

~ (v =10) + (u = a nonzero number in F) + (v =0), when n = 1;
D(x) n Excp =
(v=0)+(u=0)+ (" =0)+ (v =0), when n > 2.
Therefore (ii) is true. 0

Corollary 5.3.2. Let x € B be a nonzero element such that q(x) € Z, such that n == vy(q(x)) = 0.
Define Z(x) € M to be the strict transformation of the cycle Znr(z0)({2}) © N(20) under the blow
up morphism w: M — N (xg). We have the following identity of Cartier divisor on M:

N (/2]
Z(z)= ), D(p~'x).
i=0
(a) The following identities of Cartier divisors on M hold,
Z(z) = (n+1) - Excaq + Z(x).
(b) The following identities in the group GrQKOEXCM (M) ~ Pic(Excaq) holds,

O(1,0), when n = 0;
(51  [Obxep ®H(5M Oﬁ(x)] = [OBxer 0 Of)(x)] - [OExcMmﬁ(x)] =10(2,1
0(2,2), whenn > 2.

, when n =1;

~—

(52) [Okxer ®6,, Oz)] = O(0,-1).

Proof. By the definition of difference divisors in Definition 4.13.4, we have the following equality as

effective Cartier divisors on M,

[n/2]
Z(@)= ), D(p~'x)
i=0
By Proposition 5.3.1, we have
(2]
Z(z) = (n+1)-Excp+ Y, D(p '),
i=0
(n/2] .
and the effective Cartier divisor Y, D(p~'x) intersects with the exceptional divisor Exca properly.
i=0
Therefore we conclude that '
N [n/2]
Z(@) = ), D 'x)
i=0

Hence Z(z) = (n + 1) - Excpq + Z(x).
The formula (51) in (b) follows from Proposition 5.3.1. For the formula (52) in (b): By Lemma
[n/2]

5.1.1, we know that Oz, = (n + 1)Opxey, + 2. Of i) I GrlKOZ(w) (M). Therefore by Lemma
i=0

_iét)
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5.2.1 and (51), we have the following equality in Gr? K3 M (M) ~ Pic(Excaq),

[n/2]

[OEXCM ®H(§M Oz(z)] = (n + 1)[OEXCM ®H(§M OEXCM] + Z [OEXCM ®H(5M Oﬁ(p—zx)]
=0

=(n+1)0(-1,-1)+ O(n+1,n) = O(0,-1).
O

5.4. Local Hecke correspondences and the exceptional divisor. Recall that for an element
x € B such that v, (¢()) = 1, we defined closed formal subschemes Nj ¥ (), Ny~ (), No™ (), Ng™ ()
of M.

Lemma 5.4.1. Let z € B be an element such that v, (q(z)) = 0. The formal subschemes Ny (o),
No 7 (o - T), Ng™ () and N3 (2') (the later two spaces are only defined for elements x such that
vp(q(x)) = 1) are all closed formal subschemes of the special divisor Z(x).

tht st

w022 Stag.z stlI* and stg,_ sends the corresponding source

Proof. By Lemma 4.9.2, the morphisms s
formal schemes to Z/(yy)(z). Therefore the strict transforms of the corresponding formal schemes
Ny (zo-w), N§~ (z0'T), Ng'F () and Nj'~ (2') are all mapped into the direct base change Zx/() () X Ar(zo)

M = Z(x). O
Remark 5.4.2. By Lemma 4.9.3, we know that

e The regular divisor N3 (20 - ) = N3~ (w0 - T) if v,(q(x)) = 0.

e The regular divisor NJ' " (z) = Ng'— (2') if vp(q(z)) = 1.

Notice that over the closed formal subschemes N3t (zq - ), Ny~ (x0 - T), Ng () and N3 ("),
the quasi-isogenies zg - x and z¢ - T lift to isogenies by Lemma 5.4.1. We still use z¢ -z and xq - T to
denote these two isogenies.

Lemma 5.4.3. Let x € B be an element such that v, (¢(x)) = 1.
(I):  + Owver the formal scheme Ny (z - ),
xo - ¢ = a cyclic isogeny, x = a cyclic isogeny,
o - T = p x a cyclic isogeny, 2’ = a cyclic isogeny.
— Over the formal scheme Ny~ (zo - T),
o - T = p X a cyclic isogeny, x = a cyclic isogeny,
xo - T = a cyclic isogeny, 2’ = a cyclic isogeny.
(I):  + Over the formal scheme N3 (x),
To - T = p X a cyclic isogeny, To - T = p X a cyclic isogeny.

When vy, (q(x)) = 2, we also have

x = a cyclic isogeny, 2’ = p x a cyclic isogeny.
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— Over the formal scheme N3 ('),
To - T = p X a cyclic isogeny, To T = p X a cyclic isogeny.
When vy, (q(x)) = 2, we also have
T = p X a cyclic isogeny, 2’ = a cyclic isogeny.

Proof. Let n = vp(g(x)). Let S be a W-scheme such that p is locally nilpotent. We first consider
the case (I)+. Let

(53) <X1 (:C_O)’l X{a (Pl»Pll)) ) (X2 (I—O)E Xé? (PZaP/2)>

be an object in the set Ny T (xo - 2)(S). Since the formal scheme Ny (zq - =) is contained Np(zo -
x) xst%.w/\/(mo) M, the quasi-isogeny ¢ - x lifts to a cyclic isogeny 7 : X7 — XJ.

The cyclic isogeny 7 factorizes into a composition of n degree p isogenies m = 7, o ---om;. The
isogeny 71 is isomorphic to (zg)1, while 7, is isomorphic to (zg)2. Hence x lifts to m,—1 0+ o my.

Then 7 lifts to my o-omy_;. Therefore
x0T = (xg)1om o-romy_y=mom o---om_; =q(xg) Xy o---0m _; =p x a cyclic isogeny.
r=x, oxg-x=((xg)2) ompo---0m =mp_10---0m = a cyclic isogeny.
-1 ..
' = (zg)aomxo ((x9)1)” =mpo---0me = a cyclic isogeny.

Therefore we have shown that xg -z is a cyclic isogeny, while xo - Z,  and 2’ are of the form
p X a cyclic isogeny over the formal scheme ./\/gJr (zg - x). The proof for the other cases are similar so

we omit it. O

Let = € B be an element such that v, (¢(z)) = 0. We know that the formal schemes N3 (z¢ - z),
Ny~ (w0 - T), No' () and Nj'~(2') (the later two spaces are only defined for elements x such that
vp(q(x)) = 1) are isomorphic to the blow-up along the unique closed point of the corresponding
cyclic deformations spaces Ny(zo - z), No(zo - T), No(z) and Ny(z'). Denote by ExcL EXC;,E,

EchIIJr and Exci}f the corresponding exceptional divisors. They are all isomorphic to ]P’]%. By the
definition of these formal schemes,

Exc* = Excpm N ,/\/'&Jr(xg -z), Exc,__ = Excy N ./\/g_ (zo - T),

I
o T x0T
Excl™ = Excp n N (z), Excl™ = Excp n NG (2).

Hence Exclt | Excl™

roz> 2o T ExclI* and Excgf are Cartier divisors on Excy.

Proposition 5.4.4. Let x € B be an element such that n := vy (q(x)) = 0.

. L 1 I—
(I) The Cartier divisors Exc;g,x and Exc, -

of Excpaq are

(v = a nonzero number in F), when n = 0;

I+ _
Exc, ., =
(v=0), when n > 1.
Byl (v = a nonzero number in F), when n = 0;
XC, — =
ToT

(v =0), when n > 1.
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(IT) When n > 1, the Cartier divisors Excllt and EXCIwI,_ of Excpyq are

(u = a nonzero number in F), when n = 1;

I+ _
Exc, " =

(u=0), when n > 2.

(u' = a nonzero number in F), when n = 1;

(v =0), when n > 2.

Proof. We first consider the case (I+). When n = 0, by Lemma 5.4.1, we have N3t (2 - z) € Z(z).
By Proposition 5.3.1, we know that Z(z) = Exca + D(z). Then Ny T (o - 2) < D(x) because
./\/gJr (o - ) intersects with Excpq properly. Hence

P} ~ Exclt . = Excay 0 NiF (20 - ) € Exepq n D(x).

To-T

By Proposition 5.3.1, the intersection Excyq N ﬁ(x) is given by the equation v = a nonzero number

I+

in F, which also cuts out a projective line ]P’le in Excpg. Hence the Cartier divisor Excy, .,

is given
by the equation (v = a nonzero number in F) in Excpg. Notice that Ng*(zo - 2) = N3~ (20 - T)
by Remark 5.4.2. Hence Excz_f = Exc?or,x. Therefore the Cartier divisor EXC;.E is given by the
equation (v' = a nonzero number in F) since v' - v = 1.

Now we consider the case n > 1. Let’s assume that N§+ (o -x) N (M5 UMT) # @. Let M, be
the closed formal subscheme of M cut out by the equation v/ = 0. Notice that v" = 0 also implies

that x1 = yo = 0. Therefore
NyF (o - @) 0 My < (st (No(@o - @) 0 (21 = Y2 = 0)) X () M.

By our convention in Remark 4.6.3, 21 = yo = 0 cuts out the closed formal subscheme N (z¢)VF of

N (zg). Therefore

sttr L (No(zo - @) N (21 = y2 = 0) = No(a0 - 2) XSt N N (20)VF ~ SpecF

z0)

by Lemma 4.8.2 and Remark 4.8.3. Hence Nj (20 - ©) n M, < SpecF X N (z0) M = Excpm.

We assume that V' (zg - ©) n Mg # @ (the argument for the case Nj ' (zg - ) n M| # @ is
similar). Let f e O M be the equation of the regular divisor Nj ' (g - z) in MJ. The inclusion
Nyt (w0 - ) N My = Excyy implies that

(2) = (f,0)) @ Opgg = WV, ull[a]]/(p + uv'a3).

Therefore there exist a,be O M such that zo = av’ + bf.
Claim: the element a is invertible.
Proof of the claim: Let @ := amod (z2) be an element in F[v', u]. Then @ # 0 because otherwise

xa|f, which is impossible. Then the intersection Echng,x N M7 is given by (@-v = 0) = (@ =

0) + (v/ = 0) by the equation 3 = av’ + bf. However, the intersection Excl , n MJ is an open
subvariety of PL. Therefore we must have (@ = 0) = @ and Exc?g.x = (v/ = 0). Hence a is invertible,

which implies that a is invertible.
The invertibility of a implies that the element bf = x9 — av’ is a regular element because the

quotient ring O M /(x2 — av’) is regular. Therefore the element b must be invertible because f is
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not invertible. Therefore we conclude that f = av’ + bxs for invertible elements a,b e O M Then
Ni*(wo - z) 0 My = SptWu][[2])/(p — @~ 'bua}).

By the above equation, the multiplicity of the exceptional divisor Exc};g,x in N§+(l‘0 -x)p = div(p)
of NgF(zo - x) is 3. Notice that by Lemma 4.5.1, this multiplicity is r(n), but 7(n) # 3 when p > 2,
this is a contradiction. Therefore the assumption Nj ' (zg - ) N (M3 U M) # @ is wrong. Since
Exc?g,x < Z(z) nExcpq and the latter is a summation of divisors (v = 0), (v = 0), (u = 0), (¢’ = 0)

and (u = a nonzero number in F) on Excyy. Therefore the only possibility is
Exclt = (v=0).

To-T

The proof for the other cases are similar, so we omit it. 0

Remark 5.4.5. In the proof of Proposition 5.4.4, the assumption p > 2 is used solely to deduce
r(n) # 3 and reach a contradiction; we expect a proof avoiding this. This is the only place on the
geometric part where p > 2 is needed.

5.5. Decomposition of the difference divisor.

Lemma 5.5.1. Let x € B be an element such that v, (q(x)) = 2. Then the regular divisors Ny (o -
2), Ny~ (w0 - ), Ng (), N~ () are all contained in the divisor D(x).

Proof. By the moduli interpretation of the divisors D (z) and D~ (z) in Remark 4.13.5 and Lemma
5.4.3, we have

NoF(zo-2) = N3t (20 - ) n MT U./\/'&Jr(xo ‘x) " M” =D (z) UD_(:U)
M (@0 7) = N~ (w0 - 7) 0 M| M (30 -7) 0 M < D* ()| D™ ()

D(x),

D(x).

Therefore the two divisors Nj " (zg-2), Nj~ (z0-T) = D(x) since they intersect the exceptional divisor
Excaq properly.
By Proposition 5.4.4, we know that

Exclt = (u=0), Excl™ = (« =0).
Hence NJ' (z) € M* and Nj'~(2/) € M~. Therefore by Lemma 5.4.3
NG (x) = Ng™ (@) n M < D¥ (2) < D(a),
NI (@) = M7 (@) n M~ € D™ (2) € D(x).

Therefore the two divisors N3 F(z), N3'~ (') < D(z) since they intersect the exceptional divisor
Excaq properly. O

Lemma 5.5.2. Let x € B be a non-zero element such that v, (q(x)) = 0. We have the following
decomposition of the effective Cartier divisor ﬁ(aﬁ),

N N3 F (g - ), if v, (q(x)) = 0;
D(z) = { Ng* (o - 2) + Ng~ (z0 - T) + NG (), if vp (q()) = 1;
Not(zo-2) + N~ (20 - T) + Ng () + NG (2'), if vy (gz)) = 2
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Proof. Let n = v, (¢(x)). Denote by H(x) the effective Cartier divisor on the right hand side, i.e.,

Nyt (o - @), if vp (q(x)) = 0;
H(z) = § Ng*H (o - @) + NG~ (20 - 7) + NG (2), if vp (q(z)) = 1;
./\/34r (xo-x)+ Ng_(:vo - T) +Ngl+(3:) + Ngl_(:v’), if vp (g(x)) = 2.

Let R(z) = D(z) — H(x). By Proposition 5.3.1 and Proposition 5.4.4, we know that
D(x) n Excy = H(z) n Excay

as Cartier divisors on Exc .

If R(z) # @, it must be an effective Cartier divisor by Lemma 5.5.1, and intersects with Excag
properly. The identity 75(m) N Excpg = H(xz) n Excpg as Cartier divisors on Excaq implies that
R(z) n Excpq = @. However, the exceptional divisor is the reduced locus of the formal scheme M.
We conclude that R(z) = @. Therefore D(z) = H(x). O

Remark 5.5.3. We can also consider the difference divisor associated to Y-cycles. Let x € B be
an element such that v,(g(z)) = —1. Define D¥(z) = Y(x) — Y(p~'x). By the identity Y(x) =
(WM)*Z (2 - x), we have DY (z) = (M)*D(woz). Define DY () = (¢M)*D(xg - 2). Then by Lemma
5.5.2 and (37), we have

J\/gH(px), if vp (q(x)) = -1,
(54)  DV(x) = S N3t (a0 - @) + NI (p) + NI (pa!), if v (q(x)) = 0;
Nit(wo - @) + Ny~ (20 - &) + NgF (p) + NG~ (pa'), if v () > 1

5.6. Derived special cycles “Z(L).

Lemma 5.6.1. Let x,y € B be two linearly independent elements. Then
(a) The two effective Cartier divisors Z(x) and Z(y) intersect properly.
(b) The irreducible components of the intersection Z(z) n Z(y) are of the form
Spf W, or PL < Excy.

Here Wy is the ring of definition of a quasi-canonical lifting of level s.

Proof. By Lemma 5.5.2, an irreducible component of the divisor 2(56) are of the form Ng+(azo :
#), Na~ (z0-2), NgT (&), NgT~ (#) where # = p~'x for some positive integer i. It’s sufficient to prove
(a) and (b) for the intersections of the divisors Ng*(zq - &), Ng~ (o - &), Ng'™ (2), Ng'~ (&) and the
divisor Z(y). Without loss of generality, we can assume Z = x.

We first consider the intersection N (g - ) N Z(y). Denote by '+ : Nj™(zo - ©) — No(zo - z)
the blow up morphism, then

NOH_(‘T:O : x) M Z(y) < (NO('TO ' IL’) N ZN(J:O : y)) XN0($0':E),WI+ NOI+($0 : x)
& (Zaa0 - 2) 220~ ) Xxopagar s N (0 - 2).

By Lemma 4.3.2, we know that dim Zy(xo - ) N Zx(zo - y) = 1, hence dim N (g - z) N Z(y) <
dim (Zx(z0 - ) N Zx(T0 * Y)) X Ny (o) Ng T (T0 - ) = 1. Therefore Nj* (o - ) and Z(y) intersect
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properly. Part (b) follows from Lemma 4.3.2 and Lemma 4.5.1. The proof for the other intersections
are similar so we omit it. O

For a lattice M < B, define min(M) = mﬁ {vp(q(x))}. We say an element x € M is a minimal
xTe

element of M if v,(g(z)) = min(M). It’s easy to see that if x is a minimal element of M, we have
-1
px ¢ M.

Proposition 5.6.2. Let M < B be a Zjy-lattice of rank 2. Let x € M be a minimal element of M.

Let y € M be another element such that {x,y} is a Zy-basis of M. The element [Oé(a;) ®E@M Ozl €
Z(M)

Gr2K0 (M) is independent of the choices of the minimal element x and the element y.
Proof. Let n = min(M). If n < 0, then the element Oz ®H@M Oz(,) = 0 in the group KOZ(M) (M)
for all choices of minimal elements x € M and y € M such that {z,y} is a basis of M. Therefore we
only need to consider the case n = 0.

Let 2’ € M be another minimal element of M, i.e., v,(q(2")) = n. Let y’' € M be another element
such that {2’,y'} is a basis of M. Then there exist a,b, ¢,d € Z, such that

' =ar+by, y =cx+dy, ad—bcel).
We first consider some special cases.
Case 1 : 2/ =,y = cx +y. Then by Lemma 5.6.1, we have
L
Oz ®0p Oz(y) = Oz, ®0m Ozy) = Oz nz -

~

By the moduli interpretations of the special cycles, we have Z(z) n Z(y/) = Z(z) n Z(y).
Therefore

L L
Oz O Oz(y) = Oz(,) ®, Oz(y)-
Case 2 : 2’ =z +ay, ¥ =y. Let m = vp(q(y)). We have:
(020 @6, Oz(y)] = [0y ®6,, Oz(y)] = [0z
:[OZ(a:’) ®H(5M OZN(y)] - (n + 1) : [OEXCM ®E(;)M Oé(y
=[0znnzl —(+1)-Om+1,m)+(m+1)-O(n+1,n) =[O0,

() ®H@M Og(y)] +(m+1)- [Og(w') ®H@M OExer)
JJ+ (m+1)-O(n+1,n)

(m)mi(y)] + O(0,n — m).

On the other hand, similar computations also apply to [O () ®H@M Oz(y] just by replacing
2’ by x in the above computations. We conclude that
. Z(M
(050 ®6,, Oz)] = [0y ®6 Oz()] =[O0y 5] + O0,n = m) in G2 K5 M (M),
Now we come back to prove the proposition. There are two situations.
o If a € Z). Scaling 2’ by ate Z) , we can assume a = 1. Then y’ = ¢z’ + (d — bc)y. Scaling
y' by (d—bc)~! € Z), we can assume d — bc = 1. Then 2’ = x + by, = ca’ +y. Therefore

Case 1 Case 2
(O ®6, Ozi)] = [03() @00 Oz(n)] =~ [03,) B0 Oz(y)-

o If yy(a) = 1. Then b,c e Z;. Scaling ' by b~!, we can assume b = 1. Then ¢/ = da’ + (c —
ad)z. Scaling ¢ by (c — ad)~!, we can assume ¢ —ad = 1. Then 2/ = ax + y,y’ = z + dz’.
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Therefore

Case
[03(1) 6, Oz()] = "[O30 @8, Oz)] = ([0z)] = (1 + 1)[Opxeri]) - [Ozw)]

P 02)] [02)] = (0 + DO, 1) = ([O3)] + (1 + D[Opses]) - [Oz(a] — OO, =0 1)

(52) Case
= [03] - [0z()] = [O3) ®b,, Oza)] = ' [03(,) @6, Ozy))-

O

Corollary 5.6.3. Let M < B be a Zy-lattice of rank 2. Let {x,y} be a basis of M, then the elements
[0z () ®H{9M Ozl and [Oy(y ®H{9M Oy (] belong to the group GrQKOZ(M) (M) and Gr2K3](M) (M)
respectively. Moreover, they only depend on the Zy-lattice M.

Proof. Without loss of generality, we assume that 0 < v,(¢q(x)) < v,(q(y)). For an arbitrary element
2’ € M, we have 1’ = az + by for some elements a,b € Z,. Then ¢(2) = a?q(x) + ab(z,y) + b2q(y).
Lemma 5.6.4 implies that v,((z,y)) = v,(q(z)), therefore v,(q(z")) = vp(g(x)). Hence z is a minimal
element of M. Therefore the element [Oé(m) ®H@M Oz(y] only depends on M. Let n = v,(q(z)) =
min(M). By (52) and Lemma 5.1.1, we have

(55) (02 ®b,, Oz)] = (102)] + (0 + D[ Onxen]) - [Oz)]
= [Og(x) @HéM OZ(y)] +0(0,—n —1)

Therefore the element [0z, ®H@M Oz(y)] belongs to Gr2KOZ () (M) and only depends on the Z,-
lattice M by Proposition 5.6.2.
: _ (,M\* L _
Aljozlce that we Eave Y(z) = (M)" (Z(x0-x)) for all elements = € B. Hence [Oy ) ®6 ., Oviy)] =
(L ) [0z (2-2) Q6 4 Oz (wy-y)] also depends on M only. d

Lemma 5.6.4. Let x,y € B be two elements. Then

Vp((xa y)) = min{‘](‘r)7 Q(y)}

Proof. The statement actually works for all the anisotropic quadratic spaces. Suppose that v,(q(y)) >
vp(q(x)). Let’s assume the contrary that v,((z,y)) < vp(g(z)). Then the following equation over Z,

9@) 2,y 9w
(z,y) (z,y)
must has a solution a in pZ, by the Hensel’s lemma. Then the vector y' = y + ax is isotropic, which
is a contradiction. Therefore vy ((z,y)) = vp(g(z)) = min{q(z), ¢(y)}. O
Let L c B be a Z,-lattice of rank r where 1 <r < 3. Let © = {z1,--- ,2,} be a basis of L. Define

LEZ(@) = [Oz(a)) @, - O, Oz(a)] € Gr'EZ P (M).

Notice that the element “Z(x) belongs to the r-graded piece GrTK()Z 2 (M) because
e For r = 1, this follows from the definition of GrlKég(L) (M);
e For r = 2, this follows from the proof of Corollary 5.6.3;
e For 7 = 3, the element [Oz,,) ®E(:)M Oz(s,)] is a linear combination of elements of the form

[Ow.], O(1,0) and O(0,1) by Lemma 5.2.1, Lemma 5.6.1 and (55). The derived intersection
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[Ow. ®H@M Oz(zs)] is proper by the theory of (quasi-)canonical liftings [Gro86], hence it
belongs to the graded piece Gr3KOZ(L) (M). The derived intersection O(1, 0)@11(:)M [Oz(2y)] =
o(1, 0)®%EXCM [Okxeu]®6,,[0z(5)] = O, 0)®%EXCM 0O(0, —1) by Corollary 5.3.2(b), hence
it belongs to the graded piece Gr?’KOZ 2 (M). Similar argument also applies to the derived
intersection O(0, 1) ®H@M [Oz(@4)]-

We also define

LY(@) =[Oy @, - @, Oyieny] € G ET P (M),

Notice that the elements “Z(x) and “)Y(x) are invariant under permutations and operations of the
form z; — a;x; + ajz; for some a; € Z,; and a; € Z;, by Corollary 5.6.3. We can also transform the
basis & by permutations and operations of the form x; — a;x; + a;x; for some a; € Z;; and a; € Zy

to get any another basis @’ = {z},---,2.} of L. Therefore the elements “Z(x) and “Y(x) only

depend on L.

Definition 5.6.5. Let L < B be a Z,-lattice of rank r where 1 < r < 3. Let {z1,---,2,} be a basis
of L. Define the derived special cycle

LZ(L) = [Ozn) ®5,, - @, Oz(u,y] € G EEH (M),
LY(L) = [Oyan) @, -+ @, Opian] € Gr" K H (M),
Definition 5.6.6. Let L < B be a Z,-lattice of rank 3. Define the arithmetic intersection numbers
nt?(L) = x(M,"Z(L)), Int¥(L) = x(M,"Y(L))
Here x denotes the Euler—Poincaré characteristic.
Now we are able to state to state the main theorem of the article.

Theorem 5.6.7. Let L < B be a Z,-lattice of rank 3. Then
Int? (L) = éDen (Ho(p), L),

and
7

Inty(L) = 0Den (Hy(p)¥,L) — 1 = dDen (Hy(p)",L) — ﬁ -Den(Opg, L).

6. DIFFERENCE FORMULA ON THE GEOMETRIC SIDE

6.1. Difference formula: the hyperspecial case. Let L < B be a Z,-lattice of rank r where
1 <r <3 Let{x, - ,z.} be a basis of L. Then the element Oz, () ®H@N ~-®H(§N Oz (z,) €
FTKOZN(L) (NV) because it is a proper intersection. The element [0z, (5,) ®H@N ®H@N Oz ()] €
Gr’"K(;ZN(L) (N) only depends on the lattice L [LZ22b, Corollary 4.11.2]. Denote by “Z,/(L) the
image of this element in GrTKOZ ) (N). If the rank of L is 3, then we define the arithmetic intersection

number on N as

Intyr(L) == x(N,“Zpr(L)).
The works of Gross—Keating [GK93] and the ARGOS volume [VGW 07| together imply the following
theorem for all the prime number p (including p = 2):
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Theorem 6.1.1. Let L < B be a Z,-lattice of rank 3. Then
Intar(L) = dDen(H, L).

Here
_d Den(X,H, ,L)
dX X=1 Den(HZ7H§_) 7

where HQJ% is as introduced in the introduction and HY = H2+ a Hf

0Den(H, L) :=

Lemma 6.1.2. Let Np := N xyw F. Let L' =B be a ZLy-lattice of rank 2. Let x € B be another
element such that v,(q(x)) = max{max(L’),2} and x L L’, then

Ity (L' & (z)) — Intpr (L © {p~'a)) = x(WV,"Zx (L) ®,, Ons)
= 0Den ((:c}[—l] o Hy, Lb> :
Proof. The first identity is proved by [GK93, Lemma 5.6] and [Rap05, Proposition 1.6]. For the
second identity, we combine Theorem 6.1.1 and the following identity by [Zhu25, Theorem 7.2.6]:
dDen(H, L’ @ (x%) — dDen(H, L’ & {p~'z)) = Den (<x>[—l] o Hy Lb> .
]

6.2. Blow up: the hyperspecial case. Recall that N' ~ Spf W/[[t,']], here the elements ¢ and ¢’
are chosen so that under the identification N' = Ny xy Np, the first Ny ~ Spf W[[¢]] and the second
Ny ~ SptW[t']]. Hence Ny ~ SpfF[[t,t]]. Let 7 : Ng — N be the blow up morphism along the
unique closed point of Ng. There is an open cover {/\7 O,/\71§} of J\N/']F given as follows,

o Let ¢’ = zt. Define N2 = SpfF[z][[¢]].

e Let t = 2't'’. Define N2 = SpfF['][[t]].
Over the intersection ./\7§ XN ./\N/'Ef, we have 2’z = 1. Let ExcjvIF be the exceptional divisor on J\NfF. It
is glued by SpecF[z] and SpecF[z] with the condition 2’z = 1. Hence Excgy =~ PL.

Exco ~
Lemma 6.2.1. We have the following identity in Gr’K, e (NF) ~ Pic(EchF):
L — i
(56) [OEXCAN[]F ®O/\7]F OEXCAN[]F] = O( 1)

Proof. Similar to Lemma 5.2.1, the derived tensor product [OEXCAN/ ®Héf\7 (’)Excﬁ ] can be viewed
F F F

as the restriction of the line bundle corresponding to the exceptional divisor EXCNF on /C/']F to the

exceptional divisor Excﬁw itself. Under the open cover ./\N/E? and ]\715 of J\Nfﬂr, the divisor EXCJVF is given
by the following equations and transformation rules:
NF NF
w w
XT
t >t/

%
xx!

The same transformation rule also applies to the corresponding open cover of EXCN]F ~ IP’]}. Therefore

the corresponding line bundle is O(—1). O
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6.3. Invariance of the intersection number. Let 2 € B be a nonzero element. Define Zys (x) :=
Znr(z) x oy Np. The intersection is proper by the flatness over W of the divisor Zx/(z) (Lemma 4.3.2),
hence Zy;, (x) is an effective Cartier divisor on Np. Define Zﬁw(x) = 2N (x) = Nr xnq Za ()
to be the pull back of the divisor Zys, (x) on N to the blow up M.

Lemma 6.3.1. Let x € B be a nonzero element such that n = v,(q(x)) = 0. Then

(a) There exists an isomorphism Ny ~ SpfF[[¢t,t']] such that every irreducible component of
Zni () is of the form
Colx) ~ SpfF[[t, t']]/(Wet’ — t7") or C_o(x) ~ SpfF[[t,t']]/(vut — t""),
where 0 < a < n and a = nmod2, v, v, € O-/)\</’]F’ here C, = Cq if and only if a = d'.
Moreover, we have the following identity of effective Cartier divisors on N,

Zp,(z) = Z pnlah/z e ().

—ngasn
a=nmod 2

(b) We have EXCNF ~ PL and the following equality in the group PiC(EXCJv]F).'
L _
(57) [OZﬁF(I) ®O/\7]F OEchwa] = O(O)

(c) Let y € B be another element such that x,y are linearly independent. Let C1 and Ca be an
irreducible component of Zar(x) and Zp;, (y) respectively. Then

(58) XNz, O, ®]<L9A~,[F Orsc,) = XN, Oc, ®6,, Oc,)-

Proof. Part (a) is a consequence of Proposition 4.4.1 (b2). Let C be an irreducible component of a

special divisor Za; (x), we have the following equality by (a):
mpC = Excy + C,

where C is the strict transform of the divisor C under the blow up morphism 7g. It is isomorphic to
C under the morphism 7 since it is represented by a 1-dimensional regular local ring. It’s easy to
see that C N Exc N = =C X 37 EXC e is scheme-theoretically a single point scheme, hence we have the
anxcﬁF] = (9( ) hence [O ?C“EXCK/}F] = 0(0), where m3C N Excge = mpC x5 Excge

Therefore (b) is true since the special divisor Z5. (x) is a summation of divisors of the form in (a).

equality [O

Moreover,
XN, O, ®%NF Orxc,) = (mpC1 - m2Ca) 5, = ((51 + Excgy ) - WECz)NF
( |- WFC2> Projectio; formula (Cl ‘CQ)_/\/]F

(NFa Ocl ®(’)N OCQ)

Corollary 6.3.2. Let x,y € B be two linearly independent elements. Then
N/ L L
(59) X(NFa OZA’T]F(LL’) ®ONJF OZﬁF(y)) = X(NIFa OZN]F(Z‘) ®ON]F OZN]F(y))'
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Proof. Since Zp;(z) is a summation of regular (smooth) divisors C. The equality follows from
Lemma 6.3.1 (b). O

6.4. Geometric difference formula on M.
Lemma 6.4.1. Let I’ ¢ B be a Zp-lattice of rank 2. Let x € B be another element such that
vp(q(2)) = max{val(L’),2} and x L L?, then
nt? (L’ & (z)) — t? (L & (p~ ")) = x(M,“Z(L") ®p,, Omy)
= X(M,Z(L") ®6,, Onpre) + X (M, “Z(L) ®5,, Opivv)
+ X(M,LZ(Lb) ®H@M OMFV) + X(M,LZ(Lb) ®H(‘9M OMVF).

Proof. By Lemma 5.1.1, we know that
Int® (L’ & (z)) — Int* (L’ @ {p~'x)) = x(M,"Z(L") ®,, Op(a))-
Therefore the first equality is equivalent to
(60) X(M,PZ(L) ®6,, Op) = X(M,“Z(L") €6, Ome).
By Lemma 5.6.1 and the isomorphism Pic(Excp) ~ Gr2K (M) given by £ — [Opxe,, | — [£],
LZ(L’) = linear combinations of O(1,0), @(0,1) and [Ow.].

For elements of the form [Oyy, ], by the moduli interpretation of the special divisor Z(z) and [GK93,
Lemma 5.11], we have

X(M, [Ow,]®6,, Op)) = X(M, [Ow,] ®,, Ormy)-
For the elements O(1,0) and O(0, 1), we have
X(M7 0(17 0) ®H(5M OD(:L‘)) = X(M> 0(07 1) ®]I(§M OD(x)) =0
by Proposition 5.3.1. On the other hand, by Proposition 4.11.1 (iii), we have
X(M7 0(17 O) ®H(7)M OM]F) = X(Ma O(Oa 1) @EéM OM]F) = 0.

Therefore (60) is true and hence the first equality in the Lemma.
For the second equality: Let x1,x2 be a basis of L, we have

Lz(r) ®6 0 Obxers = [Oz(21) ®64, Oz (s) ®6,, OBxcpd]

= ([OZ(xl) ®]I(§M OEXCM]> ®H(7)EXCM <[OZ(3:2) ®H(§M OEXCM])
L
0(0,~1) &k, 0(0,~1) = 0.

Therefore
L2(L) ®p,, Omy = “Z(L") ®%,, (208xcp + Opqer + Opgvy + Opqev + O pqiv)
= LZ(Lb) ®H@M (OMFF + OMVV + OMFV + OMFV) .

Therefore the second equality is true. O
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6.5. Intersections on MFF. We defined py : M+ — A as a composition M+ — M 5 N (zg) 25
N. Notice that MYF is a closed formal subscheme of M. Let 7 MFF — A be the composition

MFF - Mi —> (4 )r Nr. Using the open cover we fixed in §4.11 and Lemma 4.6.4, we have the
following isomorphism of formal schemes over Np:
(61) ST MEIE 2 N

Let = € B be a nonzero element. By the moduli interpretations of the divisor Z*(x) on M™ in
Lemma 4.13.2 and the isomorphism (¥ : MFF — /%, we have

%
(62) Z(z) n MFF = (JFF) Zx (@) = 25 () X5, vw MIF = Zyp (2) % pgp e MEF
Lemma 6.5.1. Let L < B be a Zy-lattice of rank 2. Then
XM, EZ(D) €6, Opger) = XN, V2 (L") ®5,, Ong)-
Proof. Let x,y be a Z,-basis of the lattice L’. Then
X(M’LZ(Lb) ®H(5M OMFF) = (MFF OZ( AMFF ®OMFF (y)mMFF)
L
(59) L
= XWNF, Oz, (2) ®0y, Ozp ()
:X(Nv LZN(Lb) ®H(5N ONIF)
O
6.6. Intersections on MYV, The ideas of the computations in this part is similar to §6.5. We have

defined p_ : M~ — N as a composition M~ — M 5> N(zg) 5 N. Notice that MYV is a closed

formal subscheme of My. Let 7¥V : MYV — Af be the composition MYV — My LURIR NF.
Using the open cover we fixed in §4.11 and Lemma 4.6.4, we have the following isomorphism of
formal schemes over Np:

(63) MV MYV S N

Let x € B be a nonzero element. By the moduli interpretations of the divisor Z7(x) on M~ in
Lemma 4.13.2 and the isomorphism ¢V : MYV — /\N/F, we have

(64) Z(z) n MYV = (V)" 2 (@) = 2R (2) x5 v MTT = Zpg (@) X pg vy MYV

Lemma 6.6.1. Let L’ < B be a Zy-lattice of rank 2. Let L < B be the image of L’ under the

isometric homomorphism (-) : B — B. Then
MEZ()®%,, 0 = YW, 20 (L) &b, O
X( ) ( )®OM MVV) X( ) N( )®(’)N N]F)'
Proof. The proof is the same as that of Lemma 6.5.1, we just need to replace M there by MVV. O

6.7. Intersections on MFV Let

IE
(65) (Xf — X, (p Fv,p’fv)), (XS —> X’FV,(,oEV,p’zFV)>
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be the base change of the universal object (38) over M to MYV, By the equations of MFV in

Proposition 4.11.1, the morphism a:OF is isomorphic to the Frobenius morphism, while x(\)/ is isomorphic

to the Verschiebung morphism. Hence there exist two isomorphisms ¢} : Xf Vi), XFV and

D X;FV’(p ) XV over MYV such that the following diagrams commute,

FV, IFV,
Xl (p) X2 (p)
e N
va Lll? L;/ X éFV
J:OF\ /},’
X {FV XQFV

here we use F,V to represent the relative Frobenius and Verschiebung morphism.

For a morphism f : S — MV, Let (XlF\S/,p?\é) and (XéFg/,p’ng) be the base change of the
p-divisible groups (XTV, pi'V) and (XY, pgg) to S through the morphism f. Then we get a map
MEV(S) — Np(S) : f — <<ng, pﬁé) , (XéFV,p’QIjg/>>. Therefore we obtain a morphism between
formal schemes 7'V : M¥V — Ak. Using the open cover we fixed in §4.11 and Lemma 4.6.4, we
have the following isomorphism of formal schemes over Ng:

(66) SV MV S N

Denote by MFV = (LFV)* (/\7}?)7 MYVE = (LFV)* (./\N/E) Then MV < M+, MFV < M~ and
{MEV, MEVY gives an open cover of MFV,

Let Nor = Ny xw F. Denote by Fr : Ngr — Ny the relative Frobenius morphism of N .
The morphism sends a pair (X, p) € Nor(S) to the pair (X®), p®)) here X#) = X x g5 S where
Frg : S — S is the absolute Frobenius morphism. Denote by pfV : MEY — A the restriction of
the morphism p; : M+ — N (cf. (39)) to MEV. Denote by ptY : MEV — A the restriction of the
morphism p_ : M~ — N (cf. (39)) to MEV. Then we have

(67) pEV = (d x Fry o7V, pfV = (Fr x Id) o n"V.

Let z € B be a nonzero element such that v,(¢(x)) > 0. By the moduli interpretation of the
divisor Z(z) in Lemma 4.13.2, we have

68)  Z(x) n MEY = (7"V)" (Id x Fr)* 2, (2), Z(2) n MEYV = (2FV)" (Fr x 1d)* 2y, (2),

Notice that the quasi-isogeny xg -z = 2’ - xq : XlFv - XéFV lifts to an isogeny over Z(z) n MFV.
Therefore

(69) Z(x) n MEY < (WFV)* Zp,(xo - ), Z(x) n MEY (WFV)* Zpn (2 - xg).

Lemma 6.7.1. Let x € B be a nonzero element such that v,(q(z)) = 0. Then we have the following
identity of effective Cartier divisors on MY :

(70) Z(x) n MFY = (FV)* (p Zy (@t a) + EXCNF) -
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Proof. Let n = vp(g(x)) = 0. Since zf (resp. xy) is isomorphic to the relative Frobenius (resp.
Verschiebung) morphism, we have the following equality:

(Id x Fr)* Zps ()
(Fr x 1d)* Zpe (2) = Zre (2’ - 20) — Con_1(2' - 20) = p- Zre(To ' - ) + Crrr (2 - o).

ZNF(@“O : .I) - Cn+1(x0 : .fU) =p- ZN[F(Toil . IL’) + C—n—l(xo : ‘T)a

Here we use the equality p~'ag - o = Zo ! - . By (68) and (69) and the equation of C_,,_1(z0 - x)
in Lemma 6.3.1(a), we have that over the open formal subscheme MYV,

Z(z) n MEV = (WFV)* (P 2ne (@' - @) + Coni (20 - 7))
= (LFV)* (p . Zﬁm(ﬁ_l ) + EXCNF> .
While over the open formal subscheme MV,
Z(x) n MEY = (ﬂ'FV)* (p- Zn (@0 ' @) + Cpga (2 - 20))
= (LFV)* (p . ZNF (a:Tfl -x) + EXCNF) .
The formula (70) is true on an open cover of MV hence is true over all M¥V. O
Corollary 6.7.2. Let L’ c B be a Zip-lattice of rank 2. Then
(M, EZ (L") ®](%M Oprv) =p - X (N,]LZN (370_1 : Lb> ®%N ONF> —1.
Proof. Let x,y be a Z,-basis of the lattice L. We have
XMEZ(L) @6, Opev) = X (MY, 0505 ey ®I(L9MFV Oz(z)AmFV)
=P x (N, Oz, (@) ®I<L9ﬁF Oz (y) + XN, Oxeg, ®%ﬁm Opxey, )

V2 (W2 (w0t L) @b, O ) 1.

6.8. Intersections on MVYF. The ideas of the computations in this part is similar to §6.7. Let
.’I?V IITF
(71) (XYF = XV (pYF,pQVF)> : <X§’F — X3, (03", p’2VF)>

be the base change of the universal object (38) over M to MYF. By the equations of MVF in
Proposition 4.11.1, the morphism l’g is isomorphic to the Frobenius morphism, while :17(\)/ is isomorphic
to the Verschiebung morphism. Hence there exist two isomorphisms Lg : X;/ B, XéVF and
X 1VF’(p R e VE over MV such that the following diagrams commute,

X;/F,(p) X{VF,(p)
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here we use F,V to represent the relative Frobenius and Verschiebung morphism.

For a morphism g : S — MV, Let (X{\gF,p’lvg) and (X;/g,p;/g) be the base change of the
p-divisible groups (X7VF, pVF) and (X)'F, p;/g) to S through the morphism g. Then we get a map
MVE(S) — Np(S) : g — ((X{YSF, p’f@?) ) (XQVF, p;”;)) Therefore we obtain a morphism between
formal schemes 7VF : MVF — Af. Using the open cover we fixed in §4.11 and Lemma 4.6.4, we

have the following isomorphism of formal schemes over Ng:

(72) N MVE S N

Denote by MYF = (LVF)* <./\~/I§>, MEV = (LVF)>X< <J\~/I§> Then MYF < M~, MY¥ = M* and
{MYF MYF} gives an open cover of MVF,

Recall that we defined Fr : Nor — Nyr as the relative Frobenius morphism of My in §4.1.
Denote by pY¥ : MYF — Af the restriction of the morphism p_ : M~ — N (cf. (39)) to MYF.
Denote by pY¥ : MYF — Af the restriction of the morphism p, : M+ — N (cf. (39)) to MYF.
Then we have

(73) pYF = (Id x Fr) o ¥, p¥F = (Fr x Id) o nV'F.

Let € B be a nonzero element such that v,(¢(z)) = 0. By the moduli interpretation of the
divisor Z(z) in Lemma 4.13.2, we have

(74)  Z(z) n MYF = (2VF)* (1d x Fr)* 2y (2), Z(2) n MEY = (77Y)" (Fr x 1d)* Zp; (z),

Notice that the quasi-isogeny g - 2’ = x - T : X{FV --» X&'V lifts to an isogeny over Z(x) n MVF.
Therefore

(75) Z(@)n MEY < (7VF) 20 (30 - 2), (@) 0 MEY < (7VF)" 2 (2 - 7).

Lemma 6.8.1. Let z € B be a nonzero element such that vy(q(x)) = 0. Then we have the following
identity of effective Cartier divisors on MVY :

* —
Z(x) n MVF = (LVF) <p - Z5 (2 Vo) + EXCN:F) .
Proof. The proof is almost identical to that of Lemma 6.7.1, so we omit it. ]

Corollary 6.8.2. Let L’ < B be a Zy-lattice of rank 2. Then

XM EZ(L) @B, Opqvr) = - X (N,LZN (xgl -L") R ON]F> —1.
Proof. The proof is almost identical to that of Corollary 6.7.2, so we omit it. g

7. PROOF OF THE MAIN THEOREM

7.1. Difference formulas combined.
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Lemma 7.1.1. Let L’ < B be a Zy-lattice of rank 2. Let x € B be a nonzero element such that
x LI’ and vp(q(z)) = max{max(L’),2}. Then we have

(76)  X(M,"Z(L") &b, Oprr) = xX(M,PZ(L”) @, Opqvv) = @Den (<x>[—1] @H+,Lb) ,

(77) XM EZ(L) &, Ouerv) = X(M,FZ(L") b, Opqvr) = Den ((@)[-1]@ H [p], L)

Proof. The formula (76) is proved by combining Lemma 6.5.1, Lemma 6.6.1 and Lemma 6.1.2. Let’s
now give the proof of the formula (77). By Corollary 6.7.2, 6.8.2 and Lemma 6.1.2 again, we have

XM EZ (D)@, Operv) = XM, “Z (L)@, Opeve) = p*-aDen (@)-p 1@ Hy , L’[p']) ~1.
By Lemma 3.4.1, we have

oDen ((@)[-1]® H [p], L*) = p* - @Den (@)[-p @ By, L’[p71]) = 1.
Therefore (77) is true. U

Corollary 7.1.2. Let L’ < B be a ZLy-lattice of rank 2. Let x € B be a nonzero element such that
x LI’ and vy(q(z)) = max{max(L’),2}. Then we have

Int® (Lb O <x>) — Int? (Lb o <p_1:1:>> = JDen (Ho (p), L’ ® <:):>> — 0Den (Ho (p), L) ® <p_1:r>> :
IntY (Lb o <a:>> — IntY (Lb o <p71x>) = 0Den (HO »)V,Le <a;>> — 0Den <H0 (p)¥, L& <p71:c>) .

Proof. For the intersection number of Z-cycles, we have

t? (L @ ¢@)) - nt? (L © (¢ 'a)) = 2 X(MZ(L") ®f,, Opre) + 2+ XM, “Z(L") ®F,,, Operv)
6L 5 . oDen (<x>[—1] o HY Lb> +2.-dDen (<x>[—1] & Hi [pl, Lb) .
On the analytic side, we have the following formula by Lemma 3.3.3,
oDen (Ho(p), I’ & () —aDen (Ho(p), L' & (5 'a))
— 2. 9Den <<x>[71] o Hy L") +2-0Den <<x>[71] & Hy [p), Lb) .

Hence the first formula follows from the above two identities.
For the intersection number of Y-cycles. By the identity Y(H) = (LM)* Z(xo - H), we have

IntY (Lb ) <m>) — IntY (Lb ) <p_1x>>
— 1nt? (L[a(20)] @ (@)[a(0)]) ~ Int? (L[a(w0)] @ 5" 2)lg(w0)] )
— oDen ( Ho(p), L’ [a(z0)] @ (@)[a(x0)] ) — oDen (Ho(p), L’[a(0)] & (p~ " )[a(0)])

= 0Den (Ho(p)V,Lb o <x>> — dDen (Ho(p)V,Lb o <p_1x>> .
Here the last identity is proved by Lemma 3.4.2. 0

7.2. Base cases: the geometric side. Let L < B be a quadratic lattice of rank 3 such that
min(L) = 0. Let x € L be an element such that v,(¢(xz)) = 0. By Lemma 5.5.2, we have the
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following equality of Cartier divisors on M,
Z(x) = Excpy + Nat(zg - ),

where the divisor N1 (zg - z) is isomorphic to the blow up Ny(zo - z) of the formal scheme N (g - )
along its unique closed F-point. For simplicity, let z = xg - . We fix an isomorphism ¢, : J\/&Jr (2) >
No(z). Let p. be the following composition morphism

px NGt (2) 5 No(2) ™5 No(z) — N.
Recall that we use Excl" to denote the exceptional divisor on /\/gJ”(z).
Lemma 7.2.1. Let y € B be an element such that x,y are linearly independent. Then we have
(78) XNGT(2), Opts () 3y ®<9NI+ ., Orxerr) = =1
Proof. By definition we know that Excl™ = Excpaq n /\/ng(z). As a divisor on Excyq, we have
[OEXCM ®H(7)M ON5+(Z)] = [OEXCIZ+] = 0(1,0)
by Corollary 5.3.2 (b). Then we have
(j\/’”( ), O N ()N Z(y )®EC3N5+(Z) OExclj) = x(M, ONng(Z) ®H@M Oz(y) ®EéM OFxcr)
= X (Excum, Opyetr R, ~ Oz(y)nExcr)
= 0(1,0)- O(~1,—1) = —1.
O

Let y € B be an element such that it is linearly independent from x and v,(q(y)) = 1. Denote by
2! = xg - y. By the moduli interpretation of the special divisor Z(y), we have

(p2)" (Bn(p7'2)) = (mat2)” (Mo(2) 0 Zp(p712")) € NGT(2) M Z(y).

Notice that v,(q(p~12’)) = 0, hence the intersection Ny(z) N Zr(p~12') is a regular divisor on Ny(z)
which is isomorphic to Spf Wy by [GK93, (5.10)], where W} is the integer ring of a ramified quadratic
extension of Q,. Denote this divisor by C(y). Let C(y) be the strict transform of the divisor C(y)
under the blow up morphism 7, : No(z) — No(2). Let p.1,p-2 : Ni¥(2) — Np be the composition
of p, with the two projections from N ~ Ny xw Ny to Np.

Lemma 7.2.2. Let y € B be an element such that it is perpendicular to x and v,(q(y)) = 0 or 1.
Then

vk <EXCA70(Z)> , if vp(q(y))

O.
NFYAZ = ¢ |
0 (2) N Z(y) iz (2 Bxeg ) +CO)) s i uplaly) =1

Proof. Using Lemma 4.4.1 (b), we can construct the following open cover of the formal scheme

No(z2):
(79) No(2)° = SptW u][[t]]/ (vp + (" — ), No(2)® = SptW [o][[]]/ (V'p + (" —v)),

where v,/ are invertible elements in the corresponding rings and uv = 1. Using Lemma 4.6.4, we
can see easily that /\70(:4:)O c M* and /\70(2)' c M~. Let y; = 2~ 'y. Then we have y; € B. By
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the moduli interpretation of Z(y) in Lemma 4.13.2, we have

Z(y) " No(2)° = 020 Zrno (1), Z(y) A No(2)® = (9:.2)* 2 (%))

o If v,(q(y)) = 0, we have v,(q(y1)) = vp(q(y)) = 0. The equation cutting out Zx; (y1) (resp.
Zn, (y1)) has the form ¢t + a - p (resp. t' + a' - p) for some a € Oy, (resp. o’ € Opy) since
Zni, (1) (resp. Za;,(y})) is isomorphic to Spf W by Remark 4.3.4. Using the open cover (79),
the equation of Z(y) on Ny(2)° (resp. No(2)*) is given by tx(a unit element in Oﬁo(Z)o)
(resp. t'x(a unit element in %, (Z),)). Therefore we have

Not(2) n Z(y) = o (Excﬁo(z)) .

o If vp(q(y)) = 1, we have v,(q(y1)) = p(q(yy)) = 1. The equation cutting out Zn; (y1)
(resp. Zn;(y})) has the form p + t2 - f(t) where f(t) € W[[t]] (resp. p + t"?g(t') where
g(t') € WI[t']]) since Zp;,(y1) (resp. Zn;(y])) is a regular formal scheme but not formally
smooth over W by Remark 4.3.4. Using the open cover (79), the equation of Z(y) on Ny(z)°
(resp. No(2)®) is given by ¢2 - (v Hu—tP71) + f(t)) (resp. - (V"o —tP71) + g(¢))).
Therefore the multiplicity of Excl* in the divisor N3 (2) n Z(y) is exactly 2. Since every
horizontal divisor in V' (2) N Z(y) has intersection number 1 with Excl™, we conclude that
there is only one horizontal divisor by Lemma 7.2.1. Notice that C(y) Not(2) n Z(y) is a
horizontal divisor. Therefore

NI (2) A Z(y) = o (2 Bxcgy ) + c”(y)) .
O

Corollary 7.2.3. Let L < B be a lattice of rank 3 whose Gross—Keating invariant GK(L) = (0,0, 1)

or (0,1,1). Then

1, if GK(L) = (0,0,1);

IntZ (L) = i GK(L) = (0.0,1)
0, if GK(L) =(0,1,1).

Stmilarly, we have
~1, if GK(L) = (=1, —1,0);
0, if GK(L) =(-1,0,0).

Proof. Note that the statement for Int” (L) follows from Int? (L) via (33). Now we prove the state-
ment for Int? (L).

Let x,y1,y2 be an orthogonal basis of the lattice L where vp(¢(z)) = 0 and v,(q(y2)) = 1. Let
z = xg - x. We have

Int? (L) = X<M7 Oz(s) 60 Oz ()B4 Ozwa)) X (M’ Ot (2) ®0u Oz(u1) €6, OZ(W)

_ 1+ L
=X (M3* () Ozgyonge ) ®Bn Oziuronte ) -
In the following, we use (-,-) 3 ) (resp. (+,*)Ay(z)) to denote the intersection pairing of divisors on

No(2) (resp. No(2)).
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e ,(q(y1)) = 0. By Lemma 7.2.2, we have

B N
mtZ(L) = (Excﬁo(z)ﬂ JExeg )+ C(yg))NO(z) - 241=-1,

~

e vp(q(y1)) = 1. By the construction of C(y;) where i = 1,2, we have

(80) Clyi) =~ Zno (P a0 - i)

By Lemma 7.2.2, we have

NoT(2) n Z(y;) = o (EXC]\V/O(Z) + W:C(yl)> .

By Lemma 4.5.1, we have
Int?(L) = (EXCﬁo(z) + 7*C(y1), Excge )+ 7T*C<y2))]\70(z)
=—-14+0+0+ (W*C(yl),w*C(yz))ﬁo(z) =—-1+ (C(y1)7c(y2))/\/o(z) .

Notice that p~lzg - y1,p "

xo - Y2, 2z span an orthogonal basis of a rank 3 lattice in B whose
Gross—Keating invariant is (0,0,1). By (80) and the fact that Ny(z) = Zx5(z), we have

(C(y1), C(y2)) ny(») = 1 by [GK93, Proposition 5.4]. Therefore Int®(L) = 0.

7.3. Proof of Theorem 5.6.7. Theorem 5.6.7 states that for a Z,-lattice L < B of rank 3, we have

(81) Int? (L) = dDen(Ho(p), L).
and
(82) IntY (L) = éDen(Hy(p)¥,L) — 1.

We first prove (81). Notice that this is automatically true if L is not integral because both sides
are 0. Now we assume that the quadratic lattice L is integral. Let (a1, as,as) be the Gross—Keating
invariant of L where 0 < a; < ag < ag are integers. Let n(L) = a; + az + az. We prove the equality
(81) by induction on n.

1. Base cases: n(L) = 1 or 2. The equality (81) is true by combining Lemma 3.5.1 and Corollary
7.2.3.

2. Induction step: If the equality (81) is true for all quadratic lattices L such that n(L) < k
where k > 2 is an integer. Let L’ be a quadratic lattice such that n(L’) = k + 1. Let
x1,x2, 3 be an orthogonal basis of L' such that v,(q(z1)) < vp(g(x2)) < vp(g(z3)). Then
vp(q(xs)) = 2. Let I’ = Z, - 21 ©Z, - 29 and L = L’ ©7Z, - p~'z3. Then we have
n(L) = k — 1 < k. The equality (81) holds by combining Int®(L) = éDen(Hy(p), L) and
Corollary 7.1.2.

Therefore we can conclude that the equality (81) is true for all lattices L < B of rank 3.
The proof of (82) is similar so we omit it. O
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Part 3. Applications
8. A CONJECTURE OF KUDLA-RAPOPORT

8.1. CM cycles on Njy(xp). Roughly speaking, the formal scheme Ny(zg) parameterizes cyclic
isogenies deforming x. Since v,(q(z9)) = 1, we have Ny(zo) = Zn(z0) by Lemma 4.4.1. Let

(Xuniv N Xluniv’ (puniv’ p/univ))

be the universal deformation of the isogeny zg over Ny(zo). Let B? be the subset of B consisting of
trace 0 elements. Let S be the subset of Hy(p) consisting of trace 0 elements.

Definition 8.1.1. Let H < B° be a subset. Define the special cycle fog/ézo)(H) < No(zp) to be the

closed formal subscheme cut out by the conditions,
pUY 6 o (pWIVY L ¢ End(XUni);
PV 6 o o (pMV) L g Epg(Xuniv),
forall z € H.

For a given element z € B, the special cycle Z/(\jfg/gxo)(x) is not a divisor and has embedded

components. Let Zf/})\/gmo)(m)b be the associated divisor of Zﬁ%xo)(aj) following the notion of Kudla
and Rapoport [KR00, §4]. In the current situation, let f,, f,» € O No(zo) D€ the two elements cutting
out the closed formal subschemes over which x and 2’ are isogenies respectively. Let g, be the
greatest common divisor of f, and f,/, then the associated divisor of Z/(\jfg/%xo)(x) is defined by the
element g,.

In 2006, Michael Rapoport gave on talk titled “Some remarks on special cycles on Shimura curves".
In that talk, he explained his conjecture with Steven Kudla as follows. Let S < Hy(p) be the
sublattice of trace 0 elements. Note that if v € Hy(p) is a vector with g(v) = 1, then S is isometric
to the perpendicular lattice of v in Hy(p). Let
5. d ‘ Den (X, S, M)

dX |x_; Den (S, H1 ® H{ [p])’

oDen (S, M) := —

where H; is the perpendicular lattice of v in H2+ .

Conjecture 8.1.2. Let z,y € BY be two linearly independent vectors. Let M be the Zy-lattice
spanned by x and y. Then

L _
X (No(l“o), Oz, @ B0y 03;?,34(10)(7,&) = 0Den(S, M) + 1.
In the following paragraphs, we will reformulate and then confirm this conjecture.

8.2. Geometric cancellation law. Let 1 € B be the identity element. By the definition of the
special cycles on N (), there exists an isomorphism tg : No(20) = Zr(4)(1). For a subset H < B,
let H' = {1} U H. We have

2O (H) = (10)*(Znr(any ()
Recall that we denote by /\N/'o(:no) the blow up of the formal scheme Ny(zp) along its unique closed
F-point. The isomorphism ¢o induces a closed immersion Ny(zo) — Z(1) € M. By Lemma 5.5.2,
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this closed immersion induces an isomorphism N (zo) — NiT(1) = D(1) = Z(1). We still denote
this isomorphism by ¢g.

Definition 8.2.1. Let H < B be a subset. Define the special cycle ZOM(H) < Ny(z) to be
ZCM(H) = Z/C\Jf%xo)(H) X No(zo) No(zo).

For a single element x € BY, denote by Z°M(z) the cycle ZM({z}).

Recall that we use <X1,M SOINY X{,M’ (pLMvp,l,M)) , (XQ,M == Xé,Mv <p27M,p’2’M>>

to denote the universal object over M. Over the formal scheme N () ~ Ni*(1) € M, we have

the following commutative diagram
1
Xim — Xom
(83) | |z
X{ i —= Xg s

We can identify X3 aq with Xo aq (vesp. X7 with X3 ) using the diagram (83). Comparing the
definition of Z(H) in Definition 4.13.1 and the definition of Z“M(H) in Definition 8.2.1, we get

Lemma 8.2.2. Let H — BY be a subset. Then
ZOM(H) = (10)* (V¥ (w0) 0 2(H))

Corollary 8.2.3. Let x € BY. The OM cycle Z°M(x) is an effective Cartier divisor on the formal
scheme No(xo).

Proof. By Lemma 8.2.2, we know that ZM(z) = (Z(m) m/\/ng(l)) X A (1) 10 No(z0). Lemma
0 5

4.13.2 shows that Z(z) is a divisor on M, hence Z(z) n N3 (1) is a divisor on N (1). Therefore

ZM(z) is an effective Cartier divisor on the formal scheme N (zo). O

Lemma 8.2.4. Let v € BY. Let m,, :/%(aco) — No(zo) be the blow up morphism with exceptional
divisor Excg,. Then

ZM(g) = T (Zﬁ%xo)(x)b> + Excy, .

Proof. Let fu, for € Ong(ay) be the two elements cutting out the closed formal subschemes over
which x and 2’ are isogenies respectively. Let g, be the greatest common divisor of f; and f,. Then
(fes for) = (gz) - My where my © Oy (a) is a primary ideal whose radical is the maximal ideal by
the proof of [KR00, Lemma 4.2|. Therefore 7 m, is a multiple of Excg, i.e.,

(84) EM (@) = 72, (2R (@) ) + i - Excay.
By Lemma 7.2.1, we have

~ L
X (No(l‘o)a Ozom) ®og, OEXCZO) =L

Notice that x (A O L Ofxe,. | = 0, hence by (84 t —my = —1
otice that y </\/'o(:vo), w, (204, @) 03, oy OB cw0> , hence by (84), we get —m, ,
therefore m, = 1. O
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By the above lemma and Lemma 4.5.1 (d), we obtain the following:

Corollary 8.2.5. Let x,y € BY be two linearly independent vectors. Then

L CM b N7 L
X <NO($O)’ Ozf/gl(xo)(w)b <>§ONO($0) ZNO(xO)(y) ) =X (./\/'O(xo)7 OZCM(w) ®Oﬁ0(xo) OZCM(y)> +1

8.3. Analytic cancellation law.

Lemma 8.3.1. Let M < B° be a Zip-lattice of rank 2. Then
0Den(S, M) = dDen(Hy(p),Z, - 1 S M).

Proof. In Lemma 3.3.3, we take L’ = M and z = 1. Then vp(gq(x)) = 0. The formula in this lemma
corresponds to the “n = 0" case of Lemma 3.3.3. O

8.4. Derived CM cycles “ZCM()1).

Lemma 8.4.1. Let M < B? be a Zyp-lattice of rank 2. Let {x,y} be a basis of M, then the element
[Ozom (g ®H@A7( : Ozomy] belongs to the group GrQKOZCM(M)(/\N/o(:cO)) and only depends on the
Z-lattice M. o

Proof. Let L = M & (xp). Notice that
LZ(L) = [Oz(50) ®6,, Oz(21) @05, O2(a2))
= [Okxer ®H(5M Oz(zy) ®H(5M Oz(ay)] + [ON3+(xO) ®H(5M Oz(a) ®H@M Oz(y]
L L
=100, =1) &6y, OO =D+ [Oni+ ) z(0) B0 1 o) O @ornz)

Z(x Z
The elements [Oyir 2] € GrlKG W (NG (20)) and [Oyasy)nz()] € GG V(NG (20))
are both linear combinations of (quasi-)canonical liftings of the form [Oy,] (horizontal part) and
[OEXCIzg-z] (vertical part) by Lemma 5.6.1. In the derived intersection [O NI (20)n 2 () ®Hé/\/5+(xo>
O/\/éJr (z0) Z(y)]’ the derived intersections between (quasi-)canonical liftings are proper (|Gro86],

[GK93]); the derived intersection of (quasi-)canonical liftings with [OEXC%%] is also proper; the

. . . EXCIIJr.I
derived intersection [OExcﬁjg,x ®H@ O e Gr? K, (/\/gJr (x0)) because EXC:IEJg,x ~ IP’IlF

NEF (o)
is an integral Noetherian scheme. Therefore the element [0+ (o)
0

Excg;g .z ]

L
nZ(z) ® ON5+($O)ﬁZ(y)]

o %o

Since “Z(L) is independent of the basis of L by Lemma 5.6.3, the element [0+ (zo)mz(z)@)ﬂé .
0 NO (z0)

O./\/ng(xo)mZ(y)] € GrQK(‘;j(L) (N3 (x0)) is independent of basis x,y of M. Notice that we have an
isomorphism o : No(zo) — NaT(20). By Lemma 8.2.2, we have
L % L
[OZCM(x) ®Oﬁ0($0) OZCM(y)] - (LO) [ON(§+(330)“Z(5E) ®ON(I)+(aco) ON5+(IO)GZ(Q)]
L 2 g ZM(M) (1 -
Therefore [OZcM($)®Oﬁ ( )OZcM(y)] e Gr°’K, (No(z0)) only depends on the Z-lattice M. O
0lzo

Based on Lemma 8.4.1, the following definition is reasonable.
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Definition 8.4.2. Let M < B® be a Z,-lattice of rank 2. Let {z,y} be a basis of M. Define the
derived CM cycle to be

LZOM(M) = [Ozomey) @, Ozonyl € G2KE D (No(wo)).
8.5. Intersection of CM cycles.
Definition 8.5.1. Let M < B be a Zp-lattice of rank 2. Define the arithmetic intersection numbers

It (M) = y (/\”/O(xo),LzCM(M)) .
Here x denotes the Euler—Poincaré characteristic.
Theorem 8.5.2. Let M < B be a Zy,-lattice of rank 2. Then
Int“™(M) = éDen(S, M).
Proof. Let L = M ©Z, - 1. By the proof of Lemma 8.4.1, we have
LZ(L) = [0(0, 1) 8, 00, ~1)] + (), 2N (1),

Therefore

It (M) = Int? (L) = éDen(Hy(p), L) “™25*! oDen(S, M).

O

Proof of Conjecture 8.1.2. The original Conjecture 8.1.2 follows by combining Theorem 8.5.2 and
Corollary 8.2.5. g

9. ARITHMETIC INTERSECTION OF HECKE CORRESPONDENCES

9.1. Modular curves. Let A be the ring of finite adeles over Q. Let U < GL2(Af) be a sufficiently
small compact open subgroup, the quotient space GL2(Q)\H x GL2(Af)/U admits a canonical model
Yy over Q such that

YU((C) = YU XQ C = GLQ(Q)\H X GLQ(AJC)/U ~ GLQ(Q)+\H+ X GLQ(Af)/U,

where GL2(Q)™ consists of elements with positive determinant and H* is the upper half plane. The
curve Yy has a canonical compactification Xy which is a proper smooth curve over Q. The curve
Xy has a Hodge class .27 € Pic(Xy)g as defined in [YZZ13, §3.1.3]

9.2. Cyclic isogeny. Let 7 : E — E’ is an isogeny of two elliptic curves over a base scheme S. For
a prime p|deg(r), define the p-part m, : E — E; of 7 to be an isogeny which factors 7 in the way
m = 7P o, where 7P : By — E’ is another isogeny such that p t deg(7P).

Definition 9.2.1. An isogeny 7 : E — E’ between two elliptic curves over S is cyclic if ker(7) is a
cyclic group scheme over S in the sense of [KM85, §6.1]. For a prime number p|deg(7), we say 7 is
p-cyclic if the p-power torsion subgroup of ker(7) is cyclic in the sense of [KM85, §6.1].

For a cyclic isogeny 7 : E — E’ of degree p™ for some integer n > 0 between elliptic curves. There

is a standard decomposition of 7 into the composition of n degree p isogenies:

WE:EOQE&&METLEE’
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We refer to [KM85, §6.7| for the details on the notions of standard decomposition.

9.3. Global Hecke correspondences. Let U be the same compact open subgroup in GLa(Af) as
§9.1. For a double coset UzU of U\GL2(A¢)/U where x € GLa(Ay), we have a Hecke correspondence
defined as the image of the morphism:

(Va0 TUmea—10 © Te) : T(@)0 = Xppgue— — Xir-

Notice that the connected components mo(Xy) of Xu is given by Q¥\AF/det(U). For an element
a € mo(Xy), define Xy, to be the connected component of Xy corresponding to a. For an element
ae QY\AL/det(U), define Myo = || Xua X Xvga. Then

aemo (XU)
X2 = | | My -
ae@i\A}( /det(U)

The Hecke correspondence T(z)y is supported on the component My = My get(z)-

9.4. Integral models of modular curves. Let p be a finite prime. Let n be a positive integer. Let
U?P c GLQ(AI}) is a sufficiently small compact open subgroup. Let I'g(p™) be the following subgroup

of GLQ(ZP):
I‘O(pn>:{g: ( Z b) s a,b,c,d € Zy, det(g)eZ;.}
ptc d

Let U = Ty(p™) - UP, we are going to construct an integral model Yy for the modular curve Y.
The model Yy»(p") is a Deligne-Mumford stack over Z,. Let S be a connected Z;)-scheme. Let 3
be a geometric point of S. The groupoid Yy»(p™)(S) consists of objects (£ -> E’,nP), where E > E’
is a cyclic isogeny of degree p™ and 7P is a (.5, 5)-invariant UP-equivalence class of isomorphisms

v () = veen

A morphism from (E; 5 Ef,n) to (B2 3 Eé,;g) is a pair (f, f’) of isomorphisms f : F; — Fj3 and
f': Ef — E} such that f'om =m0 f and 1 = VP(f) o1 as UP-orbits.

For a point 7 € H™, denote by E, the elliptic curve C/Z + Z7. For the elliptic curve E,, we
have E[m] = (LZ + LZr) /Z+Zr ~ (Z/mZ)?, there is naturally defined a? : VP(E,) — (AZ})Q by
choosing the isomorphism E[m] = (Z/mZ)* compatibly using the basis 1,7. There is a bijection
between the set associated to the groupoid Vi/(C) and Yy (C) given an follows: Let [, g] € Yy (C) ~
GL2(Q)"\H™' x GL2(A)/U be a point. It is mapped to the object

(85) (E 2P Bynr, (a8) Lo g) € Yu(C).

Given an object (E 5> E’,nP) € Yy(C), there exists an element 7 € H* such that there exists two
isomorphisms f : E — E, and f' : E' — Epn, such that f'omo f~!: E. — Eyn, is given by
multiplication by p™. This object is mapped to the following element in Yy (C):

(86) [7,af o VP(f) o] € GLa(Q) "\H™ x GLa2(Ay)/U.

The above two maps are inverse to each other.



INTERSECTIONS OF HECKE CORRESPONDENCES ON MODULAR CURVES 67

The stack Yy is a 2-dimensional Deligne-Mumford stack. There exists another 2-dimensional
regular Deligne-Mumford stack Xy which can be viewed as a compactification of V. In particular,
Xy is proper over Z,). We refer the readers to [Cl?, §4.1.2] for more details about Xy. The stack
Y is an open substack of Ay and Ay (C) ~ Xy (C).

9.5. Moduli interpretations of Hecke correspondences.

Lemma 9.5.1. The following elements form a set of coset representative for I'o(p)\GL2(Qp)/To(p):
p% 0 0 p°
0 p°)" \p® 0)’

Proof. We refer to the proof of Bushnell and Henniart [BH06, §17.1]. O

where a,b € Z.

Definition 9.5.2. We divide the group GL2(Q)) into the following four subsets

V"= {JTop) ( )Fo v, = [JTolp) ( O)Po(m,

a<b b<a
Vit = U To(p ( P ) To(p), V)~ = U Lo(p ( ) Lo(p).
a<b b<a

Lemma 9.5.3. Let x € Ma(Ay) such that det(z) € QF and x, is a primitive element in the lattice
Hy(p). Let x* € Ma(Ay) be the contragredient of x. Let n = vp(det(xp)) = 0. Let U = Ty(p) - UP be
a compact open subgroup of GLa(Ayf). Then
I+: If ) € VH, there exists an isomorphism T(z)y =~ Xp (pn+1).urnzures—1 under which the
morphism T(x)y — X# on the open subvariety Yropn+1).0r natpz—1 1S given by

+ . (ELE’,ﬁ) — ((EgEl,ﬁ) , (En M)E’,Vp(ﬂno-~-o71'1)o17po(3:*)71)>.

—: If x, € VI , there exists an isomorphism T(x)y =~ Xpjn+1).upag-1ure under which the
morphism T( Ju — X[2] on the open subvariety Yr,pn+1).upnz—1urs 1S given by

T (ELE’,W> — ((En M>E’,Vp(7rno--~o7r1) onpoa?_1> , <E1>E1,ﬁ>>.

II+: If xp € V;H, there exists an isomorphism T(z)u ~ Xp,pn).urazure-1 under which the mor-
phism T(x)y — X?] on the open subvariety Yr,pn).upnzUre—1 IS given by

H+ (E ~ E np) — ((EL El,ﬁ) , (E’ T, n—1, VP(m)onP o (x*)—l))

— Ifx,e V]IDI*, there exists an isomorphism T(z)y ~ Xy (p)-UP na—1UPe under which the mor-

phism T(z)y — X} on the open subvariety Yro(pr)-Urna—1uUrg 08 given by

H* (E — E’ ﬁ) —> <<E1 ﬁ) E’Vp(ﬂ'l) onpogj—1> , (En 1 _> E’ Vp(ﬂ-n 10" 07['1) 077P>) .

Proof. We only give the proof for the case 4. For simplicity, denote by z,, the following element

Ty = (pn 0) e GLy(Q)".

0 1
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We have the following diagram for the correspondence T(z)y :

T(x)u

T woT(x)

Xro(p)vr Xrow)ur

By the definition of Hecke correspondence T(z)r, we know that it is isomorphic to compactification of
the modular curve Yy (yn+1).0m ~zrz—1 (C) = GLa(Q)"\H* x GLo(Af)/UP nzUPz . Let [7, g] be an
element of the set Y (yn+1).0p Appe—1(C), it is mapped to [, g] € X (p).u»(C) under the morphism
7, and [1,gz] = [2n7, 2pgr] = [det(z) apz, 2ng (2*) 7] € Xry(p)-v»(C) under the morphism 7 o
T(z).

By the bijective map (85), the element [7, g] € Y (yn+1).0p~gure—1(C) corresponds to the object

n—+1

(ET xr By, (af.)_l og) € Vryprt1)-urnaure—1 (C) in the groupoid YV pnt1).urazure—1(C).
The element [7, g] € Yy, (p).ur(C) corresponds to the object (ET 2 B, (@) o g> € Vry(p)-v»(C)
in the groupoid Vr).u»(C). The element [det(z) ' z,7, 209 (z*) e Y1, (p)-u»(C) corresponds to
the object (EpnT P, Epnsir, (aznT)fl 0 Tng (:1:*)_1> € Vry(p)-u»(C) in the groupoid Vr,ey.u»(C).

Notice that E, —2— Eynr is the composition of the first n degree p isogenies of the standard decom-

position of the degree p"*! cyclic isogeny E; X Epni1,. We have the following commutative
diagram
(o) ) o ()
f ’ T f

:p*l JVP(xp") lzn

P

(88)" Ot g,y ()

Therefore (ab )71 o pg (#*)™F = VP(xp") o P o (2*)”'. Hence the object (EL E’,ﬁ) €

T
Vro(pn+1)-Upr AaUPe—1 (C) is mapped to (E LN El»ﬁ) : (En Tnt1 B Vim0 om)onpo (:c*)_l) .
Yrop)-vr (C), i.e., the case I+ is true. .

9.6. Generating series. Let v be a place of Q. Let A be the ring of adeles over Q. Let V' = My(Q)
be equipped with the quadratic form given by determinant. Recall that V = {V,} is the following
incoherent collection of quadratic spaces of A of rank 4 (cf. (7)),

(87) Vy =V = M2(Qy) if v < 00, and Vo, is positive definite.

Let qv : V. — A be the quadratic form on V. Let V; = V®y Ay. Let H = GSpin(V'), we have
H ~ GLy xg,, GLa. We still use det to denote the morphism H — G,,.

Let U < GL2(Af) be a compact open subgroup. Let K = (U xU) n H(Ay) ~ U xg,, U. Let Mg
be the compactification of the Shimura variety Sh(H, K). It’s easy to see that My (C) = My;. For
i =1,2, let p; : Mg — Xy be the two projection morphisms. Let = z, ® ¢ € V be an element.
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Following [YZZ23, §3.3], define the following cycle in M:

T(x¢)v, if gy(z) € Q*;
T(@)k =4 3 W5 +p5Ly), ifz=0;
0 if gy(z) ¢ Q* and = # 0.
Let (V) = (V) ® #(Vy) be the Schwartz function space on V. Let ¢ € 7 (V) be the

standard Gaussian function. Let ¢y € .7(Vy) be a K-invariant function. Let ¢ = ¢ ® ¢p¢. Let
K = O(Vy) x K, it acts on V. Define the following generating series

(88) T(¢) = >, ¢@)T(2)k.
LL’E[?\V

Notice that there exists an extended Weil representation r of GL2(A) on the space .7 (V) (cf. [YZZ23,
§2.1]). Define

(89) T(g.0) = Y. (r(9)9) () T(x)x.

zeR\V

9.7. A regular integral model for My and supersingular uniformization. Let U = T'y(p)-U?,
where UP < GL2(A?) is a sufficiently small compact open subgroup. Let K = U xg,, U and
K? = U? xg,, UP, we will construct a regular integral model M (,y for the compactified Shimura
variety M over Zp).

Let ”H% ) be the integral model of the Shimura variety associated to the group H = GLg xg,, GL2
of level K. For a connected Z,)-scheme S and a geometric point s of S, ”H;(’(p)(S) is a groupoid
whose objects are of the following form

(90) ((Br = B1). (B2 ™ B3) Gl o))

where 71,7y are degree p isogenies between elliptic curves, and (77, 75) is a 71(S, 5)-invariant K?-

orbit of a pair of isomorphisms:

- ~ \ 2
77? : Tp(EZ) = HE(EZ) - (Zp) ’ i = 1721
l#p

such that for the elements e; = (1,0) and es = (0,1) of (ZP)Q, we have
py—1 py—1 py—1 py—1
(@0 en. ) ), = (07" (0. ) (e2)
where (-,-)g, is the Weil pairing on the elliptic curve E; for i = 1, 2.

Denote by Mg (,) the compactification of the integral model ’H;(’(p) in the sense of [Lanl13]. It
can be viewed as an integral model of Mg. Denote by Hﬁ,(p) c H}’(’(p) < Hpg,(p) the closed
substack where F; and Fs are supersingular. Let E be a supersingular elliptic curve over F such
that E[p*] ~ X. Let B be the unique quaternion division algebra over Q which ramifies at p and o
with norm map vg : B —> Q. Let

(CEEANCE R N)
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be one of the objects in H% (). Then there exists four quasi-isogenies pg; : E — E;, pi, : E — Ef

(i = 1,2) of degrees 1 such that pr_’Z.l o fiopri = x0. We fix a choice of representatives 7 ; and g,
from now on.

Let ﬁiz be the base change to Zp of the completion of H (,) along the closed substack ’H?(p)
(we refer to [Har05, Definition A.12] for the definition of the completion of an algebraic stack
along a closed substack, see also [Emel6, Example 5.9, Remark 5.10]). Then we have the following
supersingular uniformization map which is an isomorphism between formal algebraic stacks over Zp
([RZ96, Theorem 6.24]):

~

— H'(Q)o\W (x0) x H(A})/K?,

where H'(Q)o = {g € B*(Q) xgx B*(Q) : vp(vp(g)) = 0}. The isomorphism should be viewed as
an isomorphism between fppf sheaves of groupoids over Spf Zp. The map Oy is given as follows: Let

(91) Oy : Hi

S be an object in Nilpy,. Let
(92) ((Br = B, (B2 = B3) G o))
be an object in 7—7?@(5) Then there exists four quasi-isogenies pg; : E; xp S — E; xg S, phi :
E; xp S — E! x5S (i = 1,2) of degrees 1 such that m; 0 pp; = pgio fifori=1,2 Fori=12 let
9i € GL2(A%) be the element such that

1
(93) 9i = (nﬁz) o VP(ppa) ™ o

Then g; is determined up to right multiplication by an element in UP. By the definition of Hy (),

we must have det(g1) = det(g2). Let p; = (pg;o pr.:) [p™] and p; = <pj§z o p%ci) [p*]. Then the
object (92) is mapped to

“]

m1[p™] 2.
(571 2270 B0 () ) (Bl 227 B4 02 ) ) = (01,02
€ H'(Q)o\N (z0)(S) x H(A})/KP.

We also want to make the action of H'(Q)g on the formal scheme N (z) clear. Let
(94) (%23 X0, (1, o))+ (X2 53 X5, (2. )
be an object in the set N (x0)(S). Let (b1,b2) € H' (Q)p. Then

(b1, b2)- ((Xl = X, (pl,p’l)) : (Xz 3 X5, (pz,p'z)))
= ((Xl 5 X{? (plbfla pllbllil)) ) (X2 3 Xéa (p2b2717p,2b,271)>> :

Let M () be the blow up of the Deligne-Mumford stack H () along the closed substack H% (p)’
i.e., M (p is the stacky proj of the Rees algebra @, ., Z" over H (,) where Z is the ideal sheaf
of the closed substack Hy  (|[QR22, Definition 3.2.1, Example 3.2.6]). Let ./T/l\sﬁ be the base
change to Z, of the completion of M () along the exceptional divisor Excg. Notice that by the

universal property of blow up, the automorphism g : N'(zg) — N (zy) extends to an automorphism
g: M — M, ie., the group H'(Q)p also acts on the formal scheme M.
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Notice that if the level group K? < H (A];c) is sufficiently small, the Deligne-Mumford stacks
Hi,(p) and ’H?(p) are schemes, the morphism 7 : M ,) = Hp (p) is the usual blow up morphism
along the closed subscheme H? ()" The formal algebraic stacks ./(/l\iﬁ and ”;Q?? are obtained by formal
completion along Excyx and ?(p) respectively.

Lemma 9.7.1. The stack M () is a 3-dimensional regular Deligne-Mumford stack. There exists
a supersingular uniformization map which is an isomorphism between formal algebraic stacks over
Zp (or simply an isomorphism between two fppf sheaves of groupoids over Spfzp):

(95) On : M = H'(Q)o\M x H(AR)/KP.
It also makes the following diagram commutative

My =22 H'(Q)o\M x H(AD)/K?

! |

Ayt = H(Q0\WN (a0) x H(AY)/K?.
Proof. Let x € | M ) (F)| be a point. Let O, denote the étale local ring of the Deligne-Mumford
stack M (,) at z.

If o ¢ [Excgx(F)|, let o' = 7(z) € [Hg,p)(F)], we have Op ~ Op. Let 2’ = (21,22) where
z; € |Xy(F)|. The local ring O, is the strict henselization of a regular local ring A which is flat over
Zyp. Moreover, the ring A is formally smooth over Z,, if and only if x; ¢ |7 (F)| by the works of Katz
and Mazur [KM85|, Edixhoven [Edi90]. We refer to [Edi90, §1.1.3] for the formally smoothness at
an ordinary point, and §1.2.3 of loc. cit. for the formally smoothness at a cusp point (here we use

the fact that the level structure of Xy at p is given by I'g(p)).

o If 2/ ¢ |7—[;<7(p) (F)|, we have at least one of z; (i = 1,2) belongs to the cuspidal locus of the
modular curve Ay, hence the local ring O,/ is the strict henselization of a local ring of the
form A, ®z, Az where A; is formally smooth over Z,, and Ay is a regular local ring.

o If 2/ € \’H;{,(p) (F)|, we have at least one of z; (i = 1,2) belongs to the ordinary locus of the
modular curve AXp7, hence the local ring O,/ is also the strict henselization of a local ring of

the form A; ®z, A2 where A; is formally smooth over Z, and As is regular.

Therefore the local ring O, ~ O, is the strict henselization of a regular local ring, and hence is
itself regular.

If x € |[Excg (IF)|, the local ring O, is the strict henselization of a local ring isomorphic to some
local ring of the formal scheme M. In both cases, the local ring O, is regular by Proposition 4.11.1,
hence M () is regular.

The formal scheme M and the integral model M () are constructed by blowing up along the
supersingular F-point (objects) of the formal scheme N (o) and the integral model H g (). Since
we have the uniformization morphism O : 7—2;? — H'(Q)o\N(z0) x H (A?) /KP, the supersingular
uniformization morphism © 4 for ./T/l\ﬁi follows easily. O
9.8. Supersingular uniformization of Hecke correspondences. Fix an odd prime p, we still

assume that U = ['y(p)-UP, where UP GLQ(A?) is a sufficiently small compact open subgroup. We
abbreviate H () and M ) as Hx and M. Let x € V be an element such that gy(z) € Q* and
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xp is a primitive element in the lattice Ho(p). Let n = v,(gy(x)) = 0. Let symbols = € {I,II} and
te{+, -} Ifz, € V;? is a primitive element in Ho(p), we can extend the morphism T(zf)y — X7
to Xpgpntyuw — Hie (if % = 1) or Xpypny.gw — Hi (if * = II) where U? = UP n zUPz™ " (if
?=+4)or UP =UP nx 'UPx (if ? = —) using the moduli interpretations of Lemma 9.5.3. Define

(strict transform of Xpo(pnﬂ),U/p) + Excg, ifx=1;

strict transform of Xrn).pe, if = = II.

We remark here that the symbol T is used to denote the “integral model” of Hecke correspondence,
not a completion of some stuff, to keep in consistence with the notations of [YZZ23| where they
added the “hat” symbol to denote an arithmetic cycle (although we haven’t added a green current
to it).

Definition 9.8.1. Let x € V be an element such that ¢gy(z) € Q*. Then there exists a unique
integer 7 such that p”z, is a primitive element in the lattice Ho(p). Define

A~

T(@)x = T(p'2)k.
For a K-invariant Schwartz function ¢ € #(Vy). Let ¢ = 9o @ 5 € S (V) where ¢ € .7 (V) is

the standard Gaussian function, i.e., ¢o(x) = e~2m4(*)  Define formally
(96) T(g.0)= 2, (r(9)) (@) T(0)x. g€ GLa(A).
zeK\V
This can be viewed as the integral version of the generating series T(g, ¢) as in (89) by the follow-

ing lemma. The convergence of the generating series is not a prior clear, but each of its Fourier
coefficients defines a codimension 1 cycle on Mg, as they involve only finite sums.

Lemma 9.8.2. Let x € V be an element such that qy(z) € Q*. Then 'T'(x)K is an effective Cartier

divisor on the Deligne—Mumford stack Mg . Moreover, we have
T(2)k XSpec, SpecQ = T(z) k.

Proof. The strict transform of the regular Deligne-Mumford stack X (pn).pre is still regular by
Lemma 4.5.1, hence it’s still a divisor on M. (,,). Therefore T(2)x is still a divisor.

The Hecke correspondence only depends on the coset Q*\V. Let r be an integer such that p"z,
is a primitive element in Hy(p). Then we have T(x)x = T(p"z)x. Since Excay, is supported on
the special fiber of M (,), we have

-/I\—(-x)K xSpecZ(p) Spec@ = -/l\—(priL')K XSpeCZ(p) Spec@ = T(pr.%')K = T(x)K
O

Recall that B is the unique quaternion division algebra over Q which ramifies at p and oo. For
an element y € B, let H, = H' be the subgroup which stabilizes y. Let H}(Q)o = H,, n H'(Q)o.

Lemma 9.8.3. Let x € V be an element such that gyv(x) € Q* and x, is a primitive element in the
lattice Ho(p). Let T(x)3 be the base change to Zp of the completion of T(z)xk along its supersingular
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locus. Then we have the following identity in K, TR (MSS)

(./\/'IJr (zoy) + Excg, g) , ifax,e V}f;
N (xoy) + Excaq,g), ifx EVI_;
o) Tz - PRCITR (1 ) e
, NI (y if 2, € VII*;
yeH'(Q)o\B geHy (Q)o\H (A})/KP < ) peoee
9B (y)=qv(z) g lyeKPz < /\/'H ) if x, € VII-
P

Proof. We will only give the proof for the case z, € V},*. Let Ty/(x) =~ Xpypnt1).urngure—1 be the
closure of the image of T(z) in the stack H s under the morphism T(z) — X7 given in Lemma 9.5.3
(I+). Let :I\'H ()% be the base change to Zp of the completion of Ty /(x) along its supersingular locus.
We will prove that

(98) Tu@*= || | | 63! (sthr, (No(z0y)) . g) -
yeH'(Q)o\B geH’( )O\H(A?)/KP
qB() qv(x) g lyerx

We prove this by constructing explicit maps between the two sides of (98).
Let S be a Z,-scheme such that p is locally nilpotent on S. Let (z,g) € ﬁﬁ?(S) X H(A‘?)/K be
an element such that [(z,9)] € 'T'H(x)SS(S). It gives rise to the following object in ﬁﬁg(S)

There exists four quasi-isogenies pg; : E; xp S — E; x5 S, pﬁm tElxp S — El xg S (i =1,2) of

degrees 1 such that m; 0 pg; = ppp; o fi for i = 1,2. Since [(2,9)] € 'T'(w)SS(S), there exists a cyclic

"1 such that 71 (resp. m2) is the first (resp. last) degree p isogeny

isogeny 7 : Ey — El of degree p
~1
in the standard decomposition of 7. Let § = (p’E ey 2) omo <p§5 1° P 1) € End’(E) ~ B and

Yy = CL'al -¢. By (93), we have ¢p(y) = qv(z) and g~'y = x. Moreover, the following element

(1 2270 B0 ) ) (Bl 227 B3 020 ) )

lies in the closed formal subscheme st?gy (Mo(zoy)) < N(xp). The reverse direction can be proved
easily, therefore (98) is true.

Let 'T'bl(x) be the strict transform of 'T'H(:c) under the blow up morphism Mg — Hgi. By the
definition of 'T'(ac) K, we have

(99) T(2)x = T"'(z) + Exck.

Denote by 'T'bl(x)ss the base change to Zp of the completion of :I\'bl(w) along the supersingular locus.
By (98), we have

:I\'bl(x)ss = |_| |_| @/_V} (/\N/&+(m0y),g> )
yel'(Qo\B geH!(Q)o\H(AL)/KP
qB(y)=qv(z) g~ lyeKPz

Combining with (99), the formula in the lemma of the case I+ is true. O
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Remark 9.8.4. Both of the summations on the right hand side of (97) are finite. The first summa-
tion is finite by the Witt theorem. The second summation is also finite since it finally reduces to the
finiteness of the double coset H,(Q)\H,, (Az;) /KP where KP HZ'/(A?) is a compact open subgroup.

Corollary 9.8.5. Let :I:((;S)}E be the base change to Zp of the completion of :I\-(qb)K along its super-
singular locus. Then we have the following identity in Kg—(@?(ﬁ/l\ﬁ?)@:

A ss — — (Z(y)ag)v 1f¢ = 1H )
Tok=- X Y den o
yeH'(Q)o\B geH (Q)o\H (A])/K? V() = Excam, 9), if ¢p = Lpgp)v-

Proof. Denote by V,,(m) the following subset of Hy(p):
Vp(m) = {z eV :det(z) € Q%,, vp(gv(z)) = m}.
For symbols * € {I,II} and ? € {+, —}, define
V;?(m) ={zxeVy(m):z,€e V;? n Hoy(p)}, V;?(m)V ={zeVy(m):z,€ V;? n Hy(p)¥}.

Therefore we have

= > ¢ Z Y o) Tk

zeK\V m==% 2c K\V(m)
We first consider the case ¢p = 1p,(,). By Corollary 9.8.3, we have
0
TOR=2 > 2 2 ) T@R
m=0xe{L,IT} 7e{+,~} 2e K\V3" ()

For m = 0, we have * = [ and 7 = +, hence

Yo Y FE)TwR= Y e TR

*e{LIT} 7e{+,~} e R\VE? (0) 2e K\V,*(0)
. D 3 ¢P(g'y) - O] <EXCM +N§+(a:oy),g>
ze K\V5H(0) veH' (Q)o\B geH, (Q)o\H (A)/KP
as(y)=qv(z) g lyeKPx
Lemrri,5.5.2 Z Z (ﬁp(‘gily) . G)./_\/% (Z(y)vg) :

yeH'(Q)o\B geH} (Q)o\H (A%})/KP
vp(qB(y))=0

Notice that D(y) = Z(y) if v,(¢s(y)) = 0 or 1. Similar arguments apply to m > 1, we get (using
Lemma 5.5.2 repeatedly)

XD D ) T@R= Y 3 #(g7'y) - O34 (D(y), 9).

#e{LIT} 7€{+,—} ze K\V*? (m) yeH'(Q)o\B geH | (Q)o\H (A%)/KP
vp(aB(y))=m
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Therefore
for-Y Y . ey OM (D))
m=0 yeH'(Q)o\B geH, (Q)o\H (A})/KP
vp(as(y))=m
e}

- ) > (g7 'y) - Oy (Z D(pmy)7g>
yeH'(Q)o\B geHy, (Q)o\H (A%)/KP m=0

= ), > ?*(97'y) - O (1), 9)-
yeH'(Q)o\B geH} (Q)o\H (A%)/KP

Using (36), (37) and (54), the proof of the case ¢, = 1p(,)- is similar. So we omit it. O

Remark 9.8.6. The first sum in the corollary is infinite, so its convergence is not a prior clear.
However, the “Fourier coefficients” on the right-hand side—i.e., the sums over vectors with fixed norm
m = qp(y)—are finite. In Theorems 9.10.1 and 9.11.2, we compute the nonsingular intersections of
these Fourier coefficients and show that their total sum converges to a finite number.

9.9. Whittaker functions and Eisenstein series. Let v : GSpg — G,, be the homomorphism
such that ker(v) = Spg. Let P be the following Siegel parabolic subgroup of GSpg:

a *
P = 0 . tafl € GSpG

Let M, N < P be the following groups,

a 0
M = {m(a) = <0 I/.ta_1> e GSpg

N = {n(b) = (103 1b3> € GSpg | be Sym3}.

For a complex number s € C, define the following character As of P(A):

a * —aS8 S
A ((O s )) = v |det(a)

Let I(s) = IndG(Spf( )\s be the degenerate principal series of GSpg(A). It’s easy to see that I(s) =
®!, I,(s) is the restricted tensor product of the local function space I, (s).

aGGLg, I/EGm}.

a € GLg, l/eGm},

There exists a Weil representation 7 of the group Spg(A) on the Schwartz function space .7 (V?3)
(cf. [YZZ23, §2.1], see also |Li23, Definition 2.2.1]). For an element a € A*, let

dla) = (103 a~013> ‘

Let ® € .7(V3) be a Schwartz function. Define
(100) fo(g.0) = v(9)[°r (d(v(9))"g) ®(0).
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The function fg(g,0) is an element of I(s). We extend it to a standard section fs(g,s) of I(s). It
satisfies

(101) fo(d)n(b)m(a)g, s) = [v|;>*|det(a) 3" fo (g, 5)-

Notice that for a single place v and a Schwartz function ®, € .#(V3), we can define a section
fo,(gv, s) € I,(s) using similar formulas as (100) and (101).

Define the Siegel Eisenstein series associated to the function ® € .(V3) to be

E(g,s,®)= > fo(y9:9).
7eP(Q)\GSps (Q)

This summation is absolutely convergent when re(s) > 2. It extends to a meromorphic function of
s € C and holomorphic at s = 0 (cf. [Kud97, Theorem 2.2|). In the following, we will always assume
that ® = &, ® & where ® is the standard Gaussian function on V 5, Le., Po(x) = e 2mtr (g0 ()
and ;e V.

Let ¢ = @yt : Q\A — C* be the standard character. For T' € Sym3(Q), define its T-th Fourier
coefficients to be

Br(g,s,®) = J E(n(b)g, s, B)ib(—Tb)db.
Symgz(Q)\Sym;(A)

When ¢ = ®,®, is decomposable and T is non-singular, we have the following decomposition

ET(ga S, Q)) = H WT,U(gva S, q)v)a
v

where the local Whittaker function is given by

Wr.(gv, s, ®y) j f@v w3 n(b) gy, )wv <—tr (;Tb)) db, w3 = <_013 103> .

Sym3 QU
Let 1 = (1,) € GSp(A) be the identity element. Kudla [Kud97, Proposition A.6| proved the
following:

Lemma 9.9.1. Let v be a finite prime. Let A < 'V, be a Z,-lattice of rank 4. Let L be a non-
degenerate quadratic Zi,-lattice of rank 3 with fundamental matriz T. Then for positive integers
k,

Wrw(ly, k, 153) = |det(S)|3? - Den(A © Hy,, L),

where S 1s the a fundamental matriz of the lattice A.
For a nonsingular matrix 7' € Syms(Q), define
(102) Diff(T') = {v: T is not represented by the quadratic space V,}.
The set Diff(7") has odd cardinality. By [Kud97, Proposition A.4|, we also have
Wr.(gv,0,®,) =0, if v € Diff(T).
For a finite place p and a Schwartz function ® € .%(V?), define

Egly(gaoaq)) = Z Efll“(gvoa(b)
T:Diff(T)={p}



INTERSECTIONS OF HECKE CORRESPONDENCES ON MODULAR CURVES 7

9.10. Arithmetic intersection of Hecke correspondences. Recall that IV is an odd and square-
free positive integer. Take U = T'o(INV )(2) Let Xy(N) be the proper regular integral model of
Xo(N) constructed by Katz, Mazur [KM85| and Cesnavicius [C17]. Let Mg(N) be the blow up
of the Deligne-Mumford stack Xp(N) xz Xp(IN) along its supersingular points with residue field
characteristic p|N.

Let Hyo(N) be the following rank 4 quadratic lattice over Z:

Hy(N) = {(]\(;c Z) :a,b,c,deZ}.

Then 1H0(N)®Z = Qp<wlH,(N)@z, 18 a function in (V). For an integer m > 0, define
(103) Tm)= Y 1y we@ T@x= Y  T@kx

zeK\V e K\Ho(N)QZ

qv(z)=m qv(z)=m

It is a divisor on M(N). For three positive integers mq,mg, ms, define the intersection numbers of

three divisors to be

T T T L L
(104)  (Tm) - Tma) - Tms)) = x (Mo(N), 02,1 8B4 ) Oy Basiy Oy )
Notice that the intersection number may not be finite. The next theorem gives an example where

this number is well-defined and finite.

Theorem 9.10.1. Let m1,mo, m3 be three positive integers such that there is no positive definite

binary quadratic form over Z which represents the three integers my, ms, ms. Then

~

(T(ml) - T(ms) - 'T'(ms)> = -2 Y F(1,0,0, ® L tryvy02)")
T

where the summation ranges over all the half-integral symmetric positive definite 3 x 3 matrices T

with diagonal elements my, ma, ms3.

Proof. The condition that there is no positive definite binary quadratic form over Z which represents
the three integers mj, ma, ms implies that the three divisors {'T'(mz)}f’:l have no self-intersections
on the generic fiber of My (N) [GK93, Proposition 3.2|. For a prime number p (not necessarily odd),
let B(p) be the unique quaternion algebra over Q which ramifies at p and oo. Let M, be following
formal scheme:

N ~ SpfW/([t1,t2]], if pt N;

M =
P M, it p| N,
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Take ® = P, ®1 s € Z(V3), we have the following by Corollary 9.8.5 and (103)

(Ho(N)®Z)
(105)

(Fmn) - Foma) - F0m9) = 3 5 (Mo O ) S O S Oy )

p<0

N 2 Z Z (g7'y) - x <M(p)7 [L®?:102(y¢)]) -log(p)
P<% yeH'(Q)o\B(p)® ge H},(Q)o\H (A})/KP
aB(p) (yi)=m;

- 2 Z 2 Z (g™"y) - X <M(p)v [L®?:102(yi)]) -log(p).

p<en T yeH'(Q)o\B(p )3 geHy, (Q)o\H (A)/K¥
T(y)=T

where the summation symbol for 7" in the last line ranges over all the half-integral symmetric positive

definite 3 x 3 matrices T' with diagonal elements m1, mo, ms.
For pt N, [YZZ23, Theorem 5.4.3] shows that

(106) > > (g 'y) - x (M(m, [L®?:102(y¢)]> -log(p)
yeH' (Q)0\B(p)® geH,(Q)o\H(A})/K?
T(y)=T

For p| N, we obtain the same formula as (106) by combining the volume calculation (110) and the

intersection of Z-cycles in Theorem 5.6.7 (we refer to the proof of Theorem 9.11.2 in the next section
for more details). Then the theorem follows by combining (105) and (106). O

Remark 9.10.2. For N = 1, this theorem is proved by Gross and Keating [GK93, (1.19)].

9.11. Triple product formula: the minimal ramification case. Let p be an odd prime number.
Let U = T'y(p) - UP, where UP < GLQ(A?) is a sufficiently small compact open subgroup. Let
K =U xg,, U =K, -KP. Fori=1,2,3,let ¢; = ¢, ® ¢! € (V) be three Schwartz functions
such that

(1) ¢ is the standard Gaussian function on Vo,.

(2) ip = LHy(@p) OF Layp)v and ¢ is invariant under the group KP?.

(3) There exists a finite place v prime to p such that the Schwartz function ¢, = ¢1,Q¢2,,®¢3.,, €
(V3) is regularly supported in the sense of [YZZ23, Definition 4.4.1].

Notice that by condition (3), the three cycles (gz, ¢;) have no self-intersections on the generic
fiber of M (,,) because the existence of an intersection point on the generic fiber implies that the
function ¢1 ® ¢2 ® ¢3 is nonzero at some point & € V such that the inner product matrix g(x) is
singular (we refer the readers to [YZZ23, Theorem 5.4.3|). The existence of these functions with some
additional non-vanishing properties were proved by Liu [Liu24|. Let G = GLg xg,, GL2 xg,, GLo.

Lemma 9.11.1. For an element g = (g1, 92,93) € G(A) such that g, = 1, is the identity element,
let z € 'T'(gl,(;ﬁl) N :I\'(gg,gi)g) N "I:(gg,qﬁg)(F) (cf. Definition 9.8.1). Then fori=1,2,3, we have

z € T(gi, ¢i)* (F).
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Proof. Let ((E1 L B (o )) , (Eg = B (b, ng ))) be the pair of degree p isogenies corre-
sponding to the point z. Condition (3) implies that dimg Hom(E1, Es) > 3. Therefore E; and Es
must be supersingular elliptic curves. Hence z € T(g;, ¢;)*(F) for i = 1,2, 3. O

Denote by ® € .#(V3) by ® = ¢ ® ¢2 @ ¢3. For an element g = (g1,92,93) € G(A), define

[Oz to be the image of H‘®§=10.T. in Gr3K6(MK7(p)). It is a formal sum by (96). Define

(g.0)] (90:6)

(Tl 61 To2.02) - T(g3.0)) = x (Mic- [O20)]) -low(p).

The right hand side is also a formal sum, and we will show that this formal sum converges to a finite

number.

Theorem 9.11.2. Let ¢; € S (V) be three Schwartz functions satisfying (1), (2) and (3). Then
for all elements g = (g1, 92, 93) € G(A) such that g, = 1, (where v is another prime such that (3)
holds), we have
(107)

(?(gl,¢1) T (g2, o) - ?(gg,¢3))p — —2F/(g,0,®), if g, = 1, and &, = 1575 oF Lyzypys-

Proof. We first consider the case ®, = 1p,(,)3. Let z € 'T'(gi,(ﬁi)ss(IF), there exists three linearly
independent vectors y1, yo,y3 € B such that z € ﬁ Z(y;). Let T be the fundamental matrix of the
quadratic lattice L spanned by y1,y2 and ys. Thle:n1
DIfi(T) = {p}.
Moreover, we have
X (M, [F®1103,)]) = Int? (L) = @Den(Ho(p), L)
=pl(p—1)72 - log(p) ™" W, (1,0, Lz po)-

By Corollary 9.8.5, the formal sum [O )] corresponds to the following formal sum in Gr3 K 6(/91\??)

'T'(g,‘I)
(108) > > (g7 - O3 (F@L10z24,))
yeH'(Q)0\B? geHY, (Q)o\H (AL)/KP
Therefore
(109)  (Tl1.21)- Tl @) - T(95.83))
) > (g7 y) - x <M7 [L®f’:102(yi)]> -log(p)
yeH'(Q)0\B? geHY, (Q)o\H(A})/K?
1 p4 /
= Z Z Z (I)p(g_ y) ’ (p — 1)2 ’ WT,p(lv Oa 1Ho(p)3)
T:Diff(T)={p} ye H'(Q)o\B? ge H}, (Q)o\H (A})/KP
T(y)=T
p! 1

J P (g y)dg - Wi, (1,0, 1z p)3)-
SO(B)(A?)

" (p—1)2 vol(Kk?)
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We use the same measures for orthogonal groups as fixed in [YZZ23, §1.4]. By the calculations of
the volume factor in Theorem 5.4.3 of loc.cit. and Siegel-Weil formula, we have

4

P 1 _
(o) (p—1)2 vol(K7) J (g~ y)dg = =2+ | [ Wr(g0,0,@0).
SO(B)(A%) vEp

Therefore (107) is true when g, = 1,,.
Now we consider the case ®, = 1y, vs. Let z € T(gi, ®;)5(F), there exists three linearly
3
independent vectors y1,y2,y3 € B such that z € () (V(y;) — Excaq). Let T be the fundamental
i=1
matrix of the quadratic lattice L spanned by y1,y2 and y3. Then

DIff(T) = {p}.
Moreover, we have
X (M, @10y Exen] ) = It (L) + 1 = dDen(Ho(p)*, L)
=p'(p—1)"%log(p) " - Wi, (1,0, Lgzy(p)v)-

By Lemma 9.8.5, we have

[O'T'ss(g,qp)] = Z Z (I)p(gily) ' @X/} <[L®?:1Oy(yi)*EXCM]> '
yeH'(Q)0\B? geH},(Q)o\H(A?)/KP

The remaining parts are similar to the proof of the case ®, = 1p, ()3 U

9.12. (Semi-global) Arithmetic Siegel-Weil formula on M. In this section, we prove a
(semi-global) Arithmetic Siegel-Weil formula following the idea in [LZ22b, §12]. We keep the no-
tations fixed in §9.7 and §9.8. Fix an odd prime p, let U = I'g(p) - UP where UP GLQ(AZ}) is a
sufficiently small compact open subgroup and K = U xg,, U. Define M3 = Mg x4, Hj.

We say a Schwartz function

PK = @SOK,U € y(V;)

vfoo
is p-admissible if it is K-invariant and ¢k p = lp,(p)r. First, we consider a special p-admissible

Schwartz function of the form

ox = (pi) € L (V}), pi=1q, i=1,---,r

where ; © V; is a K-invariant open compact subset such that €2; , = Ho(p).
For a nonsingular matrix 7" € Sym,.(Q), denote by 23, (T, ¢k ) a stack whose fiber category over
a connected scheme S consists of the following objects,

(522 7). (52 = 12) ) b o)

where ((E1 =, E{) , <E2 =, Eé) ,(77110,7]5)) is an element in H3-(S5) (see (90)). For 1 <i < 3, the
element z; € Homg(F1, E2) is an isogeny such that the quasi-isogeny 7o o x; o 711_1 : B] — E} is
also an isogeny with the following restrictions: Under the standard basis e; = (1,0),e2 = (0,1) of

~ N2 A N2 A N2
(Zp> , the morphism 74 o T?(x;) o (7711”)_1 : (Zp) — (ZP) can be identified with a 2 x 2 matrix,
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or just an element in VZ}. The isogenies x; should satisfy

o T (x) o () e Q) 1<

A

T.

The natural morphism Z3,(7T,¢x) — Hj is finite and unramified, and thus it defines a cycle on
H3 which we still denote as Z3,(T, k). Define Z (T, px) to be the Zariski closure of Z3,(T, ¢x)
in Hg, and

Z(T, oK) = 23T, oK) X1, Mk.
For a general p-admissible Schwartz function ¢ € (V%) (which can be written as a C-linear com-
bination of special p-admissible functions, after possibly shrinking K'), we obtain a cycle Z(T, ¢k ) €
7Z*(Mg)c by extending C-linearly.

For r = 3, if Z3 (T, ¢k ) is nonempty, we have Z3 (T, ¢ )(F,) # @. By the proof of Lemma 9.11.1
and Theorem 9.11.2, the morphism Z3,(T, k) — MY sends | Z3(T, ¢k )(Fp)| to the supersingular
locus of Hg modulo p, and we have Diff(T") = {p}. Moreover, the cycle Z3,(T, ¢f) itself is finite
over Fp, hence 23/ (T, vx) = Zn(T, ¢K ).

Recall that we use /T/l\ig to denote the base change to Zp of the formal completion of Mg along
Excg. For special p-admissible Schwartz function ¢, denote by ZASS(T, ¢k ) the base change to Zp
of the completion of Z(T, ¢k) along its supersingular locus. For a general p-admissible Schwartz
function g € 7 (V}), we obtain a cycle Z\SS(T7 YK) € Z*(./(/l\ﬁg)@ by extending C-linearly. We state
the following proposition about the p-adic uniformization of the cycle Z(T, ¢ ), which originates
from the comparison of the moduli problem defining the (semi)-global special cycle Z(T, ¢x) and
that of the local special cycle Z(L) (Definition 4.9.1 and 4.13.1). Other than that, the proof is
similar to that of [LZ22b, Proposition 12.7.1], so we omit it.

Proposition 9.12.1. For 1 < r < 3, assume that ¢ € Y(V;) is p-admissible. Then for all

T € Sym,(Q)sq, the p-adic uniformization isomorphism in (95) induces the following identity in
Z55(T, =

KO ( ‘PK)(M??)’

(111) 2 (Toox) = ), > Ot (Z(x).9).

xeH'(Q)o\B" geH], (@)O\H(A’})/KP
gp(x)=T

Assume T' € Sym3(Q)~o. Let t1,t2,t3 be the diagonal entries of T'. Let ¢k € y(V?Ji) be a special
p-admissible Schwartz function. Define

Intz (oK) = X (Z(T; k), Oz(t1,0x) ®]l(/‘)MK Oz(ts,0x) ®H{9MK OZ(ts,soK)) -log p.

We extend the definition of Inty,(¢x) to a general p-admissible px € .7 (V?) by extending C-
linearly.

Theorem 9.12.2. Let pi € y(V?) be a p-admissible Schwartz function. For all T € Syms(T)~o,

(112) IntT,p(SOK) = _QE%(]WO?(I)OO®@K)
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Proof. Since Z(T, ¢ ) is supported on the supersingular locus, by (111) we know that

Intr, (oK)
= ) 2. pr(g™'T) X (M» O2(21) ®6 0 Oz (22) R4 Oz(m)) logp
zeH’(Q)o\B? geH} (Q)o\H (A})/KP
qB(z):T
By (109) and (110), we have Int7,(¢x) = =2 - Ef(1,0, P ® @i ). ]
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