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Abstract. For arbitrary level N , we relate the generating series of codimension 1 and codimension
2 special cycles on X0pNq to the derivatives of certain Eisenstein series of genus 1 and 2, respectively,
with particular attention to the singular terms on both sides. On the analytic side, we use difference
formulas of local densities to relate the singular Fourier coefficients of the Eisenstein series to the
nonsingular Fourier coefficients of another Eisenstein series of lower genus. On the geometric side,
we study the reduction of cusps to compute the divisor class of the Hodge bundle and the heights of
special divisors. When N is square-free, this gives a different proof of the main results in the works
of Du and Yang [DY19] and Sankaran, Shi, and Yang [SSY23].
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1. Introduction

1.1. Background. The classical Siegel-Weil formula relates certain Siegel Eisenstein series to the
arithmetic of quadratic forms, namely it expresses special values of these series as theta functions
– generating series of representation numbers of quadratic forms. Kudla initiated an influential
program to establish the arithmetic Siegel-Weil formula relating certain Siegel Eisenstein series to
objects in arithmetic geometry.

In this article, we study the case of modular curves. Let N be a positive integer, the classical
modular curve Y0pNqC over C is defined as the following smooth 1-dimensional complex curve,

Y0pNqC :“ GL2pQqzH˘
1 ˆ GL2pAf q{Γ0pNqpẐq » Γ0pNqzH˘

1 ,

where H˘
1 “ CzR and H`

1 “ tz “ x ` iy P C : x P R, y P Rą0u is the upper half plane. The group
Γ0pNqpẐq is the following open compact subgroup of GL2pAf q,

Γ0pNqpẐq “

#

x “

˜

a b

Nc d

¸

P GL2pẐq : a, b, c, d P Ẑ

+

,

and Γ0pNq “ Γ0pNqpẐq
Ş

GL2pZq.
The smooth curve Y0pNqC is not proper, its compactification X0pNqC :“ Y0pNqC Y tcuspsu

is a smooth projective curve over C. Katz, Mazur [KM85] and Česnavičius [Ces17] constructed
an integral model X0pNq for the complex curve X0pNqC. The model X0pNq is a 2-dimensional
regular flat Deligne-Mumford stack. For every pair pT, yq where T is a 2ˆ 2 symmetric matrix with
coefficients in Q and y is a positive definite 2ˆ 2 symmetric matrix with coefficients in R, we define
the arithmetic special cycle pZpT, yq on the stack X0pNq and study their arithmetic degrees. Finally,
we prove that these arithmetic degrees are identified with the derivatives of Fourier coefficients of
certain Siegel Eisenstein series of genus 2.

When N is an odd, square-free positive integer, the relation has already been obtained for all the
pair pT, yq in the work of Sankaran, Shi, and Yang [SSY23, Theorem 2.14] by computing both sides
explicitly based on the previous works of Yang [Yn98] and Kudla, Rapoport and Yang [KRY06].
When T is nonsingular, the relation has been obtained for all the level N in the previous work
of the author [Zhu25, Theorem 1.2.1] by establishing difference formulas on both the analytic and
geometric sides. In this article, we give proof for all the pairs pT, yq, and all the levels N .

When the matrix T is singular of rank 1. On the analytic side, we use difference formulas of
local densities to relate the singular Fourier coefficients of an Eisenstein series of genus 2 to the
nonsingular Fourier coefficients of an Eisenstein series of genus 1. On the geometric side, the cycle
pZpT, yq is essentially the intersection of a codimension 1 cycle and the metrized Hodge line bundle
on X0pNq. We compute this intersection number by investigating the irreducible components of the
special fiber X0pNqFp

:“ X0pNq ˆSpecZ SpecFp of the model X0pNq, and the reduction mod p of the
cuspidal divisor of the curve X0pNq.

When the matrix T “ 0, both the analytic side and geometric side can be computed explicitly.
Here again, the computation of the analytic side is based on the difference formulas of local densities,
while the computation of the geometric side is based on the intersection of irreducible components
of the special fiber X0pNqFp .
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1.2. Summary of the main results. Let ∆pNq be the following rank 3 quadratic lattice over Z,

(1) ∆pNq “

#

x “

˜

´Na b

c a

¸

: a, b, c P Z

+

equipped with the quadratic form x ÞÑ detpxq.
We use v to denote a place of Q. For every finite place v, let δvpNq “ ∆pNq bZ Zv be a rank

3 quadratic lattice over Zv. Let A be the ring of adèles over Q. Let V “ tVvu be the incoherent
collection of quadratic spaces of A of rank 3 nearby ∆pNq at 8, i.e.,

(2) Vv “ δvpNq b Qv if v ă 8, and V8 is positive definite.

There is a classical incoherent Eisenstein series Epz, s,∆pNq2q (cf. §3.1) on the Siegel upper half
space of genus 2,

H2 “ tz “ x ` iy | x P Sym2pRq, y P Sym2pRqą0u.

This is essentially the Siegel Eisenstein series associated to a standard Siegel-Weil section of the
degenerate principal series. The Eisenstein series here has a meromorphic continuation and a func-
tional equation relating s Ø ´s. The central value Epz, 0,∆pNq2q “ 0 by the incoherence. We thus
consider its central derivative

BEispz,∆pNq2q :“
d
ds

ˇ

ˇ

ˇ

ˇ

s“0

Epz, s,∆pNq2q.

Associated to the standard additive character ψ : A{Q Ñ Cˆ, it has a decomposition into the central
derivatives of the Fourier coefficients

BEispz,∆pNq2q “
ÿ

TPSym2pQq

BEisT pz,∆pNq2q

On the geometric side, there is a regular integral model of the modular curve Y0pNqC over Z defined
by Katz and Mazur: for any scheme S, the groupoid Y0pNqpSq consists of objects pE

π
ÝÑ E1q where

E, E1 are elliptic curves over S and π is a cyclic isogeny such that π_ ˝ π “ N . They proved that
Y0pNq is 2-dimensional regular flat Deligne-Mumford stack (cf. [KM85, Theorem 5.1.1]), but Y0pNq

is not proper. There is a moduli stack X0pNq defined in [Ces17] which serves as a “compactification”
of Y0pNq. It is a proper regular flat 2-dimensional Deligne-Mumford stack that contains Y0pNq as
an open substack, so we can consider the arithmetic intersection theory on X0pNq following the lines
in [Gil11].

1.2.1. Special cycles of codimension 1. The key concept is that of a special cycle. For every integer
t, we define a closed substack of Y0pNq as follows: For an object pE

π
ÝÑ E1q of Y0pNqpSq, the space

HompE,E1q carries a natural quadratic form given by x Ñ qpxq “ x_ ˝ x P Z, the stack Zpt,∆pNqq

parameterizes isogenies j between E and E1 with j_ ˝ j “ t and orthogonal to the cyclic isogeny π.
It can be shown that the stack Zpt,∆pNqq is a generalized Cartier divisor even on the stack X0pNq

when t ą 0, and it’s empty when t ď 0. For every positive number y, we define the modified special
divisor Z˚pt, y,∆pNqq to be

Z˚pt, y,∆pNqq “ Zpt,∆pNqq ` gpt, y,∆pNqq ¨ CusppX0pNqq.
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where CusppX0pNqq is the cuspidal divisor of the stack X0pNq, and gpt, y,∆pNqq is a smooth function
in y defined in (59), it’s identically 0 when t ą 0.

For every pair pt, yq such that t is a nonzero integer and y ą 0, a green function gpt, y,∆pNqq

of the divisor Z˚pt, y,∆pNqq is constructed by Kudla [Kud97, (12.21)] (see also [DY19, §5]). We
will recall the construction in §7.1.2. Finally, we define the following element in the codimension 1
arithmetic Chow group yCH

1
pX0pNqq of X0pNq (Definition 7.1.4):

(3) pZpt, yq “ pZ˚pt, y,∆pNqq, gpt, y,∆pNqqq.

These elements pZpt, yq are invariant under the Atkin-Lehner involution WN of the stack X0pNq, i.e.,
W ˚
N
pZpt, yq “ pZpt, yq (Lemma 7.1.5).

When t “ 0, the definition of pZp0, yq is slightly different from (3). Recall that there is a metrized
Hodge line bundle pωN on the stack X0pNq (Example 6.2.2), however, this bundle is not invariant
under the Atkin-Lehner involutionWN (Corollary 6.4.4). Therefore we consider the following element

pω “ ´pωN ´W ˚
N pωN ,

the element pω is clearly invariant under the Atkin-Lehner involution. We define

(4) pZp0, y,∆pNqq “ pω ` pZ˚p0, y,∆pNqq, gp0, y,∆pNqqq ´ p0, log yq.

Now for any rational number t which is not an integer, we simply define pZpt, yq “ 0 P yCH
1
pX0pNqq.

Let τ “ x` iy P H`
1 , we consider the following generating series with coefficients in yCH

1
pX0pNqq,

pϕ1pτq “
ÿ

tPQ

pZpt, y,∆pNqq ¨ qt

where qt “ e2πi tτ .

Theorem 1.2.1 (Theorem 8.3.4). Let N be a positive integer. The generating series pϕ1 is a non-
holomorphic Siegel modular form of genus 1, weight 3

2 and level Γ0p4Nq with values in yCH
1
pX0pNqq.

Remark 1.2.2. When N is square-free, the above theorem has been proved by Du and Yang [DY19,
Theorem 1.1]. Similar results for Shimura curves are proved by Kudla, Rapoport, and Yang [KRY06,
Theorem A].

1.2.2. Special cycles of codimension 2. We are mainly interested in the elements in the codimension
2 arithmetic Chow group yCH

2
pX0pNqq.

Let T P Sym2pQq be a symmetric matrix. If T “ 02, for every positive definite matrix y P

Sym2pRq, define (Definition 7.2.4)

pZp02, yq “ pω ¨ pω `

¨

˝0,

¨

˝log detpyq ´
144

?
Nπ

Z

ˆ

1

2
, y

˙

ź

p|N

pνppNq ` 1qp` 1 ´ νppNq

pνppNq´1pp` 1q2

˛

‚¨ rΩs

˛

‚.

If the rank of T is 1, there exists a matrix g P GL2pZq such that tgTg “ diagt0, tu for some
nonzero rational number t, let y P Sym2pRq is a positive definite 2 ˆ 2 matrix. Let y2 “ t´1trpT yq

and y1 “
det y
y2

, both of y1 and y2 are positive numbers. Define (Definition 7.2.2)

pZpT, yq “ pZpt, y2,∆pNqq ¨ pω ´
`

0, log y1 ¨ δZ˚pt,y2,∆pNqqC

˘

.
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If T is nonsingular, a detailed definition of the element pZpT, yq can be found in [Zhu25, (16)].
Now for any element z “ x` iy P H2, we consider the following generating series with coefficients in
yCH

2
pX0pNqq,

pϕ2pzq “
ÿ

TPSym2pQq

pZpT, yq ¨ qT

where qT “ e2πi tr pT zq.
There is an isomorphism yCH

2
pX0pNqq » C given by the arithmetic degree map ydeg : yCH

2

CpX0pNqq Ñ

C constructed by Kudla, Rapoport and Yang [KRY06, §2.4] (see also (42)). Our main result is the
following

Theorem 1.2.3 (Theorem 7.2.5). Let N be a positive integer. The generating series pϕ2 is a non-
holomorphic Siegel modular form of genus 2 and weight 3

2 . More precisely, under the isomorphism
ydeg : yCH

2

CpX0pNqq
„
Ñ C

pϕ2pzq “
ψpNq

24
¨ BEispz,∆pNq2q,

here ψpNq “ N ¨
ś

p|N

p1 ` p´1q.

Remark 1.2.4. When N is square-free, the above theorem has been proved by Sankaran, Shi,
and Yang [SSY23]. Similar results for Shimura curves are proved by Kudla, Rapoport, and Yang
[KRY06, Theorem B].

1.3. Strategy of the proof of main results. In this section, we mainly explain the proof of
Theorem 1.2.3 in this section, while Theorem 1.2.1 will come as a byproduct.

We will prove Theorem 1.2.3 term-by-term, i.e., for any symmetric matrix T P Sym2pQq, we prove
that for any z “ x ` iy P H2,

(5) ydeg pZpT, yq ¨ qT “
ψpNq

24
¨ BEisT pz,∆pNq2q.

When T is nonsingular, this has been proved in [Zhu25, Theorem 1.2.1]. In this article, we will focus
on the case that T is singular. In the following we refer to ydeg pZpT, yq as the geometric side and
BEisT pz,∆pNq2q the analytic side.

1.3.1. The singular coefficients of Eisenstein series. Our primary goals in the analytic side are:
(a). When the rank of T is 1, we relate the singular Fourier coefficients of the Eisenstein series
ET pz, s,∆pNq2q to nonsingular Fourier coefficients of another Eisenstein series of lower genus. (b).
When T “ 0, we compute the exact value of BEis02pz,∆pNq2q.

Before explaining the main idea, we give some necessary definitions. For any two integral quadratic
Zp-lattices L and M . Let RepM,L be the scheme of integral representations, an Zp-scheme such that
for any Zp-algebra R, RepM,LpRq “ QHompL bZp R,M bZp Rq, where QHom denotes the set of
quadratic module homomorphisms. The local density of integral representations is defined to be

DenpM,Lq “ lim
dÑ8

#RepM,LpZp{pdq

pd¨dimpRepM,LqQp
.
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Let H`
2 “ Z2

p be the rank 2 quadratic Zp-lattice equipped with the quadratic form qH`
2

px, yq “ xy.

For any positive integer k, letH`
2k “

`

H`
2

˘kk be the rank 2k quadratic lattice obtained by orthogonal
direct sum of k copies of H`

2 .
Let’s explain the idea shortly. As is well-known, the Fourier coefficients of Eisenstein series are

(linear combinations) of Whittaker functions which are essentially products of local representation
densities of quadratic lattices. Our main tool is the difference formula of local representation densities
of quadratic lattices proved in [Zhu25, §7.2] (see also Theorem 2.2.7) which roughly says that for
any number l P Zp and any quadratic lattice M , the following two local densities are related

(6) Denpx´ly kH`
2k`2,Mq Ø DenpH`

2k`4,M k xlyq.

This relation has two applications:
paq. Let l “ N , the quadratic lattice x´ly k H`

2k`2 is isometric to δppNq k H`
2k. The relation (6)

reduces the computation of a local density function with level structure to that of an unramified
local density function, which has very explicit expression and functional equation by the works of
Cho and Yamauchi [CY20, (3.4)], Ikeda [Ike17, Theorem 4.1], see also the works of Li and Zhang
[LZ22, §3].
pbq. Taking the limit νpplq Ñ 8, the right-hand side of (6) converges to the Whittaker function with
singular coefficient, while the left-hand side of (6) converges to DenpH`

2k`2,Mq (Lemma 2.2.4), i.e.,
we have the following relation,

(7) DenpH`
2k`2,Mq “ lim

νpplqÑ8
DenpH`

2k`4,M k xlyq.

When the rank of T is 1, we assume T “ diagt0, tu with t ‰ 0 for simplicity, let y “ diagty1, y2u

be a positive definite symmetric matrix, then there is a well-known relation (see [GS19, Lemma 5.4])

ET piy, s,∆pNq2q “ y
s{2
1 y

´3{4
2 Wtpgiy2 , s`

1

2
,∆pNqq ` py1y2q´3{4WT pgiy, s,∆pNq2q,

where both of the terms Wtpgiy2 , s` 1
2 ,∆pNqq and WT pgiy, s,∆pNq2q are product of local Whittaker

functions (see (14) and (18) for the precise definition).
Since t ‰ 0, the term Wtpgiy2 , s ` 1

2 ,∆pNqq is already the nonsingular Fourier coefficient of an
Eisenstein series of the lower genus. Let’s now consider the term WT pgiy, s,∆pNq2q, which is the
product of local Whittaker functions WT,v over all the places v of Q. The relation between WT,v and
Wt,v is sketched in the following way: Let p be a finite prime, for any integer m, let Tm “ diagtpm, tu

be a 2 ˆ 2 nonsingular matrix. By the well-known relation between Whittaker functions and local
densities (Proposition 3.2.3), we have

WT,pp1, k, 1δppNq2q “ lim
mÑ8

WTm,pp1, k, 1δppNq2q Ø DenpδppNq kH`
2k, xty k xpmyq.

Applying paq of (6) twice,
(8)
DenpδppNqkH`

2k, xtykxpmyq
l“N
Ø DenpH`

2k`4, xtykxpmykxNyq
l“pm
Ø Denpx´pmykH`

2k`2, xtykxNyq.

Taking limit m Ñ 8, formula (7) tells us that

(9) lim
mÑ8

Denpx´pmy kH`
2k`2, xty k xNyq “ DenpH`

2k`2, xty k xNyq.



6 BAIQING ZHU

Applying paq again, we get

(10) DenpH`
2k`2, xty k xNyq

l“N
Ø DenpδppNq kH`

2k´2, xtyq.

The last term DenpδppNqkH`
2k´2, xtyq is clearly related to Wt,pp1, k´ 1

2 , 1δppNqq by Proposition 3.2.3.
Therefore we have successfully built the bridge from WT,v and Wt,v for a finite prime v.

However, we warn the reader that all the symbols “Ø” are not exact equal, it just means that
there are some relations between the two sides of the symbol. Detailed calculations based on the
principles above are given in §4. Our final result is the following proposition.

Proposition 1.3.1 (Proposition 4.2.4). Let T be a 2ˆ2 matrix of rank 1 which can be diagonalized
to diagt0, tu with t ‰ 0. Let y “ diagty1, y2u be a positive definite symmetric matrix, then for any
complex number k, we have

ET piy, k,∆pNq2q “ y
k{2
1 Etpiy2,

1

2
` k,∆pNqq

` y
´k{2
1 ¨

k ´ 1

k ` 1
¨N´k ¨

Λp2 ´ 2kq

Λp2 ` 2kq
¨
ź

p|N

βppkq ¨ Etpiy2,
1

2
´ k,∆pNqq,

where βppsq is a rational function in p´s.

Remark 1.3.2. The same formula in Proposition 1.3.1 has been proved when N is squarefree in
[SSY23, Lemma 4.13] by explicit computations of local densities. Our proof is more conceptual and
can be easily generalized to higher dimensions by the principles displayed in (8), (9) and (10).

When T “ 02, all the local Whittaker functions WT,vp1v, s, 1δvpNq2q can be computed explicitly
by combining Wedhorn’s computations [Wed07, §2.11] and the difference formula.

1.3.2. Vertical components of the Hodge line bundle. The primary goal on the geometric side is to
compute the height pairings of (metrized) special divisors pZpt, y,∆pNqq and the modified metrized
Hodge line bundle pω, and the self-intersection numbers of the metrized line bundle pω.

The main difficulty comes from the fact that the bundle pω contains vertical components. These
components should be a linear combination of irreducible components of the reduction mod p of the
stack X0pNq for prime numbers p. We need to know the explicit multiplicities of these irreducible
components appearing in pω and their intersections.

We first study the special fiber of the stack X0pNq. Let p be a prime number, by the works
of Katz and Mazur, if n “ νppNq ě 0 is the p-adic valuation of the number N , then X0pNqp :“

X0pNq ˆSpecZ SpecFp has n ` 1 irreducible components X a
p pNq and they meet each other at every

supersingular point, where the index a satisfies that ´n ď a ď n and has the same parity with
n. Moreover, every component X a

p pNq has two natural morphisms to the stack X0pNp´nqp, one of
them is an isomorphism while the other one is finite flat of degree p|a| (see Theorem 5.4.3). Later
in §6.3, we compute the intersection numbers between these irreducible components based on the
explicit local equations of these components at supersingular points obtained by Katz and Mazur
[KM85, Theorem 13.4.7] (see also [Zhu25, Corollary 6.2.7]).

After that, in §6.4 we use an explicit rational section ∆N of the bundle pω
b12φpNq

N to give an explicit
expression of this bundle in the Chow group CH1pX0pNqq by computing the element divp∆N q P
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CH1pX0pNqq (Theorem 6.4.3), this idea originates from the work of Du and Yang [DY19], where
they consider the case that N is squarefree.

Our idea of computing the element divp∆N q for general N comes from the observation that there
is a correspondence between cusps and the special fibers of the stack X0pNq. Let’s explain this in
the specific case that N “ pn for some integer n ě 0. There is a cuspidal divisor CusppX0ppnqq on
the stack X0ppnq, it is a disjoint union of n` 1 connected components (Proposition 5.3.1),

CusppX0ppnqq “
ž

´nďaďn
a”nmod 2

Cappnq.

Note that the index set is exactly the same as the index set for the irreducible components of
the stack X0ppnqp! Actually we will prove that the connected component Cappnq pulls back to the
cusp of the curve X a

p ppnq (Proposition 5.4.8). Then we pick a specific cusp lying in the component
Cappnq and consider the local expansion of the section ∆pn around this point, the multiplicity of p
appearing in the local expansion gives the multiplicity of the vertical component of X a

p ppnq in the
element divp∆pnq. The final result is

divp∆N q “ ψpNqφpNqP8pNq `
ÿ

p|N

fppNq,

where φpNq “ N ¨
ś

p|N

p1 ´ p´1q and P8pNq is the connected component of the cuspidal divisor

containing the cusp 8, and for any p|N , fppNq is the following vertical divisor,

fppNq “ 12pn´1φpNpq
ÿ

´nďaăn
a”nmod 2

ˆ

1 ´ p

2
pn´ aq ´ 1

˙

φpppn´|a|q{2q ¨ X a
p pNq.

This expression is the main tool to compute the self intersection of the modified Hodge bundle pω

and the intersection pairing pZpt, y,∆pNqq ¨ pω.

1.4. Acknowledgement. The author is grateful to Professor Chao Li for his careful reading of the
original manuscript and many helpful comments. The author would like to thank the anonymous
referee for their thorough reading and their valuable comments and suggestions. The author is
supported by the Department of Mathematics at Columbia University in the city of New York.

Part 1. The Analytic Side

2. Local densities and difference formulas

2.1. Notations on quadratic lattices. Let p be a prime number. Let F be a nonarchimedean
local field of residue characteristic p, with ring of integers OF , residue field κ “ Fq of size q, and
uniformizer π. Let νπ : F Ñ Z Y t8u be the valuation on F and | ¨ | : F Ñ Rě0 be the normalized
absolute value on F . Let p¨, ¨qF be the Hilbert symbol on the local field F .

A quadratic lattice pL, qLq is a finite free OF -module equipped with a quadratic form qL : L Ñ F .

The quadratic form qL also induces a symmetric bilinear form L ˆ L
p¨,¨q
ÝÑ F by px, yq “ qLpx `

yq ´ qLpxq ´ qLpyq. Let L_ “ tx P L bOF
F : px, Lq Ă OF u. We say a quadratic lattice is integral

if qLpxq P OF for all x P L, is self-dual if it is integral and L = L_. There are three invariants
associated to a quadratic lattice: the rank of L over OF , the discriminant χpLq P t0,˘1u and the
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Hasse invariant ϵpLq P t˘1u. We refer the readers to [Zhu25, §2] and [LZ22, §2] for details about
the last two invariants.

When p is odd, we use Hε
k to denote the unique (up to isometry) self-dual lattice of rank k and

discriminant χpLq “ ε . When p “ 2, let H`
2n “ pH`

2 qkn be a self-dual lattice of rank 2n, where the
quadratic form on H`

2 “ O2
F is given by px, yq P O2

F ÞÑ xy.

Example 2.1.1. Let N P OF . Let δF pNq be the following rank 3 quadratic lattice over OF ,

δF pNq “

#

x “

˜

´Na b

c a

¸

: a, b, c P OF

+

.

equipped with the quadratic form induced by x ÞÑ detpxq. Under the following basis of δF pNq,

e1 “

˜

´N

1

¸

, e2 “

˜

1
¸

, e3 “

˜

1

¸

.

the quadratic form can be represented by the following symmetric matrix,

T “

¨

˚

˝

´N 0 0

0 0 ´1
2

0 ´1
2 0

˛

‹

‚

.

therefore χpδF pNqq “

´

´N
p

¯

, where
´

¨
p

¯

is the extended quadratic residue symbol (see [Zhu25,
§2.1]), and ϵpδF pNqq “ pN,´1qF . Moreover,

δF pNq_ “

#

x “

˜

´Na b

c a

¸

: a P
1

2N
OF , b, c P OF

+

.

therefore δF pNq_{δF pNq » OF {2N .
Throughout this article, we will mainly focus on the case that F “ Qp. In this case, we simply

use δppNq to denote the lattice δQppNq (as we did in the introduction).

2.2. Local densities of quadratic lattices.

Definition 2.2.1. Let L,M be two quadratic OF -lattices. Let RepM,L be the scheme of integral
representations, an OF -scheme such that for any OF -algebra R,

RepM,LpRq “ QHompLbOF
R,M bOF

Rq,

where QHom denotes the set of injective module homomorphisms which preserve the quadratic
forms. The local density of integral representations is defined to be

DenpM,Lq “ lim
dÑ8

#RepM,LpOF {πdq

qd¨dimpRepM,LqF
.

Definition 2.2.2. Let L,M be two quadratic OF -lattices. Let PRepM,L be the OF -scheme of
primitive integral representations such that for any OF -algebra R,

PRepM,LpRq “ tϕ P RepM,LpRq : ϕ is an isomorphism between LR and a direct summand of MRu.
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where LR (resp. MR) is LbOF
R (resp. M bOF

R). The primitive local density is defined to be

PdenpM,Lq “ lim
dÑ8

#PRepM,LpOF {πdq

qd¨dimpRepM,LqF
.

For any N P F , let pxNy, qxNyq be the rank 1 OF -lattice with an OF generator lN such that
qxNyplN q “ N . For a1, a2, ¨ ¨ ¨ , an P F , we define xa1, a2, ¨ ¨ ¨ , any :“ xa1y k xa2y k ¨ ¨ ¨ k xany.

Example 2.2.3. When p odd, it has been calculated explicitly that for any N P OF (cf. [LZ22,
(3.3.2.1)]),

(11) PdenpHε
k, xNyq “

$

’

’

’

’

’

&

’

’

’

’

’

%

1 ´ q1´k, when k is odd and π |N ;

1 ` εχF pNqqp1´kq{2, when k is odd and π ∤ N ;

p1 ´ εq´k{2qp1 ` εq1´k{2q, when k is even and π |N ;

1 ´ εq´k{2, when k is even and π ∤ N .

When p “ 2, the same formula makes sense and holds true in the case that k is even and ε “ `1.

Lemma 2.2.4. Let L,M be two quadratic OF -lattices such that the quadratic form on L is non-
degenerate, then there exists a positive number m such that for any a P OF with νπpaq ě m, the
following identity holds,

Denpxay kM,Lq “ DenpM,Lq.

Proof. This is proved in [Kat99, Proposition 2.5]. □

Lemma 2.2.5. Let L be a nondegenerate quadratic OF -lattice with quadratic form q. Let tLnuně1

be a sequence of quadratic lattices with quadratic forms tqnuně1 such that Ln “ L as OF -lattices and
lim
nÑ8

qn “ q as functions from L to F . Then for all quadratic OF -lattices M , we have

(12) DenpM,Lq “ lim
nÑ8

DenpM,Lnq.

Proof. For all positive integers N , there exists an integer M such that for all n ě M , we have
qpxq ´ qnpxq P πNOF for all x P L. Therefore the quadratic lattice Ln is isometric to L when n is
large enough, hence DenpM,Lq “ lim

nÑ8
DenpM,Lnq. □

Remark 2.2.6. The above lemma is not true in general if L is degenerate. We refer the readers to
Remark 3.2.2 for details.

Let H be a finite rank OF -lattice with a self-dual quadratic form qH . The depth of an element
x P H is the minimum integer i such that π´ix P H and π´i´1x R H. Two elements x, y P H

with the same norm N P OF are conjugate under the group OpHq :“ tg P GLpHq : qHpgpxqq “

qHpxq for all x P Hu if and only if they have the same depth by [Mor79, Theorem 5.3]. Let x P H

be an element with norm N and depth i, define

HpN, iq :“ ty P H : px, yq “ 0u.

The isometric class of this lattice is independent of the choice of the element x, hence the notation.
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Theorem 2.2.7. Let H be a self-dual quadratic OF -lattice of finite rank k. Let M be an integral
quadratic OF -lattice of finite rank r. Let N P OF be an element of valuation n, then

DenpH,M k xNyq “

rn{2s
ÿ

i“0

qp2´k`rqi ¨ PdenpH, xπ´2iNyq ¨ DenpHpN, iq,Mq.

Proof. This is proved in [Zhu25, §7]. □

Remark 2.2.8. Let’s assume that H “ Hε
k where k ě 3 is an integer, then [Zhu25, Example 7.1.2]

shows that for any positive integer 0 ď i ď rn2 s where n “ νπpNq,

Hε
kpN, iq » x´Nπ´2iy kHε

k´2.

Corollary 2.2.9. Let M be a quadratic lattice of rank r over OF . Let k ą r`2 be a positive integer
and ε P t˘1u. For all a P OF , we have the following identity,

lim
mÑ8

DenpHε
k,M k xaπmyq “ DenpHε

k´2,Mq ¨
PdenpHε

k, xπyq

1 ´ q2´k`r
.

Proof. By Theorem 2.2.7 and Remark 2.2.8, we know that for any positive integer m,

DenpHε
k,Mkxaπmyq´q2´k`rDenpHε

k,Mkxaπm´2yq “ PdenpHε
k, xaπ

myq¨Denpx´aπmykHε
k´2,Mq.

Notice that PdenpHε
k, xaπ

myq is independent of the positive integer m by Example 11. Taking
m Ñ 8, Lemma 2.2.4 implies the following,

p1 ´ q2´k`rq ¨ lim
mÑ8

DenpHε
k,M k xaπmyq “ DenpHε

k´2,Mq ¨ PdenpHε
k, xπyq.

□

Definition 2.2.10. Let n ě 0, for ε P t˘1u, we define the normalizing factors to be

NorεpX,nq “ p1 ´
1 ` p´1qn`1

2
¨ εq´pn`1q{2Xq

ź

1ďiăpn`1q{2

p1 ´ q´2iX2q.

We have Norεpq´k, nq “ DenpHε
n`1`2k, H

ε
nq by [LZ22, Definition 3.4.1].

Lemma 2.2.11. Let L be a quadratic lattice of rank n. Let N P OF . When p is odd, there exist
polynomials DenεpX,Lq, Den5εpX,Lq and Denε∆pNqpX,Lq P ZrXs, such that for positive integers k,

DenεpX,Lq
ˇ

ˇ

X“q´k “
DenpHε

2k`n`1, Lq

Norεpq´k, nq
, Den5εpX,Lq

ˇ

ˇ

X“q´k “
DenpHε

2k`n, Lq

Norεpq´k, n´ 1q
¨ p1 ´ εχpLqq´kq

Denε∆pNqpX,Lq
ˇ

ˇ

X“q´k “

$

’

’

’

&

’

’

’

%

DenpδF pNq kHε
2k`n´2, Lq

Norεpq´k, n´ 1q
, When π |N ;

DenpδF pNq kHε
2k`n´2, Lq

NorεχF pNqpq´k, nq
, When π ∤ N.

We define the derived local density of L and the derived local density of L with level N to be

BDenεpLq “ ´
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

DenεpX,Lq, BDenε∆pNqpLq “ ´
d

dX

ˇ

ˇ

ˇ

ˇ

X“1

Denε∆pNqpX,Lq.
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When p “ 2 and n is odd, the polynomial Den`pX,Lq with the same evaluation formulas at
X “ q´k exist. When p “ 2 and n is even, the polynomial Den`

∆pNq
pX,Lq with the same evaluation

formula at X “ q´k exists. The derived local density BDen`pLq of L is defined similarly.

Proof. This is a combination of [LZ22, Lemma 3.3.2, Definition 3.4.1, Definition 3.5.2] □

We have the following functional equation for DenεpX,Lq.

Theorem 2.2.12. When the residue characteristic of OF is not 2. Let L be a quadratic lattice of
rank n. Then

DenεpX,Lq “ wεpLq ¨XvalpLq ¨ Denεp
1

X
,Lq,

Den5εpX,Lq “ pq1{2Xq2r
valpLq

2
s ¨ Den5εp

1

qX
,Lq.

where valpLq “ νπ pdetLq, and the sign of the functional equation is equal to

wεpLq :“ pdetL,´p´1q

`

n`1
2

˘

uqF ¨ ϵpLq P t˘1u,

where u P Oˆ
F such that u is a square if ε “ 1, is not a square if ε “ ´1.

Proof. Both of these two formulas are proved by Ikeda [Ike17, Theorem 4.1 (1),(2)] when n is odd
and ε “ `1, the same proof works in general. □

Remark 2.2.13. When the field F is dyadic, similar functional equation has been proved by Ikeda
and Katsurada [IK22, Proposition 2.1]. In this article, we will need the functional equation in the
following case: Let F “ Q2 and L “ xN, ty for some N, t P Z. When ´tN is not a square, let ´d be
the fundamental discriminant of the field extension Qp´tNq{Q. When ´tN is a square, let d “ ´1,
then there exists a positive number c such that

4Nt “ c2d.

We have the following functional equation:

(13) Den5`pX,Lq “ p21{2Xq2ν2pcq ¨ Den5`p
1

2X
,Lq.

3. Eisenstein series and Whittaker function

3.1. Incoherent Eisenstein series. For an positive integer r, let Wr be the standard symplectic
space over Q of dimension 2r. Let P “ MN Ă SppWrq be the standard Siegel parabolic subgroup,
which take the following form under the standard basis of Wr,

MpQq “

#

mpaq “

˜

a 0

0 ta´1

¸

: a P GLrpQq

+

,

NpQq “

#

npbq “

˜

1r b

0 1r

¸

: b P SymrpQq

+

.
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Let A be the adèle ring over Q. There is an isomorphism MppWr,Aq
„
Ñ SppWrqpAq ˆ C1 with the

multiplication on the latter is given by the global Rao cycle, therefore we can write an element of
MppWr,Aq as pg, tq where g P SppWrqpAq and t P C1.

Let P pAq “ MpAqNpAq be the standard Siegel parabolic subgroup of MppWr,Aq where

MpAq “
␣

pmpaq, tq : a P GLrpAq, t P C1
(

,

NpAq “ tnpbq : b P SymrpAqu .

Recall the following incoherent collection of rank 3 quadratic spaces V “ tVvu over A we defined in
(2),

Vv “ δvpNq b Qv if v ă 8, and V8 is positive definite.

then we can verify immediately that
ś

v
ϵpVvq “ ´1.

Let χ : Aˆ{Qˆ Ñ Cˆ be the quadratic character given by χpxq “
ś

vď8

χvpxvq “
ś

vď8

pxv,´Nqv

for all x “ pxvq P Aˆ. Fix the standard additive character ψ : A{Q Ñ Cˆ such that ψ8pxq “ e2πix.
We may view χ as a character on MpAq by

χpmpaq, tq “ χpdetpaqq ¨ γpdetpaq, ψq´1 ¨ t.

and extend it to P pAq trivially on NpAq. Here γpdetpaq, ψq is the Weil index (see the work of Kudla
[Kud97, p. 548]). We define the degenerate principal series to be the unnormalized smooth induction

Ips, χq :“ IndMppWr,Aq

P pAq
pχ ¨ | ¨ |

s`pr`1q{2
Q q, s P C.

For a standard section Φp´, sq P Ips, χq (i.e., its restriction to the standard maximal compact
subgroup of MppWr,Aq is independent of s), we define the associated Siegel Eisenstein series

Epg, s,Φq “
ÿ

γPP pQqzSppQq

Φpγg, sq,

which converges for Repsq " 0 and admits meromorphic continuation to s P C.
Recall that S pVrq is the space of Schwartz functions on Vr. The fixed choice of χ and ψ gives a

Weil representation ω “ ωχ,ψ of MppWr,Aq ˆ OpVq on S pVrq. For φ P S pVrq, define a function

Φφpgq :“ ωpgqφp0q, g P MppWr,Aq.

Then Φφpgq P Ip0, χq. Let Φφp´, sq P Ips, χq be the associated standard section, known as the
standard Siegel–Weil section associated to φ. For φ P S pVrq, we write Epg, s,φq :“ Epg, s,Φφq.

In this paper, we will mainly work on the case that r “ 1 or 2.

3.2. Whittaker functions and local densities. Let v be a finite place of Q. Define the local
degenerate principal series to be the unnormalized smooth induction

Ivps, χvq :“ IndMppWr,vq

P pQvq
pχv ¨ | ¨ |s`pr`1q{2

v q, s P C.

Let N “ Symr be the group of symmetric matrices. For all functions Φv P Ivps, χvq and matrices
T P NpQvq, define the local Whittaker function by the following integral,

(14) WT,vpgv, s,Φvq “

ż

NpQvq

Φvpw´1
r npbqgv, sqψvp´trp

1

2
Tbqqdnpbq, wr “

˜

0 1r

´1r 0

¸

.
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The integral converges absolutely when Repsq " 0, and it has meromorphic continuation to s P C.

Lemma 3.2.1. Let Φv P Ivps, χvq. Let tTnuně1 Ă SymnpQvq be a sequence of symmetric matrices
such that lim

nÑ8
Tn “ T P SymrpQvq, i.e., the sequence tTnuně1 v-adically converges to T . Then when

Repsq " 0, we have

(15) WT,vpgv, s,Φvq “ lim
nÑ8

WTn,vpgv, s,Φvq.

Proof. Let ϵ ą 0 be a number. Let s0 ą 0 such that the integral (14) converges absolutely when
Repsq ą s0. Therefore there exists an integer n0 ą 0 such that for all integers n ą n0, we have

(16)
ż

v´nNpZvqzv´n0NpZvq

ˇ

ˇΦvpw´1
r npbqgv, sq

ˇ

ˇ dnpbq ă ϵ.

There also exists an integer N0 such that for all n ě N0, we have Tn ´ T P vn0NpZvq. Therefore for
all n ě N0, we have

ˇ

ˇ

ˇ

ˇ

WT,vpgv, s,Φvq ´WTn,vpgv, s,Φvq

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

WT,vpgv, s,Φvq ´

ż

v´n0NpZvq

Φvpw´1
r npbqgv, sqψvp´trp

1

2
Tbqqdnpbq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

v´n0NpZvq

Φvpw´1
r npbqgv, sqψvp´trp

1

2
Tbqqp1 ´ ψptrp

1

2
pT ´ Tnqqbqqdnpbq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

WTn,vpgv, s,Φvq ´

ż

v´n0NpZvq

Φvpw´1
r npbqgv, sqψvp´trp

1

2
Tbqqdnpbq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

Notice that the middle one is 0. By the estimation (16), we have the following inequality for all
s P C such that Repsq ą s0,

ˇ

ˇ

ˇ

ˇ

WT,vpgv, s,Φvq ´WTn,vpgv, s,Φvq

ˇ

ˇ

ˇ

ˇ

ď 2ϵ, for all n ě N0.

Hence the limit (15) holds. □

Remark 3.2.2. By the well-known relations between special values of Whittaker functions and
local densities, e.g. [Kud97, Proposition A.4] and Lemma 3.2.1, we would expect that formula (12)
holds also for degenerate quadratic lattice L. But this is not true in general! Formula (12) amounts
to saying that the following two limits are equal for some integer k,

(17)
´

lim
nÑ8

WTn,vpgv, s,Φvq

¯

ˇ

ˇ

ˇ

ˇ

s“k

?
“ lim

nÑ8
WTn,vpgv, k,Φvq.

The evaluation at s “ k is essentially another limit process which identifies Whittaker functionals
and the local density polynomials. This limit process does not commute with the limit process
limnÑ8 Tn ñ T .

It is true if T “ lim
nÑ8

Tn is nondegenerate because the limit process for n Ñ 8 would stabilize. It
is also true if the integer k is large enough. But this is not true if T is degenerate and k is not large
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enough, hence (17) may not be true. For example, by Yang’s formula in [Yn04, Theorem 5.7 (i)],
the two sides of (17) would differ by a nonzero multiple of µppT q (see the notations in loc. cit.).

The fixed choice of χv and ψv gives a local Weil representation ωv “ ωχv ,ψv of MppWr,vq ˆ OpVvq

on the Schwartz function space S pVrvq. We define the local Whittaker function associated to φv
and T P SymrpQvq to be

(18) WT,vpgv, s,φvq :“ WT,vpgv, s,Φφv
q,

where Φφv
pgvq :“ ωvpgvqφvp0q P Ivp0, χvq and Φφv

p´, sq is the associated standard section.
The relationship between Whittaker functions and local densities is encoded in the following

proposition.

Proposition 3.2.3. Suppose v ‰ 8. Let L be an integral quadratic Zv-lattice of rank 1 or 2.
Suppose that the quadratic form of L is represented by a number t P Qv (when the rank of L is 1)
or a matrix T P SymrpQvq after a choice of Zv-basis of L, we have the following identity,
(19)

Wt,vp1, k `
1

2
, 1δvpNqq “ p´1,´Nqv|2N |1{2

v ¨ γpVvq ¨ DenpδvpNq kH`
2k, Lq, when the rank of L is 1.

(20) WT,vp1, k, 1δvpNq2q “ |2|3{2
v ¨ |N |v ¨ γpVvq2 ¨ DenpδvpNq kH`

2k, Lq, when the rank of L is 2.

where the constant γpVvq “ γpdetpVvq, ψvq´1 ¨ ϵpVvq ¨ γpψvq´3, γpdetpVvq, ψvq and γpψvq are Weil
indexes (cf. Appendix of [Rao93]).

Proof. Both of the two formulas are proved in [KRY06, Lemma 5.7.1]. □

For the place v “ 8, there is also a well-developed theory about the Whittaker function at 8. Let
WT,8pg, s,∆pNq2q (resp. Wt,8pg, s,∆pNqq) be the Whittaker functions for the Gaussian function
on the space V2

8 (resp. V8), both of them can be computed explicitly, for example, the works of
Kudla, Rapoport and Yang [KRY04, Lemma 8.6], [KRY06, Theorem 5.2.7, Proposition 5.7.7].

Definition 3.2.4. For a symmetric matrix T P SymrpQq, and a factorizable section Φ “ bvΦv P

Ips, χq where Φ8 is the standard section associated to the Gaussian function on the space Vr8, for
a complex number s P C such that Repsq " 0, we define the global Whittaker function to be

WT pg, s,φq “ WT,8pg8, s,∆pNqrq ¨
ź

vă8

WT,vpgv, s,φvq, g “ pgvqv P MppWr,Aq.

the above product can be meromorphically continued to the whole complex plane.

3.3. Fourier coefficients. We have a Fourier expansion of the Siegel Eisenstein series defined above,

Epg, s,φq “
ÿ

TPSymrpQq

ET pg, s,φq,

where
ET pg, s,φq “

ż

SymrpQqzSymrpAq

Epnpbqg, s,φqψp´trpTbqqdnpbq,

the Haar measure dnpbq is normalized to be self-dual with respect to ψ.
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Lemma 3.3.1. Let T P SymrpQq be a nonsingular matrix, let φ P S pVrq be a factorizable Schwartz
function, we have

ET pg, s,φq “ WT pg, s,φq.

Proof. This lemma follows from unravelling the integral defining the function ET , see [LZ22, §11.2].
□

3.4. Classical incoherent Eisenstein series. The hermitian symmetric domain for SppWrq is the
Siegel upper half space

Hr “ tz “ x ` iy | x P SymrpRq, y P SymrpRqą0u.

When r “ 1, let τ “ x ` iy P H` with x, y P R and y is positive. Define the classical incoherent
Eisenstein series to be

(21) Epτ, s,φq “ y´3{4 ¨ Epgτ , s,φq, gτ “ rnpxqmpy1{2q, 1s P MppWr,Aq.

In this paper, we will focus on the case that φ “ 1∆pNqbẐ b φ8 P S pVq, where 1∆pNqbẐ is

the characteristic function of the rank 3 Ẑ-lattice ∆pNq b Ẑ and φ8 is the Gaussian function
φ8pxq “ e´πq8pxq. For the fixed choice of the Schwartz function φ above and any t P Q, we write

(22) Epτ, s,∆pNqq :“ Epτ, s, 1∆pNqbẐ b φ8q, Etpτ, s,∆pNqq :“ Etpτ, s, 1∆pNqbẐ b φ8q.

We will also need the normalized genus 1 Eisenstein series Epτ, s,∆pNqq defined as follows,
(23)

Epτ, s,∆pNqq “ CN psqEpτ, s´
1

2
,∆pNqq, where CN psq “ ´

s

4π
Λp2sq

¨

˝

ź

p|N

p1 ´ p´2sq

˛

‚N p3s`1q{2.

Similarly, for any t P Q, Etpτ, s,∆pNqq “ CN psqEtpτ, s´ 1
2 ,∆pNqq.

When r “ 2, let z “ x ` iy P H2 with x, y P Sym2pRq and y “ ta ¨ a is positive definite. Define the
classical incoherent Eisenstein series to be

(24) Epz, s,φq “ χ8pmpaqq´1|detpmpaqq|´3{2 ¨ Epgz, s,φq, gz “ rnpxqmpaq, 1s P MppWr,Aq.

We write the central derivatives as,

(25) BEispz,φq :“ E1pz, 0,φq, BEisT pz,φq :“ E1
T pz, 0,φq.

Then we have a Fourier expansion

BEispz,φq “
ÿ

TPSym2pQq

BEisT pz,φq.

In this paper, we will focus on the case that φ “ 1
p∆pNqbẐq

2 bφ8 P S pV2q, where φ “ 1
p∆pNqbẐq

2

is the characteristic function of the rank 3 Ẑ-lattice ∆pNq b Ẑ and φ8 is the Gaussian function
φ8pxq “ e´π trT pxq, where for x “ px1, x2q P V2

8, the 2 ˆ 2 matrix T pxq is

T pxq “

˜

qpx1q 1
2px1, x2q

1
2px1, x2q qpx2q

¸

.



16 BAIQING ZHU

For the fixed choice of the Schwartz function φ above and any T P Sym2pQq, we write

Epz, s,∆pNq2q :“ Epz, s, 1
p∆pNqbẐq

2 b φ8q, ET pz, s,∆pNq2q :“ ET pz, s, 1
p∆pNqbẐq

2 b φ8q,

(26)

BEispz,∆pNq2q :“ BEispz, 1
p∆pNqbẐq

2 b φ8q, BEisT pz,∆pNq2q :“ BEisT pz, 1
p∆pNqbẐq

2 b φ8q.

(27)

Similarly, for any T P Sym2pQq, WT pg, s,∆pNq2q :“ WT pg, s, 1
p∆pNqbẐq

2 b φ8q.

Lemma 3.4.1. Let T “ diagt0, tu with t ‰ 0, let y “ diagty1, y2u be a positive definite symmetric
matrix, then

ET piy, s,∆pNq2q “ y
s{2
1 y

´3{4
2 Wtpgiy2 , s`

1

2
,∆pNqq ` py1y2q´3{4WT pgiy, s,∆pNq2q.

Proof. This lemma follows from [SSY23, Lemma 4.11, formula (38)]. □

4. Singular Fourier coefficients of Eisenstein series

In this section, we study the Fourier coefficient ET pz, s,∆pNq2q of the Eisenstein series defined in
§3.4 when the matrix T is singular.

We first fix some notations. For any prime number p, we define the local zeta function ζppsq “

p1 ´ p´sq´1, we also define ζ8psq “ π´s{2Γp s2q. Let Λpsq “
ś

v
ζvpsq be the completed zeta function

where v ranges over all the places of Q, then Λpsq can be meromorphically continued to the whole
complex plane and satisfies the functional equation Λpsq “ Λp1 ´ sq.

4.1. The rank of T is 0. In this case, the matrix T “ 02. Let z “ x ` iy P H2, we have

pdetyq3{4 ¨ E02pz, s,∆pNq2q “ W02pgz, s,∆pNq2q `
ÿ

γPΓ8zSL2pZq

Bpmpγqg, sq ` Φ1∆pNq2
pg, sq

by similar arguments in [SSY23, §4.4], where

(28) Bpg, sq :“

ż

A

Φ1∆pNq2

˜

w´1
1 n

˜˜

0 0

0 b

¸¸

g, s

¸

db.

When Repsq " 0, we have the following factorization:

Bpg, sq “
ź

v

Bvpgv, sq

where Bvpgv, sq is defined by replacing A by Qv and Φ1∆pNq2
by corresponding local section at v.

We will calculate each of the three terms in this section.

Lemma 4.1.1. Let n “ νppNq ě 0 be the p-adic valuation of N , let Appsq be the following function
for s P C,

Appsq “ |N |p ¨

$

&

%

1
1`p´1´s , if n “ 0;

1
1`p´1´s ¨

1´pp1´sqpn`1q

1´p1´s ´ p´2s 1
1`p´1´s ¨

1´pp1´sqpn´1q

1´p1´s , if n ě 1.
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The following identity holds,

W02,pp1, k, 1δppNq2q “ |2|3{2
p pN,´1qp ¨

ζpp2k ´ 1q

ζpp2k ` 2q
¨Appkq.

Proof. Let M be a rank 2 quadratic lattice over Zp whose inner product matrix under some Zp-basis
is T . For integers k ě 0,

(29) WT,pp1, k, 1δppNq2q “ |2|3{2|N |ppN,´1qp ¨ Nor`pX, 1q ¨ Den`

∆pNq
pX,Mq

ˇ

ˇ

X“p´k .

Suppose the Gross-Keating invariant of the quadratic lattice M is GKpMq “ pa, bq for integers a ď b

and a, b " n.
‚ If n ” a pmod 2q, by formula in [Wed07, §2.11], we have

Den`pX,M k xNyq “
p1 ´ ppXqn`1qp1 ´ ppX2qpn`aq{2´iq

p1 ´ pXqp1 ´ pX2q
` ppn`aq{2Xa p1 ´Xn`1qp1 ´ pξ̃Xqb´a`1q

p1 ´Xqp1 ´ pξ̃Xqq

´
ppn`aq{2´1Xb`2

1 ´ p´1X2

˜

1 ´Xn`1

1 ´X
´

pp´1X2qpn`aq{2 ´ ppn´aq{2`1Xa´1

1 ´ pX´1

¸

.

where ξ̃ P t˘1u depends on the lattice M .
‚ If n ı a pmod 2q, by formula in [Wed07, §2.11], we have

Den`pX,M k xNyq “
1 ´ ppXqn`1

p1 ´ pXqp1 ´ pX2q
´
ppn`a`1q{2pXn`a`1 ´Xaq

p1 ´X´1qp1 ´ pX2q

´
ppn`a´1q{2Xb`1

1 ´ p´1X2

˜

1 ´Xn`1

1 ´X
´

pp´1X2qpn`a`1q{2 ´ ppn´a`1q{2Xa

1 ´ pX´1

¸

.

In both cases, when 0 ă X ď p´1, we have the following formula

lim
a,bÑ8

Den`pX,M k xNyq “
1 ´ ppXqn`1

p1 ´ pXqp1 ´ pX2q
.

therefore when 0 ă X ď p´1,

lim
a,bÑ8

Den`

∆pNq
pX,Mq “ lim

a,bÑ8

`

Den`pX,M k xNyq ´X2Den`pX,M k xp´2Nyq
˘

“
1 ´X2 ` ppn´1 ´ pn`1qXn`1

p1 ´ pXqp1 ´ pX2q
.

Note that Nor`pX, 1q “ 1´ p´1X, the lemma follows by combining (29) and the following formula,

W02,pp1, k, 1δppNq2q “ |2|3{2|N |ppN,´1qp ¨ p1 ´ p´k´1q ¨ lim
a,bÑ8

Den`

∆pNq
pp´k,Mq

□

Lemma 4.1.2. For a finite prime p and an element γ P SL2pZq, let n “ νppNq ě 0. We have the
following identity for all integers k ě 0,

Bppmpγq, kq “ p´1,´Nqp|2N |1{2
p ¨ γpVpq ¨

ζpp2k ` 1q

ζpp2k ` 2q
¨
1 ´ p´2k´1 ´ p´pn`1qkp1 ´ p´1q

1 ´ p´2k´1 ´ p´kp1 ´ p´1q
.
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Proof. By the explicit expression of the Weil representation as in [KRY06, Lemma 5.6.1], we have

Bppmpγq, kq “ W0,p

ˆ

e, k `
1

2
, 1δppNq

˙

.

By Proposition 3.2.3 and Lemma 3.2.1, we have

Bppmpγq, kq “ p´1,´Nqp|2N |1{2
p ¨ lim

tÑ0
DenpδppNq kH`

2k, xtyq.

By Theorem 2.2.7, we have

DenpδppNq kH`
2k,xtyq ¨ PdenpH`

2k`4, xNyq(30)

“ DenpH`
2k`4, xty k xNyq ´ p´2k´1DenpH`

2k`4, xty k xNp´2yq.

We also have

DenpδppNq kH`
2k,xtp

´2yq ¨ PdenpH`
2k`4, xNyq(31)

“ DenpH`
2k`4, xtp

´2y k xNyq ´ p´2k´1DenpH`
2k`4, xtp

´2y k xNp´2yq.

Calculating p30q ´ p´2k´1 ¨ p31q, and take t Ñ 0 p-adically, we have

p1 ´ p´2k´1q ¨ lim
tÑ0

DenpδppNq kH`
2k, xtyq “ DenpH`

2k`2, xNyq ´ p´2k´1DenpH`
2k`2, xNp

´2yq.

Combining Theorem 2.2.7 and Example 11, we get

DenpH`
2k`2, xNyq “

p1 ´ p´pn`1qkqp1 ´ p´k´1q

1 ´ p´k
.

Then the lemma follows from the above computations. □

In the following, let ζ8psq “ π´s{2Γps{2q and Λpsq “ ζ8psq ¨ ζpsq be the completed Riemann zeta
function. By [KRY06, Proposition 5.9.2], we have

B8pmpγqgy, sq “
?
2γ8pV8qdetpyqs{2`3{4Qypc, dq´s´1{2 ¨

sζ8p2s` 1q

ps` 1qζ8p2s` 2q
,

where γ “

˜

a b

c d

¸

P SL2pZq and Qypc, dq “ pc, dq ¨ y ¨ tpc, dq is a positive definite quadratic form.

Let
Zps, yq “ π´s´1{2Γ

ˆ

s`
1

2

˙

¨
ÿ

m,nPZ
pm,nq‰p0,0q

Qypm,nq´s´1{2

is the (normalized) Epstein zeta function attached to the positive definite quadratic form Qy. By
[Sie80, §1.5], the series Zps, yq extends meromorphically to s P C, with only a simple pole at s “ 1;
in particular, Zps, yq is regular at s “ 1{2. Combining Lemma 4.1.2, we have

ÿ

γPΓ8zSL2pZq

Bpmpγqgy, sq(32)

“ ´
detpyqs{2`3{4

?
N

¨ Z ps` 1{2, yq ¨
s

ps` 1qΛp2s` 2q
¨
ź

p|N

1 ´ p´2k´1 ´ p´pn`1qkp1 ´ p´1q

1 ´ p´2k´1 ´ p´kp1 ´ p´1q
.
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Proposition 4.1.3. Let z “ x ` iy P H2, we have

BEis02pz,∆pNq2q “ log detpyq ` 2 ´ 4
Λ1p´1q

Λp´1q
´

ÿ

p|N

´npn`1 ` 2pn ` npn´1 ´ 2

pn´1pp2 ´ 1q
¨ log p

´ detpyq3{4 ¨ Z

ˆ

1

2
, y

˙

¨
6

π
?
N

¨
ź

p|N

pνppNq ` 1qp` 1 ´ νppNq

p` 1

Proof. By explicit expression (32) and

W02pgz, s,∆pNq2q “ detpyq´s{2`3{4 ps´ 1qΛp2s´ 1q

ps` 1qΛp2s` 2q
¨
ź

p|N

Appsq, Φ1∆pNq2
pg, sq “ detpyqs{2`3{4.

The proposition follows from combining the above formulas and Lemma 4.1.1. □

4.2. The rank of T is 1. Let N be a positive integer, let t be a nonzero integer, we fix a 2 ˆ 2

matrix T “ diagt0, tu. Now we are going to define a quadratic character χt : Aˆ Ñ Cˆ: When ´tN

is not a square in Q, the character χt is the quadratic Dirichlet character attached to the quadratic
field extension Qp´tNq{Q; when ´tN is a square, let χt be the trivial character. When ´tN is not
a square, let ´d be the fundamental discriminant of the field extension Qp´tNq{Q. When ´tN is
a square, let d “ ´1, then there exists a positive number c such that

4Nt “ c2d.

For any prime number p, we define the local zeta function associated to χt to be Lpps, χtq “

p1 ´ χtppqp´sq´1 and L8ps, χtq to be the following,

L8ps, χtq “ |d|s{2 ¨

$

&

%

π´ps`1q{2Γp s`1
2 q, if t ą 0;

π´s{2Γp s2q, if t ă 0.

Let Λps, χtq :“
ś

v
Lvps, χtq be the completed L-function of the quadratic character χt, then Λps, χtq

can be meromorphically continued to the whole complex plane and satisfies the functional equation
Λps, χtq “ Λp1 ´ s, χtq.

Define the following function for positive integers k,

(33) gppkq “
DenpH`

2k`4, xt,Np
´2yq

DenpH`
2k`4, xt,Nyq

,

Notice that if the p-adic valuation of N is 0 or 1, the function gppkq “ 0.

Lemma 4.2.1. The function gppkq is a rational function in p´k, hence it can be meromorphically
defined over C. The function gp also has the following functional equation,

gppkq “ p2k`1gp´k ´ 1q.

Proof. We only consider the case that the p-adic valuation of N is greater or equal to 2. By definition
made in Lemma 2.2.11, when k is a positive integer,

gppkq “
DenpH`

2k`4, xt, p
´2Nyq

DenpH`
2k`4, xt,Nyq

“
Den5`pp´k´1, xt, p´2Nyq

Den5`pp´k´1, xt,Nyq
“

Den5`pX, xt, p´2Nyq

Den5`pX, xt,Nyq

ˇ

ˇ

ˇ

ˇ

X“p´k´1

.
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Therefore gppkq is a rational function in p´k by Lemma 2.2.11, hence it can be meromorphically
defined over C. The functional equation is a consequence of Theorem 2.2.12. □

Lemma 4.2.2. Let p be a prime number, for large enough positive integers k,

WT,pp1, k, 1δppNq2q

Den5`pp´k, xt,Nyq
“ |2|p|N |1{2

p γpVpq2 ¨
1 ´ p´2kgppk ´ 1q

1 ´ χtppqp´k
¨

$

&

%

1 ´ p´2k´2, if p ∤ N ;

1 ´ p´k´1, if p |N .
,(34)

Wt,pp1, k ` 1
2 , 1δppNqq

Den5`pp´k´1, xt,Nyq
“ |2N |1{2

p γpVpq ¨ p´1, Nqp ¨
1 ´ p´2k´1gppkq

1 ´ χtppqp´k´1
¨

$

&

%

1 ´ p´2k´2, if p ∤ N ;

1 ´ p´k´1, if p |N .
.(35)

Proof. We have the following identities for large enough positive integers k,

WT,pp1, k, 1δppNq2q “ |2|3{2
p |N |pγpVpq2 ¨ lim

mÑ8
DenpδppNq kH`

2k, xt, p
myq

“ |2|3{2
p |N |pγpVpq2 ¨ lim

mÑ8

DenpH`
2k`4, xN, t, p

myq ´ p´2kDenpH`
2k`4, xNp

´2, t, pmyq

PdenpH`
2k`4, xNyq

.

The first identity follows from the relation between Whittaker functions (Proposition 3.2.3) and the
limit of Whittaker functions (Lemma 3.2.1), the second identity follows from Theorem 2.2.7. By
Corollary 2.2.9, we have

WT,pp1, k, 1δppNq2q “|2|3{2
p |N |pγpVpq2 ¨

PdenpH`
2k`4, xpyq

PdenpH`
2k`4, xNyq

¨
DenpH`

2k`2, xN, tyq ´ p´2kDenpH`
2k`2, xNp

´2, tyq

1 ´ p´2k

“|2|3{2
p |N |pγpVpq2 ¨ DenpH`

2k`2, xN, tyq ¨
PdenpH`

2k`4, xpyq

PdenpH`
2k`4, xNyq

¨ p1 ´ p´2kgppkqq.

Then formula (34) follows from the definition of local density polynomial in Lemma 2.2.11.
For formula (35), we have the following identity by Proposition 3.2.3 and Theorem 2.2.7,

Wt,pp1, k `
1

2
, 1δppNqq “ |2N |1{2

p γpVpq ¨ p´1, Nqp ¨
DenpH`

2k`4, xN, tyq ´ p´2k´1DenpH`
2k`4, xNp

´2, tyq

PdenpH`
2k`4, xNyq

“ |2N |1{2
p γpVpq ¨ p´1, Nqp ¨ DenpH`

2k`4, xN, tyq ¨
1 ´ p´2k´1gppkq

PdenpH`
2k`4, xNyq

.

Then formula (35) also follows from the definition of local density polynomial in Lemma 2.2.11. □

For any prime number p, we consider the following meromorphic function for s P C,

(36) βppsq “
1 ` ps´1

1 ` p´s´1
¨
1 ´ p´2sgpps´ 1q

1 ´ gpps´ 1q
.
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Corollary 4.2.3. Let p be a prime number, the following identity holds for any integer k,

WT,pp1, k, 1δppNq2q ¨
ζpp2kq

Lppk,χtq

Wt,pp1,
1
2 ´ k, 1δppNqq ¨

ζpp2´2kq

Lpp1´k,χtq

“|2|p|N |1{2
p p´1, NqpγpVpq ¨ pp1´2kqνppcq ¨

ζpp2kq

ζpp2k ` 2q

ˆ

$

&

%

1, if p ∤ N ;

βppkq, if p |N.

Proof. By Theorem 2.2.12 and formula (13) in Remark 2.2.13, there is a functional equation,

Den5`pp´k, xN, tyq “ pp1´2kqνppcq ¨ Den5`ppk´1, xN, tyq.

The corollary follows from the functional equation above and Lemma 4.2.2. □

Proposition 4.2.4. Let T be the 2 ˆ 2 matrix diagt0, tu with t ‰ 0. Let y “ diagty1, y2u be a
positive definite symmetric matrix, then for any complex number k, we have

ET piy, k,∆pNq2q “ y
k{2
1 Etpiy2,

1

2
` k,∆pNqq

` y
´k{2
1 ¨

k ´ 1

k ` 1
¨N´k ¨

Λp2 ´ 2kq

Λp2 ` 2kq
¨
ź

p|N

βppkq ¨ Etpiy2,
1

2
´ k,∆pNqq.

Proof. When ´tN is not a square, let ´d be the fundamental discriminant of the field extension
Qp´tNq{Q. When ´tN is a square, let d “ ´1, then there exists a positive number c such that

4Nt “ c2d.

For any complex number k, the following identity is proved in [SSY23, Lemma 4.14] (see also
[KRY06, Proposition 5.7.7]),

WT,8pgiy, k,∆pNq2q ¨
ζ8p2kq

L8pk, χtq
“ ´ 2iy

´k{2`3{4
1 ¨

1 ´ k

1 ` k
¨

ζ8p2kq

ζ8p2k ` 2q
¨ c2k´1N1{2´k(37)

ˆWt,8pgiy2 ,
1

2
´ k,∆pNqq ¨

ζ8p2 ´ 2kq

L8p1 ´ k, χtq
.

Recall that by Definition 3.2.4, WT pgiy, k,∆pNq2q “ WT,8pgiy, k,∆pNq2q ¨
ś

p
WT,pp1, k, 1δppNq2q and

Wtpgiy2 , k,∆pNqq “ Wt,8pgiy2 , k,∆pNqq ¨
ś

p
Wt,pp1, k, 1δppNqq.

Notice that both of the functions WT pgiy, k,∆pNq2q and Wtpgiy2 , k,∆pNqq can be meromorphi-
cally continued to whole complex plane. By combining the above identity (37), Corollary 4.2.3, and
the functional equations Λpsq “ Λp1 ´ sq, Λps, χtq “ Λp1 ´ s, χtq, we get

WT pgiy, k,∆pNq2q “ y
´k{2`3{4
1 ¨

k ´ 1

k ` 1
¨N´k ¨

Λp2 ´ 2kq

Λp2 ` 2kq
¨
ź

p|N

βppkq ¨Wtpgiy2 ,
1

2
´ k,∆pNqq.

Then Lemma 3.4.1, Lemma 3.3.1 and formulas (21), (24) imply that

ET piy, k,∆pNq2q “ y
k{2
1 Etpiy2,

1

2
` k,∆pNqq

` y
´k{2
1 ¨

k ´ 1

k ` 1
¨N´k ¨

Λp2 ´ 2kq

Λp2 ` 2kq
¨
ź

p|N

βppkq ¨ Etpiy2,
1

2
´ k,∆pNqq
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□

Corollary 4.2.5. Let T be a 2 ˆ 2 matrix of rank 1 which can be diagonalized to diagt0, tu with
t ‰ 0. Let y “ diagty1, y2u be a positive definite symmetric matrix, we have

E1
T piy, 0,∆pNq2q “2E1

tpiy2,
1

2
,∆pNqq

`

¨

˝log y1 ` 2 ` logN `
4Λ1p2q

Λp2q
´

ÿ

p|N

β1
pp0q

˛

‚Etpiy2,
1

2
,∆pNqq.

Proof. This follows from Proposition 4.2.4. □

Part 2. The Geometric Side

5. The geometry of the modular curve X0pNq

5.1. Integral model. Let N be a positive integer, the classical modular curve Y0pNqC over C is
defined as the following smooth 1-dimensional complex curve,

Y0pNqC :“ GL2pQqzH˘ ˆ GL2pAf q{Γ0pNqpẐq » Γ0pNqzH`,

where H˘ “ CzR and H` “ tz “ x ` iy P C : x P R, y P Rą0u is the upper half plane. The group
Γ0pNqpẐq is the following open compact subgroup of GL2pAf q,

Γ0pNqpẐq “

#

x “

˜

a b

Nc d

¸

P GL2pẐq : a, b, c, d P Ẑ

+

,

and Γ0pNq “ Γ0pNqpẐq
Ş

SL2pZq. The modular curve Y0pNqC parametrizes cyclic N -isogenies of
elliptic curves over the complex number C by the following map:

Γ0pNqτ P Γ0pNqzH` ¨ τ ÞÝÑ pEτ
ˆN
Ñ ENτ q,

where for a given τ P H`, the elliptic curve Eτ is given by the complex torus C{pZ ` Zτq. The
smooth curve Y0pNqC is not proper, its compactification X0pNqC :“ Y0pNqC Y tcuspsu is a smooth
projective curve over C.

Katz and Mazur [KM85] constructs an integral model of Y0pNq over Z by extending the concept
of cyclic isogeny to arbitrary base scheme, we refer the readers to [KM85, §3(3.4)] and the arthor’s
previous work [Zhu25, §4] for details. The moduli interpretation of the stack Y0pNq is given as
follows: for a scheme S, the objects of the groupoid Y0pNqpSq are cyclic N -isogenies pE

π
Ñ E1q

where E and E1 are elliptic curves over S, a morphism between two cyclic isogenies pE1
π1
Ñ E1

1q and
pE2

π2
Ñ E1

2q is a pair of isomorphisms of elliptic curves a : E1
„
Ñ E2 and a1 : E1

1
„
Ñ E1

2 such that
a1 ˝ π1 “ π2 ˝ a. Česnavičius [Ces17] gives a moduli interpretation of the compactification X0pNq of
Y0pNq, its complex fiber is isomorphic to X0pNqC.

There are two natural morphisms from Y0pNq to Y0p1q given as follows

p1, p2 : Y0pNq ÝÑ Y0p1q

pE1
π

Ñ E2q
p1

ÞÝÑ E1;

pE1
π

Ñ E2q
p2

ÞÝÑ E2.



ARITHMETIC SIEGEL-WEIL FORMULA ON X0pNq: SINGULAR TERMS 23

Both of the morphism p1, p2 : Y0pNq Ñ Y0p1q extends to morphisms from X0pNq to X0p1q, we still
use the symbols p1 and p2 to denote them.

Theorem 5.1.1. The stack X0pNq is a regular proper 2-dimensional Deligne-Mumford stack, both
of the morphisms p1 and p2 are finite flat of degree ψpNq :“ N ¨

ś

p|N

p1 ` p´1q over X0p1q. Moreover,

the stack X0pNq is smooth over Zr 1
N s

Proof. This is proved in [Ces17, Theorem 5.13], the degree of p1 and p2 are computed in [KM85,
(13.4.9)]. □

Lemma 5.1.2. Let N “ M1 ¨M2 where g.c.d.pM1,M2q “ 1, there is a natural isomorphism

X0pNq » X0pM1q ˆp1,X0p1q,p1 X0pM2q.

Proof. Notice that the fiber product X0pM1q ˆp1,X0p1q,p1 X0pM2q is the normalization of X0p1q in
Y0pM1qZr1{M1s ˆp1,Y0p1q,p1 Y0pM2qZr1{M2s » Y0pNqZr1{Ns. By [Ces17, Theorem 5.13], the Deligne–
Mumford stack X0pNq is also the normalization of X0p1q in Y0pNqZr1{Ns. Therefore we have the
isomorphism in the lemma. □

5.2. The Atkin-Lehner involution on X0pNq.

Lemma 5.2.1. Let S be a scheme, and π : E Ñ E1 be a cyclic N -isogeny between elliptic curves
over S, then π_ : E1 Ñ E is also a cyclic N -isogeny.

Proof. We only need to show that the order N quotient group scheme ErN s{kerpπq is cyclic, and
this is proved in [KM85, Corollary 5.5.4(3)]. □

With Lemma 5.2.1, we can define the Atkin-Lehner involution WN on the stack Y0pNq by the
following,

WN : Y0pNq ÝÑ Y0pNq

pE
π

Ñ E1q ÞÝÑ pE1 π
_

Ñ Eq

Lemma 5.2.2. The Atkin-Lehner involution WN extends to the compactified stack X0pNq.

Proof. By [Ces17, Proposition 4.2.7 (c)], the cyclicity condition of a N -isogeny is closed, hence
X0pNq is a closed substack of X0p1qˆX0p1q. Let ι : X0p1qˆX0p1q Ñ X0p1qˆX0p1q be the involution
which switches the two copies of X0p1q, let X0pNq1 “ X0pNqX0p1qˆX0p1q,ιX0p1qˆX0p1q be the image of
X0pNq under the involution WN , it is also a closed substack of X0p1qˆX0p1q, but X0pNq and X0pNq1

have common dense open dense substack Y0pNq, hence X0pNq “ X0pNq1, therefore the Atkin-Lehner
involution WN extends to the compactified stack X0pNq. □

5.3. Cusps of the modular curve X0pNq. Let H :“ X0p1q ˆ X0p1q be the product of the smooth
Deligne-Mumford stack X0p1q. Let P8p1q : SpecZ Ñ X0p1q be the cuspidal divisor of the stack X0p1q

which corresponds to the standard 1-gon over Z (we refer to [Con07, §2.1] for detailed definitions
of standard 1-gon). We can view P8p1q as an element in CH1pX0p1qq, then we define the following
element in CH1pHq:

CusppHq :“ P8p1q ˆ X0p1q ` X0p1q ˆ P8p1q.
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The two curves P8p1qˆX0p1q and X0p1qˆP8p1q intersects transversally at the point pP8p1q, P8p1qq.

The natural morphism X0pNq
pp1,p2q
ÝÑ H is a closed immersion. We define the cuspidal divisor of

X0pNq to be the pullback of CusppHq, i.e.,

CusppX0pNqq “ pp1, p2q˚CusppHq P CH1pX0pNqq.

Let zCusppX0pNqq be the formal completion of X0pNq along the cuspidal divisor CusppX0pNqq. It is
well-known that zCusppX0p1qq » SpfZrrqss. The two morphisms p1, p2 : X0pNq Ñ X0p1q induce two
morphisms from zCusppX0pNqq to zCusppX0p1qq, we still use p1 and p2 to denote them, both of them
are finite flat of degree of ψpNq.

Proposition 5.3.1. Let N “ pn for some non-negative integer n, then the formal scheme zCusppX0ppnqq

is a disjoint union as follows:

zCusppX0ppnqq “
ž

´nďaďn
a”nmod 2

Cappnq,

where every Cappnq is finite flat over zCusppX0p1qq via the morphisms p1 and p2, such that WN pCappnqq “

C´appnq. Let deg1pCappnqq (resp. deg2pCappnqq) be the finite flat degree of Cappnq over zCusppX0p1qq

via the morphism p1 (resp. p2), then

deg1pCappnqq “

$

&

%

φpppn´aq{2q, if 0 ď a ď n;

p´aφpppn`aq{2q, if ´n ď a ă 0.

deg2pCappnqq “

$

&

%

paφpppn´aq{2q, if 0 ď a ď n;

φpppn`aq{2q, if ´n ď a ă 0.

More explicitly, if we view zCusppX0ppnqq as a Zrrqss-formal scheme via the morphism p1, then

(38) Cappnq »

$

&

%

SpfZrζppn´aq{2srrqss, if 0 ď a ď n;

SpfZrζppn`aq{2srrqssrzs{pzp
´a

´ ζppn`aq{2qq, if ´n ď a ă 0,

where for any k ě 1, ζpk is a primitive pk-th root of unity.

Proof. It is proved by Edixhoven in [Edi90, §1.2.2] that if we view zCusppX0ppnqq as a Zrrqss-formal
scheme via the morphism p1, then

zCusppX0ppnqq »(39)

SpfZrrqss
ž

SpfZrrqp
´n

ss
ž ğ

c`d“n
cědą0

SpfZrζpdsrrqss
ž ğ

c`d“n
dącą0

SpfZrζpcsrrqssrzs{pzp
d´c

´ ζpcqq,

where z is the parameter of the cusp of the second copy X0p1q in H. Therefore zCusppX0ppnqq is a
disjoint union of n`1 formal schemes, let Cappnq be one of the formal schemes according to formula
(38), then zCusppX0ppnqq “

š

´nďaďn
a”nmod 2

Cappnq by (39). The finite flat degree of Cappnq over zCusppX0p1qq

via the morphisms p1 and p2 can be computed explicitly by (38).
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Since we have p1 ˝ WN “ p2 and p2 ˝ WN “ p1, the finite flat degrees of WN pCappnqq over
zCusppX0p1qq via the morphisms p1 and p2 equal to that of C´appnq. Hence we have WN pCappnqq “

C´appnq. □

Remark 5.3.2. Proposition 5.3.1 can be easily generalized to arbitrary positive integer N . Let

N “
r
ś

i“1
qni
i be the prime decomposition of N . Then for every positive integer M |N , let M “

r
ś

i“1
qmi
i ,

there is an irreducible component CM pNq » Cn1´2m1pqn1
1 q ˆC0p1q ¨ ¨ ¨ ˆC0p1q C

nr´2mrpqnr
r q such that

zCusppX0pNqq “
ž

M |N

CM pNq.

The finite flat degree of zCusppX0pNqq over zCusppX0p1qq via p1 and p2 are given by

deg1pCM pNqq “

r
ź

i“1

deg1pCni´2mipqni
i qq, deg2pCM pNqq “

r
ź

i“1

deg2pCni´2mipqni
i qq.

The component C1pNq is isomorphic to SpfZrrqss via the morphism p1 by (38). Denote the corre-
sponding cusp point by P8pNq, it corresponds to a morphism P8pNq : SpecZ Ñ X0pNq. When
N “ 1, this definition agrees with our previous definition of P8p1q.

Let WN be the Atkin–Lehner involution of X0pNq, it induces an isomorphism CM pNq
WN
ÝÝÑ

CN{M pNq. Let P0pNq “ WN ˝ P8pNq : SpecZ Ñ X0pNq be the composition of the automorphism
WN of X0pNq and the Z-point P8pNq. When N “ 1, we have P8p1q “ P0p1q.

There is an explicit description of the cusps of the complex modular curve X0pNqC (cf. [DS05,
§3.8]),

PaM
N
, where M |N and a P pZ{pM,N{Mqqˆ.

Especially, when N “ pn for some non-negative integer n, the cusps of the complex modular curve
X0ppnqC are

P a

pk
, where 0 ď k ď n and a P pZ{pmintk,n´kuqˆ.

Lemma 5.3.3. Let P be a cusp of the complex modular curve X0ppnqC, let ra1pP q (resp. ra2pP q)
be the ramification degree of the morphism p1 (resp. p2) at P . Suppose P “ P a

pk
for some integer

0 ď k ď n and a P pZ{pmintk,n´kuqˆ, then

(40) ra1pPa{pkq “

$

&

%

1, if n
2 ď k ď n;

pn´2k, if 0 ď k ă n
2 .

(41) ra2pPa{pkq “

$

&

%

p2k´n, if n
2 ď k ď n;

1, if 0 ď k ă n
2 .

Proof. For any cusp point P , let StabpP q P Γppnq be the stabilizer of the cusp. For the cusp point
P8ppnq, we have

StabpP8ppnqq “

#˜

1 x

0 1

¸

: x P Z.

+

.
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Let A P Z be a lift of a to Z, then A is prime to p, hence there exists integers b, d such that
Ab´ dpk “ 1. Let

γ “

˜

A d

pk b

¸

,

then StabpP a

pk
q “ γStabpP8ppnqqγ´1 X Γ0ppnq. By simple calculations,

γStabpP8ppnqqγ´1 X Γ0ppnq “

#˜

1 ´ pkAx xA2

´p2kx 1 ` pkAx

¸

: x P pn´2kZ X Z.

+

,

formula (40) follows from the calculations above. Notice that p2 “ p1 ˝ WN , hence formula (41)
follows from (40). □

Corollary 5.3.4. Let P a

pk
be a cusp of the complex modular curve X0ppnqC, where 0 ď k ď n

and a P pZ{pmintk,n´kuqˆ, then P a

pk
belongs to the component C2k´nppnq of zCusppX0ppnqq, i.e.,

P a

pk
P C2k´nppnqpCq.

Proof. This follows from formula (38) in Proposition 5.3.1, and formulas (40) and (41) in Lemma
5.3.3. □

Remark 5.3.5. Corollary 5.3.4 can also be generalized to arbitrary N . Let N “
r
ś

i“1
qni
i be the

prime decomposition N . Then the modular curve X0pNq decomposes into product of X0pqni
i q by

Lemma 5.1.2. Let PaM
N

be a cusp point of X0pNq where M |N and a P pZ{pM,N{Mqqˆ. Suppose

M “
r
ś

i“1
qmi
i . Let ai P pZ{q

min tni´mi,miu

i qˆ be the image of a. The cusp point PaM
N

decomposes

into the product of cusp points P ai
qni´mi

P X0pqni
i q, hence it belongs to the component CM pNq of

zCusppX0pNqq.

5.4. Reduction mod p of X0pNq. Let p be a fixed prime, the reduction mod p of the stack X0pNq

has been studied extensively in [KM85, Chapter 13]. For an Fp-scheme S, an integer m ě 0 and
an elliptic curve over S, let Eppmq be the m-th Frobenius twist of E, we use Fm : E Ñ Eppmq to
denote the m-th iterated Frobenius morphism which has degree pm, and V m : Eppmq Ñ E be the
m-th iterated Verschiebung morphism which is also the dual morphism of Fm.

For all integers a, define a closed substack Ya Ă Y0p1q ˆ Y0p1q over Fp as follows:

a ě 0 : For an Fp-scheme S, the groupoid YapSq consists of objects pE,Eppaqq.
a ă 0 : For an Fp-scheme S, the groupoid YapSq consists of objects pEpp´aq, Eq.

Let n ě 0 be an integer, for all integers a such that n ě |a| and n ” a pmod 2q. Define the following
morphism

πa,E :“

$

&

%

E
F pn`aq{2

ÝÝÝÝÝÑ Epppn`aq{2q V pn´aq{2

ÝÝÝÝÝÑ Eppaq, if a ě 0;

Epp´aq F pn`aq{2

ÝÝÝÝÝÑ Epppn´aq{2q V pn´aq{2

ÝÝÝÝÝÑ E, if a ă 0.

Lemma 5.4.1. Let n ě 0 be an integer, for all integers a such that n ě |a| and n ” a pmod 2q. The
morphisms πa,E are cyclic of order pn.

Proof. This is proved in [KM85, Theorem 13.3.5]. □
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Remark 5.4.2. The above lemma implies that the closed immersion Ya Ñ Y0p1q ˆ Y0p1q factors
through the closed substack Y0ppnq if n ě |a| and n ” a pmod 2q.

Theorem 5.4.3. Let n ě 0 be an integer, let Y0ppnqF :“ Y0ppnq ˆZ F be the reduction mod p of the
stack Y0ppnq. For all integers a such that n ě |a| and n ” a pmod 2q, the stack Ya has the following
properties:
(a)The stack Ya is a 1-dimensional Deligne-Mumford stack.
(b) The composite morphism Ya Ñ Y0ppnqF

p1
ÝÑ Y0p1qF is an isomorphism if a ě 0; is finite flat of

degree p´a if a ď 0.
(c) The following equality holds: WN pYaq “ Y´a.
(d)The stack Ya contains every supersingular point of Y0ppnqF. Let P “ pE

π
Ñ E1q be a supersingular

F-point of Y0ppnqF. Let OP be the completed local ring of the stack Y0p1qF ˆ Y0p1qF at P , let Oa,P

be the completed local ring of Ya at the point corresponding to the pair pE,E1q, then there exists
an isomorphism OP » Frrt1, t2ss such that the closed immersion Ya Ñ Y0p1qF ˆ Y0p1qF induces the
following isomorphism,

Oa,P »

$

&

%

Frrt1, t2ss{pt1 ´ tp
a

2 q, if a ě 0;

Frrt1, t2ss{ptp
´a

1 ´ t2q, if a ď 0.

(e)Over the open substack Y0ppnqord
F “ Y0ppnqF ´ tsupersingular pointsu of Y0ppnqF, the morphism

Ů

´nďaďn
n”a pmod 2q

Ya Ñ Y0ppnqred
F is an isomorphism.

Proof. These are the main results of [KM85, §13]. □

Remark 5.4.4. Let X a be the scheme-theoretic closure of Ya inside H, then Theorem 5.4.3 is still
true if we replace all the symbol Y by the symbol X . The closed immersion X a Ñ H factors through
the closed substack X0ppnq if n ě |a| and n ” a pmod 2q.

Definition 5.4.5. Let N be a positive integer. Let n “ νppNq be the p-adic valuation of N , let Np “

p´nN . For all integers a such that n ě |a| and n ” a pmod 2q, define Yap pNq “ Yaˆp1,Y0p1q,p1 Y0pNpq

and X a
p pNq “ X a ˆp1,X0p1q,p1 X0pNpq. It is a closed substack of H.

Remark 5.4.6. The stack X a
p pNq (resp. Yap pNq) is a closed substack of X0pNq (resp. Y0pNq) as

long as |a| ď n and a ” n pmod 2q. The stack X a
p pNq is the scheme-theoretic closure of Yap pNq in

H. Both X a
p pNq and Yap pNq are independent of the p-adic valuation νppNq of N since the definition

of X a and Ya are independent of νppNq by Remark 5.4.4.
The independence can also be understood from the following moduli description: Let S be an

Fp-scheme, the groupoid Yap pNqpSq consists of the following objects:

a ě 0 :
´

pE,E1q, Eppaq j
ÝÑ E1

¯

where j is a cyclic isogeny of order Np.

In this case, the isogeny j ˝ ppn´aq{2 ˝ F a : E Ñ E1 is a cyclic isogeny of degree N because
the isogeny ppn´aq{2 ˝ F a can be decomposed into

V ˝ ¨ ¨ ¨ ˝ V
looooomooooon

pn`aq{2 times

˝ F ˝ ¨ ¨ ¨ ˝ F
looooomooooon

pn´aq{2 times

,
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hence it is cyclic by [KM85, Lemma 12.2.4]. The composite j ˝ ppn´aq{2 ˝ F a is cyclic by
[KM85, Proposition 6.7.10].

a ă 0 :
´

pEpp´aq, E1q, E
j

ÝÑ E1
¯

where j is a cyclic isogeny of order Np.

In this case, the isogeny j ˝ V a ˝ ppn`aq{2 : E Ñ E1 is a cyclic isogeny of degree N by the
same reason as before.

Theorem 5.4.7. Let n “ νppNq be the p-adic valuation of N , let Np “ p´nN . For any integer a
such that ´n ď a ď n and n ” a pmod 2q, let X a

p pNq “ X a ˆp1,X0p1q,p1 X0pNpq be a closed substack
of X0pNq, then we have the following identity in CH1pX0pNqq:

divppq “
ÿ

´nďaďn
n”a pmod 2q

φpppn´|a|q{2q ¨ X a
p pNq.

Proof. The multiplicities of the irreducible components X a
p pNq are byproducts of [KM85, Theorem

13.3.5, Theorem 13.4.7]. □

We now consider the reduction mod p of cusps. Let n “ νppNq be the p-adic valuation of N .
For any integer a such that ´n ď a ď n and n ” a pmod 2q, let Np “ p´nN . Let Cappn, Npq :“

Cappnqˆp1,X0p1q,p1X0pNpq, and Capppn, Npq be its reduction mod p. Let Cnp ppn, Npq (resp. C´n
p ppn, Npq)

be the curve X n
p pNq (resp. X´n

p pNq) over F, and Cap ppn, Npq be the non-reduced curve over F
corresponding to ppn´|a|q{2´1pp´ 1qX a

p pNq when ´n ă a ă n.

Proposition 5.4.8. Let n “ νppNq be the p-adic valuation of N , let Np “ p´nN . For any integer
a such that ´n ď a ď n and n ” a pmod 2q, the formal scheme Capppn, Npq is the formal completion
of the curve Cap ppn, Npq along its cuspidal locus.

Proof. By Proposition 5.3.1, the formal completion of X0pNqFp along its cuspidal locus is a disjoint
union of n ` 1 formal schemes Capppn, Npq by the definition of Capppn, Npq above. It is finite flat
over C0

pp1, 1q (which is the reduction mod p of the completion of the cuspidal divisor on X0p1q)
via the morphisms p1 and p2, with degrees equal to ψpNpq ¨ deg1pCappnqq and ψpNpq ¨ deg2pCappnqq

respectively.
The reduced curve X a

p ppnq contains the cuspidal locus as X a
p ppnqzYap ppnq. Therefore the formal

completion of the non-reduced curve Cap ppnq along its cuspidal locus is nonempty and connected,
hence it is contained in some of the formal schemes Ca1

p ppn, 1q for some a1. Since Cappn, Npq and the
curve X a

p pNq are defined by the same base change morphism X0pNpq Ñ X0p1q from Cappnq and X a,
we conclude that the formal completion of the non-reduced curve Cap ppn, Npq along its cuspidal locus
is contained in Ca

1

p ppn, Npq.
Let deg1pCap ppn, Npqq (resp. deg2pCap ppn, Npqq) be the finite flat degree of the curve Cap ppn, Npq

over Xpp1q via the morphism p1 (resp. p2). By the definition of the curve Cap ppn, Npq, we have

deg1pCap ppn, Npqq “ ψpNpq ¨

$

&

%

φpppn´aq{2q, if 0 ď a ď n;

p´aφpppn`aq{2q, if ´n ď a ă 0.

deg2pCap ppn, Npqq “ ψpNpq ¨

$

&

%

paφpppn´aq{2q, if 0 ď a ď n;

φpppn`aq{2q, if ´n ď a ă 0.
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The formal completion of the curve Cap ppn, Npq, which is contained in Ca
1

p ppn, Npq for some a1, has the
same finite flat degrees over C0

pp1, 1q via the morphisms p1 and p2 as the closed formal subscheme
Capppn, Npq, hence we must have a “ a1 and the formal completion is exactly Capppn, Npq. □

Remark 5.4.9. By Proposition 5.4.8, we see that different X a
p pNq lie in different cusp compo-

nents, therefore they only intersect at supersingular points since different Yap pNq intersect only at
supersingular points by [KM85, §13.1].

As a short summary, we take the example that N “ pn and draw the following table.

Cusp points a
pn

a
pn´1 ¨ ¨ ¨ a

pk
¨ ¨ ¨ a

p a

Choice of a 1 pZ{pZqˆ ¨ ¨ ¨ pZ{ppk, pn´kqZqˆ ¨ ¨ ¨ pZ{pZqˆ 1
Ramification via p1 1 1 ¨ ¨ ¨ maxt1, pn´2ku ¨ ¨ ¨ pn´2 pn

Ramification via p2 pn pn´2 ¨ ¨ ¨ maxt1, p2k´nu ¨ ¨ ¨ 1 1

Components Cnppnq Cn´2ppnq ¨ ¨ ¨ C2k´nppnq ¨ ¨ ¨ C2´nppnq C´nppnq

Mod p Cnp ppnq Cn´2
p ppnq ¨ ¨ ¨ C2k´n

p ppnq ¨ ¨ ¨ C2´n
p ppnq C´n

p ppnq

6. Arithmetic intersection theory on X0pNq

6.1. Arithmetic Chow groups yCH
‚
pX0pNqq. We want to apply the arithmetic intersection theory

developed by Gillet and Soulé in [Gil82] and [GS90] to the regular proper flat Deligne-Mumford stack
X0pNq. The original Gillet–Soulé theory was extended from schemes to algebraic stacks by Gillet
[Gil11]. We will be encounter the notion of Green functions on a stack with log-log singularities along
the boundary, so we refer to [How15, §3.1], [KRY06, Chapter 1 and 2] as a common generalization.
The arithmetic Chow ring of X0pNq,

yCH
‚
pX0pNqq “

2
à

n“0

yCH
n

pX0pNqq.

Roughly speaking, a class in yCH
n

pX0pNqq is represented by an arithmetic cycle pZ, gZq, where Z is
a codimension n closed substack of X0pNq, with C-coefficients, and gZ is a Green current for ZpCq,
i.e., gZ is a current on the proper smooth complex curve X0pNqC of degree pn´ 1, n´ 1q for which
there exists a smooth form ω such that

ddcpgq ` δζ “ rωs.

holds; here rωs is the current defined by integration against the smooth form ω. The rational
arithmetic cycles are those of the form xdivpfq “ pdivpfq, ι˚r´logp|f̃ |2qsq, where f P κpZqˆ is a
rational function on a codimension n´ 1 integral substack ι : Z ãÑ X0pNq, together with classes of
the form p0, Bη` Bη1q. By definition, the arithmetic Chow group CHnpX0pNqq is the quotient of the
space of arithmetic cycles by the C-subspace spanned by those rational cycles.

Let Z be an irreducible codimension 2 cycle on X0pNq, then Z is a Deligne-Mumford stack over Fp
for some prime number p and the groupoid ZpFpq would be a singleton with a finite automorphism
group AutpZq, the rational function field κpZq of Z is a finite extension of Fp. Clearly δZ “ 0

because ZpCq “ ∅.
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Let pZ, gq “ p
ř

i
nirZis, gq be an arithmetic cycle of codimension 2 where each Zi is an irreducible

codimension 2 cycle on X0pNq. We define the degree map as follows,

ydeg : yCH
2
pX0pNqq ÝÑ C,(42)

rpZ, gqs ÞÝÑ
ÿ

i

ni ¨
log |κpZiq|

|AutpZiq|
`

1

2

ż

X0pNqpCq

g.

here the integration
ş

X0pNqC

g is the integration of the constant function 1 on X0pNqC against the

p1, 1q-current g. It is a finite number since the stack X0pNq is proper. This number is independent
of the choice of representing element pZ, gq as a consequence of the product formula (cf. [Gil82,
3.4.3]).

6.2. Extended arithmetic Chow group yCH
1
pX0pNq,Sq.

Definition 6.2.1. Let S be the set of cusps on the complex curve X0pNqC. For P P S and ε ą 0, de-
note by BεpP q Ă X0pNqC the open disk of radius ε centered at P and X0pNqε “ X0pNqCz

Ť

PPS
BεpP q.

Let t be a local parameter at a point P P S, for a line bundle L on X0pNq, a singular metric hL on
the induced complex line bundle L8 on X0pNqC is called hermitian, logarithmically singular (with
respect to S), if the following two conditions hold:
(a)hL is a smooth, hermitian metric on L8 restricted to Y0pNqC;
(b) for each P P S and any section l of L, there exists a real number α

pL,l,P and a positive, continuous
function φ

pL,l,P defined on BεpP q and smooth away from the origin such that the equality

hL plptqq “ ´logp|t|2q
α

pL,l,P ¨ |t|ordP plq ¨ φ
pL,l,P ptq

holds for all t P BεpP qztP u; furthermore, there exist positive constants β
pL,l,P and ρ

pL,l,P such that
the inequalities

ˇ

ˇ

ˇ

ˇ

Bφ
pL,l,P ptq

Bt

ˇ

ˇ

ˇ

ˇ

ď
β
pL,l,P

|t|1´ρ
pL,l,P

,

ˇ

ˇ

ˇ

ˇ

Bφ
pL,l,P ptq

Bt

ˇ

ˇ

ˇ

ˇ

ď
β
pL,l,P

|t|1´ρ
pL,l,P

,

ˇ

ˇ

ˇ

ˇ

B2φ
pL,l,P ptq

BtBt

ˇ

ˇ

ˇ

ˇ

ď
β
pL,l,P

|t|2´ρ
pL,l,P

.

Example 6.2.2. Let πuniv : Euniv Ñ E1univ be the universal cyclic N -isogeny between generalized

elliptic curves Euniv puniv
Ñ X0pNq and E1univ p1univ

Ñ X0pNq over the modular curve X0pNq. Let ωN :“

puniv
˚

´

Ω1
Euniv{X0pNq

¯

. This bundle can be metrized on the complex curve Y0pNqC in the following
way: let f be a section of ωN , for any τ “ u` iv P H`, the metric } ¨ } at τ is determined by formula

(43) }f}2τ “ 2
?
πe´

γ
2 v ¨ |fpτq|2,

where γ “ ´Γ1p1q is the Euler-Mascheroni constant, this metric is hermitian and logarithmically
singular with respect to the set S by the work of Du and Yang [DY19, Theorem 5.1]. In the rest
of this paper, we will use pωN “ pωN , } ¨ }q to denote this hermitian, logarithmically singular line
bundle.

Let xPicpX0pNq,Sq be the group of isomorphism classes of hermitian, logarithmically singular line
bundle on X0pNq with respect to the set S, we also denote it by yCH

1
pX0pNq,Sq and call it the

extended arithmetic Chow group of X0pNq with respect to the set S.
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Definition 6.2.3. Let pL “ pL, hLq and xM “ pM, hMq be two hermitian, logarithmically singular
line bundles on X0pNq with respect to the set S, let l,m be non-trivial, global sections, whose induced
divisors on X0pNqC have no points in common. Then the generalized arithmetic intersection number
x pL, xMy is defined by

x pL, xMy :“ pl,mqfin ` xl,my8;

here pl,mqfin is defined by Serre’s Tor-formula, which specializes to

pl,mqfin “
ÿ

xPX0pNq

1

|Autpxq|
¨ log#OX0pNq,x{plx,mxq,

where lx,mx are the local equations of l,m respectively at the point x P X0pNq and

xl,my8 “ ´ logphMpmqqpdivplq ´
ÿ

PPS

ordP plq

|AutpP q|
¨ P q `

ÿ

PPS

ordP plq

|AutpP q|

´

α
xM,m,P

´ logpφ
xM,m,P

p0qq

¯

(44)

´ lim
εÑ0

¨

˚

˝

ÿ

PPS

ordP plq

|AutpP q|
¨ α

xM,m,P
¨ logp´ log ε2q `

ż

X0pNqε

log hLplq ¨ c1p xMq

˛

‹

‚

.

Proposition 6.2.4. Formula (44) induces a bilinear, symmetric pairing

yCH
1
pX0pNq,Sq ˆ yCH

1
pX0pNq,Sq ÝÑ C.

Proof. This is proved by Kühn in [Küh01]. □

Example 6.2.5. The pairing xpωN , pωNy has been computed by Kühn [Küh01] and Bost, adjusting
for the normalization of the metric in [DY19, Lemma 7.3], the result is

xpωN , pωNy “
ψpNq

24

ˆ

1

2
´

Λ1p´1q

Λp´1q

˙

.

6.3. Intersection numbers of irreducible components of X0pNqFp. Let pX a
p pNq “ pX a

p pNq, 0q

be the corresponding class in the arithmetic Chow group yCH
1
pX0pNqq. Recall that there is an

intersection pairing x¨, ¨y : yCH
1
pX0pNqq ˆ yCH

1
pX0pNqq Ñ C.

Lemma 6.3.1. Let n “ νppNq be the p-adic valuation of N , let Np “ p´nN , for integers a, b such
that ´n ď a ‰ b ď n and a, b ” n pmod 2q, we have

x pX a
p pNq, pX b

p pNqy “ logppq ¨

$

&

%

ψpNpqpp´1q

24 pmint|a|,|b|u, if ab ě 0;
ψpNpqpp´1q

24 , if ab ď 0.
(45)

For integer a such that ´n ď a ď n and a ” n pmod 2q, we have

x pX a
p pNq, pX a

p pNqy “ logppq ¨

$

&

%

´
ψpNpqp|a|

12 , if |a| ‰ n;

´
ψpNpqpp´1qpn´1

24 , if |a| “ n.
(46)
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Proof. Let first assume a, b ě 0 and a ‰ b, then by the definition of the pairing x¨, ¨y and (d), (e) of
Theorem 5.4.3,

x pX a
p pNq, pX b

p pNqy “
ÿ

PPX ss
0 pNqpFq

1

#AutpP q
¨ Length

´

Frrt1, t2ss{pt1 ´ tp
a

2 , t1 ´ tp
b

2 q

¯

¨ logppq

“
ÿ

PPX ss
0 pNqpFq

1

#AutpP q
¨ pminta,bu ¨ logppq.

By (e) of Theorem 5.4.3, the stack X0ppnq has the same number of supersingular F-points as the
stack X0p1q, while the later one has been computed explicitly by the following formula (for example,
see [KM85, Corollary 12.4.6]),

ÿ

PPX ss
0 p1qpFq

1

#AutpP q
“
p´ 1

24
.

Moreover, by Lemma 5.1.2 we know that X0pNqF » X0ppnqF ˆX0p1qF X0pNpqF, recall the fact that
X0pNpqF is finite flat of degree ψpNpq over X0p1qF, hence

ÿ

PPX ss
0 pNqpFq

1

#AutpP q
“
ψpNpqpp´ 1q

24
,

therefore x pX a
p pNq, pX b

p pNqy “ logppq ¨
ψpNpqpp´1q

24 pminta,bu. The other cases of formula (45) can be
proved similarly.

Recall that the principal arithmetic divisor associated to the constant function p is

xdivppq “ pdivppq,´ logpp2qq.

It is 0 in yCH
1
pX0pNqq, hence for any integer a such that ´n ď a ď n and a ” n pmod 2q,

x pX a
p pNq,X n

p pNq ` X´n
p pNq `

ÿ

´năbăn
n”b pmod 2q

ppn´|b|q{2´1pp´ 1qX b
p pNqy “ x pX a

p pNq, pdivppq, 0qy

(47)

“ x pX a
p pNq, p0, logpp2qy “ 0.

therefore formula (46) can be proved by combining (45) and (47). □

Let n “ νppNq ě 0 be an integer and Np “ p´nN , let pXppNq be the following element in
yCH

1
pX0pNqq,

(48) pXppNq “
n

2
pX n
p pNq ´

n

2
pX´n
p pNq `

ÿ

´năaăn
a”nmod 2

a

2
¨ ppn´|a|q{2´1pp´ 1q pX a

p pNq.

Corollary 6.3.2. We have W ˚
N p pXppNqq “ ´ pXppNq. Let n “ νppNq ě 0 be an integer, then

x pXppNq, pXppNqy “
ψpNq

24
¨

´npn`1 ` 2pn ` npn´1 ´ 2

pn´1pp2 ´ 1q
¨ logppq.

Proof. The fact W ˚
N p pXppNqq “ ´ pXppNq follows from the definition of the element pXppNq. The

intersection number can be computed by Lemma 6.3.1. □
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6.4. An explicit section of the Hodge line bundle. In this section, we define and study the
associated divisor class of an explicit rational section of the line bundle pω

b12φpNq

N .
For any positive integer N , define the following function aN on the set of positive integers,

aN ptq “
ÿ

r|t

µp
t

r
qµp

N

r
q
φpNq

φpN{rq
,

where µp¨q is the Möbius function and r ranges over all the positive integers dividing t.

Lemma 6.4.1. The function aN has the following properties,
(a).

ř

t|N

aN ptq “ φpNq and
ř

t|N

t´1aN ptq “ 0.

(b). Let p be a prime number such that p|N , for any positive integer t such that pt|N ,

aN pptq “ pap´1N ptq.

Proof. The part (a) has been proved in [DY19, Lemma 3.2]. We prove part (b) as follows. Let
n “ νppNq ě 1 be the p-adic valuation of the integer N , and Np “ p´nN . By definition,

aN pptq “
ÿ

r|pt

µp
pt

r
qµp

N

r
q
φpNq

φpN{rq

“
ÿ

r|pt
p∤r

µp
pt

r
qµp

N

r
q
φpNq

φpN{rq
`

ÿ

r|pt
p|r

µp
pt

r
qµp

N

r
q
φpNq

φpN{rq

“
ÿ

r|pt
p∤r

µp
pt

r
qµp

N

r
q
φpNq

φpN{rq
`
ÿ

r1|t

µp
t

r1
qµp

p´1N

r1
q

φpNq

φpp´1N{r1q

If n ě 2, we have µpNr q “ 0 when p ∤ r, then

aN pptq “
ÿ

r1|t

µp
t

r
qµp

p´1N

r1
q

φpNq

φpp´1N{r1q

“ p
ÿ

r1|t

µp
t

r1
qµp

p´1N

r1
q
φpp´1Nq

φpp´1N{r1q
“ pap´1N ptq.

If n “ 1, we have t|p´1N “ Np, especially, p ∤ t,

aN pptq “
ÿ

r|pt

µp
pt

r
qµp

N

r
q
φpNq

φpN{rq

“
ÿ

r|t

µp
pt

r
qµp

N

r
q
φpNq

φpN{rq
`
ÿ

r1|t

µp
t

r1
qµp

p´1N

r1
q

φpNq

φpp´1N{r1q

“
ÿ

r|t

µp
t

r
qµp

p´1N

r
q
φpp´1Nq

φpp´1N{rq
`
ÿ

r1|t

µp
t

r1
qµp

p´1N

r1
q
pp´ 1qφpp´1Nq

φpp´1N{r1q
“ pap´1N ptq.

□
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Let ∆ be the modular discriminant function on the upper half plane H`, it is a cusp form of
weight 12 and level 1 with expansion at 8 given as follows,

(49) ∆pzq “ q
ź

ně1

p1 ´ qnq24, q “ e2πiz where z P H`.

The modular form ∆pzq is a global section of the line bundle pωb12
1 by the definition made in Katz’s

work [Katz73]. Similarly, for any positive integer t, the modular form ∆ptzq is a section of the line
bundle pωb12

t . Now we construct an explicit section ∆N of the line bundle pω
b12φpNq

N following the
lines in [DY19, §1],

(50) ∆N pzq “
ź

t|N

∆ptzqaN ptq.

where t ranges over all the positive integers dividing N . Let WN be the following matrix:

(51) WN “

˜

0 1

´N 0

¸

.

The element WN induces the Atkin–Lehner involution we defined in §5.2, hence the notation. Define
the following section:

∆0
N pzq :“ ∆N

ˇ

ˇ

WN ,12φpNq
pzq “ ∆N pWNzq ¨ pNz2q´6φpNq.

It is also a rational section of the metrized line bundle pω
b12φpNq

N .

Lemma 6.4.2. Let p be a prime number such that p|N , let n “ νppNq ě 1 and Np “ p´nN , we
have

∆N pzq “
∆Npppnzqp

n

∆Npppn´1zqp
n´1 .

Proof. By the definition of ∆N , we have

∆N pzq “
ź

t|Np

∆ptzqaN ptq ¨
ź

p|t|N

∆ptzqaN ptq.

If n ě 2, we have aN ptq “ 0 when t|Np. Combining Lemma 6.4.1, we have

(52) ∆N pzq “
ź

t1|p´1N

∆ppt1zqaN ppt1q “

¨

˝

ź

t1|p´1N

∆ppt1zq
ap´1N pt1q

˛

‚

p

“ ∆p´1N ppzqp.

If n “ 1, we have aN ptq “ ´aNpptq when t|Np. Combining Lemma 6.4.1, we have

(53) ∆N pzq “
`

∆Nppzq
˘´1

¨
ź

t1|Np

∆ppt1zqaN ppt1q “
∆Npppzqp

∆Nppzq
.

Therefore the lemma follows by induction based on formulas (52) and (53). □

Recall the definition of the cusps P8pNq and P0pNq in Remark 5.3.2. We have the following
theorem which describes the divisors associated to the rational sections ∆N and ∆0

N explicitly.
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Theorem 6.4.3. For any positive integer N , and any prime number p, let n “ νppNq ě 0 be the

p-adic valuation of the integer N , then as an element in yCH
1
pX0pNqq, we have

divp∆N q “ ψpNqφpNqP8pNq `
ÿ

p|N

fppNq,

divp∆0
N q “ ψpNqφpNqP0pNq `

ÿ

p|N

f0p pNq,

where for any p|N ,

(54) fppNq “ 12pn´1φpNpq
ÿ

´nďaăn
a”nmod 2

ˆ

1 ´ p

2
pn´ aq ´ 1

˙

φpppn´|a|q{2q ¨ X a
p pNq.

(55) f0p pNq “ ´6nφpNqX´n
p pNq ` 12pn´1φpNpq

ÿ

´năaďn
a”nmod 2

φpppn´|a|q{2q

ˆ

1 ´ p

2
n´ 1

˙

¨ X a
p pNq.

Proof. The expansion of ∆N at 8 is computed in [DY19, Proposition 3.3], there exist some integer
CN pnq such that

∆N pzq “ qψpNqφpNq
ź

ně1

p1 ´ qnq24CN pnq,

hence the vanishing order of ∆N at 8 is ψpNqφpNq, and there is no vertical component of divp∆N q

at the cusp Cnppn, Npq. Let k be a positive integer such that 0 ď k ă n, we first study the expansion
of the modular form ∆Np,pnpzq :“ ∆Npppnzq at the component C2k´nppn, Npq of zCusppX0pNqq, since
the point P 1

pk
belongs to this cusp by Corollary 5.3.4, let

γ “

˜

1 0

pk 1

¸

, γk “

˜

pn´k ´1

1 0

¸

, nk “

˜

pk 1

0 pn´k

¸

.

Note that pn ¨ γz “ γknkz for any z P C.

∆Np,pn
ˇ

ˇ

γ,12φpNpq
pzq “ ∆Npppnγzq ¨ jpγ, zq´12φpNpq

“ ∆Nppγknkzq ¨ jpγk, nkzq´12φpNpq ¨

ˆ

jpγk, nkzq

jpγ, zq

˙12φpNpq

“ p´12φpNpqpn´kq ¨ ∆Np

ˇ

ˇ

γk,12φpNpq
pnkzq.

Moreover, for any z P H`,

∆Np

ˇ

ˇ

γk,12φpNpq
pzq “ ∆Npp

pn´kz ´ 1

z
q ¨ jpγk, zq´12φpNpq

“ ∆Npp´
1

z
q ¨ z´12φpNpq

“
ź

t|Np

∆p´
t

z
q
aNp ptq

¨ z´12φpNpq

“
ź

t|Np

∆p
z

t
q
aNp ptq

¨
ź

t|Np

t´12aNp ptq.
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Let CNp “
ś

t|Np

t´12aNp ptq, we know that νppCNpq “ 0, and

∆Np,pn
ˇ

ˇ

γ,12φpNpq
pzq “ p´12φpNpqpn´kq ¨ CNp ¨

ź

t|Np

∆

ˆ

pkz ` 1

pn´kt

˙aNp ptq

.

Similarly, for ∆Np,pn´1pzq “ ∆Npppn´1zq, we have

∆Np,pn
ˇ

ˇ

γ,12φpNpq
pzq “ p´12φpNpqpn´k´1q ¨ CNp ¨

ź

t|Np

∆

ˆ

pkz ` 1

pn´k´1t

˙aNp ptq

.

By definition,

∆N

ˇ

ˇ

γ,12φpNq
pzq “

∆pn

Np,pn

∆pn´1

Np,pn´1

ˇ

ˇ

ˇ

ˇ

γ,12φpNq

pzq “

´

∆Np,pn
ˇ

ˇ

γ,12φpNpq
pzq

¯pn

´

∆Np,pn´1

ˇ

ˇ

γ,12φpNpq
pzq

¯pn´1

“ p´12φpNpqppnpn´kq´pn´1pn´k´1qq ¨ Cp
n´pn´1

Np
¨
ź

t|Np

¨

˚

˝

∆
´

pkz`1
pn´kt

¯pn

∆
´

pkz`1
pn´k´1t

¯pn´1

˛

‹

‚

aNp ptq

.(56)

By the expansion of ∆ at 8 given in formula (49), we know that the last term in formula (56)
doesn’t vanish. Recall that the cusp P 1

pk
lies in the component C2k´nppn, Npq of zCusppX0pNqq

and mod p reduction C2k´n
p ppn, Npq of the formal scheme C2k´nppn, Npq is the completion of curve

C2k´n
p ppn, Npq “ ppn´|2k´n|q{2´1pp ´ 1qX 2k´n

p pNq along its cuspidal locus, hence the multiplicity of
C2k´n
p ppn, Npq in divp∆N q is ´12φpNpq

`

pnpn´ kq ´ pn´1pn´ k ´ 1q
˘

. □

Corollary 6.4.4. For any positive integer N , we have the following identity in yCH
1
pX0pNqq,

pωN ´W ˚
N pωN “

ÿ

p|N

pXppNq.

Proof. We know that

pωN “ pdivp∆N q,´ log }∆N}2q “ pdivp∆0
N q,´ log }∆0

N}2q,

therefore

pωN ´W ˚
N pωN “ pdivp∆0

N q,´ log }∆0
N}2q ´W ˚

N pdivp∆N q,´ log }∆N}2q

“ p
ÿ

p|N

`

f0p pNq ´W ˚
NfppNq

˘

, 0q “
ÿ

p|N

pXppNq.

□

7. Arithmetic special cycles

7.1. The codimension 1 case: Arithmetic special divisors in yCH
1
pX0pNqq. In the section,

we define an element in the codimension 1 arithmetic Chow group yCH
1
pX0pNqq of X0pNq for any

pair pt, yq, where t is an integer and y is a positive real number. Before giving the full definition, we
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modify the bundle pωN following [DY19],

(57) pω :“ ´pωN ´W ˚
N pωN “ ´2pωN `

ÿ

p|N

pXppNq,

notice that the last identity follows from Corollary 6.4.4. The element pω is an element in yCH
1
pX0pNq,Sq.

7.1.1. Special divisors. We first define an element in the Chow group CH1pX0pNqq. When t ď 0, we
define Zpt,∆pNqq to be 0 in the Chow group CH1pX0pNqq. Let’s now consider the case that t ą 0.

Definition 7.1.1. Let t be a positive integer. The stack Zpt,∆pNqq is defined as follows, its fibered
category over a scheme S consists of the following objects,

ppE
π

ÝÑ E1q, jq,

where pE
π

ÝÑ E1q is an object in Y0pNqpSq, j P HomSpE,E1q is an isogeny such that,

j ˝ π_ ` π ˝ j_ “ 0 and j_ ˝ j “ t.

It is a well-known fact that the stack Zpt,∆pNqq is a generalized Cartier divisor on the stack
X0pNq, a detailed proof can be found in [Zhu25, Proposition 4.3.7] (see also [SSY23, Lemma 2.3]),
therefore it can be viewed as an element in the Chow group CH1pX0pNqq.

Up to now, we have already constructed elements Zpt,∆pNqq in the Chow group CH1pX0pNqq for
any integer t, but these elements need to be modified due to the fact that Y0pNq is not compact.
The modification is given by adding some boundary components to Zpt,∆pNqq when t ď 0. For a
real number s, define the function βs to be

(58) βsprq “

ż 8

1
e´rtt´sdt, where r ą 0.

Let y ą 0 be a positive real number, t be an integer, define

(59) gpt, y,∆pNqq “

$

’

’

’

&

’

’

’

%

?
N

2π
?
yβ3{2p´4πtyq, if ´Nt ą 0 is a square;

?
N

2π
?
y , if t “ 0;

0, otherwise.

Recall that CusppX0pNqq is the cuspidal divisor of the stack X0pNq, the completion of X0pNq along
CusppX0pNqq has the following decomposition by Remark 5.3.2:

zCusppX0pNqq “
ž

M |N

CM pNq,

where M ranges over all positive divisors of N . Define CuspM pX0pNqq “ CM pNq ˆ
zCusppX0pNqq

CusppX0pNqq. We have the following equality in CH1pX0pNqq:

CusppX0pNqq “
ÿ

M |N

CuspM pX0pNqq.

For a positive divisor M of N , define

σpN,Mq “

r
ź

i“1

p
|ni´2mi|

i , if N “

r
ź

i“1

qni
i and M “

r
ź

i“1

qmi
i .
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Define the modified special divisor to be

(60) Z˚pt, y,∆pNqq “ Zpt,∆pNqq `
ÿ

M |N

gpt, y,∆pσpN,Mqqq ¨ CuspM pX0pNqq.

7.1.2. Green functions. Now we are going to construct the Green functions for these cycles, following
the work of Kudla [Kud97]. Let D “ tz P ∆pNqbZC : pz, zq “ 0, pz, zq ă 0u {C˚ Ă Pp∆pNqbCq, for
any x P ∆pNqbR and rzs P D, let Rpx, rzsq “ ´|px, zq|2 ¨pz, zq´1. For any element in τ “ x`iy P H`,
we let

hpτq :“
1

?
Ny

˜

Nx Npx2 ` y2q

´1 ´x

¸

.

We also define an element cpτq of D associated to the element τ as follows,

cpτq “

«˜

Nτ ´Nτ2

1 ´τ

¸ff

.

Now we construct Green forms for the special cycles defined in §7.1.1. For any pair pt, yq where t
is an integer and y is a positive real number, we define

gpt, y,∆pNqqprzsq “
ÿ

xP∆pNq,x‰0
px,xq“t

β1p2πRpy1{2x, rzsqq.

It is invariant under the action of Γ0pNq, hence the function gpd, y,∆pNqqprzsq is smooth on the
open subset Y0pNqC ´ ZptqC. Define the modified Green forms to be

g˚pt, y,∆pNqqprzsq “

$

&

%

gpt, y,∆pNqqprzsq, if t ‰ 0;

gp0, y,∆pNqqprzsq ´ logpyq, if t “ 0.

For the pair pt, yq, we also consider the following differential on the upper half plane

(61) ωpt, y,∆pNqq “
ÿ

xP∆pNq,x‰0
px,xq“t

ˆ

ypx, hpτqq2 ´
1

2π

˙

e´2πRpx,cpτqq ¨
dτ ^ dτ

´2iImpτq2
P Ω1,1pH`q.

It is invariant under the action of Γ0pNq, hence can be descended to a differential p1, 1q-form on
the uncompactified complex modular curve Y0pNqC. We will study its singularity along cusps in
Theorem 7.1.3. That theorem reveals that the modification of the Green forms gpt, y,∆pNqq is
designed to align with the modification of the special cycle Z˚pt, y,∆pNqq.

Lemma 7.1.2. For a cusp point P “ PaM{N of X0pNq, let lP P ∆pNq bZ Q be an isotropic vector
corresponding to P . Then

#Γ0pNq X StabP ztv : v P ∆pNq, qpvq “ t, pv, lP q “ 0u “

$

&

%

4
a

´σpN,Mqt, if ´Nt is a square;

0, otherwise.

Proof. We consider another realization of the lattice ∆pNq in the matrix group M2pQqtr“0 (cf.
[DY19, (1.2)]):

∆pNq :“

#

x “

˜

a ´b{N

c ´a

¸

: a, b, c P Z

+

.
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with the quadratic form given by N ¨det. The advantage of using this realization of the lattice ∆pNq

is that the group GSpinp∆pNqqpQq » GL2pQq acts on it simply by conjugation. The isotropic vector
corresponding to the cusp point PaM{N is

lPaM{N
“

˜

aM{N ´a2M2{N2

1 ´aM{N

¸

, lP8
“

˜

0 1

0 0

¸

.

We only give the proof when N “ pn, the idea for the general case is similar. Suppose M “ pk

with 0 ď k ď n and a P pZ{pmintk,n´kuqˆ. The cusp point Pa{pn´k is mapped to P´a´1{pk under the
Atkin–Lehner involution Wpn which is given by the matrix (51). The element Wpn also preserves
the lattice ∆ppnq and the group Γ0ppnq. Therefore the left hand side of the equality in the lemma
are the same for Pa{pn´k and P´a´1{pk , while the right hand side are also the same for M “ pk and
pn´k, hence we only need to consider the case that P “ Pa{pk where rn{2s ă k ď n. We can also
assume a “ 1 without loss of generality. Define

γk “

˜

1 0

´pk 1

¸

.

Then γk maps the cusp P “ P1{pk to P8. The map v Ñ γk ¨ v ¨ γ´1
k defines a bijection

(62) tv : v P ∆ppnq, qpvq “ t, pv, lP q “ 0u
„
ÝÑ tv : v P γk∆ppnqγ´1

k , qpvq “ t, pv, l8q “ 0u.

The action of the group Γ0ppnq X StabP on the left hand side transforms to the action of the group
γkΓ0ppnqγ´1

k X StabP8
. The assumption that rn{2s ď k ď n implies that

(63) γkΓ0ppnqγ´1
k X StabP8

“

#

˘

˜

1 x

0 1

¸

: x P Z

+

.

An element v on the right hand side of (62) has the following form

(64) v “

˜

a
pk

a`pkb
p2k

0 ´ a
pk

¸

, a, b P Z and ´ pn´2ka2 “ t.

Hence the set on the right hand side of (62) is empty if ´pnt is not a square. Now Let’s assume

´pnt is a square. The element g “ ˘

˜

1 x

0 1

¸

acts on the element (64) in the following way:

v “

˜

a
pk

a`pkb
p2k

0 ´ a
pk

¸

ÞÑ gvg´1 “

˜

a
pk

a`pkpb´2axq

p2k

0 ´ a
pk

¸

Hence for a given a, the element b has 2|a| “ 2
a

´p2k´nt choices. Therefore

#Γ0ppnq X StabP ztv : v P ∆ppnq, qpvq “ t, pv, lP q “ 0u “ 4
a

´p2k´nt.

□

Theorem 7.1.3. For any pair pt, yq such that t is an integer and y is a positive number,

(a) The function gpt, y,∆pNqqprzsq is a Green function for the modified divisor Z˚pt, y,∆pNqq

if t ‰ 0; for the boundary divisor
ř

M |N

gp0, y,∆pσpN,Mqqq ¨ CuspM pX0pNqq if t “ 0.
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(b) The element p
ř

M |N

gp0, y,∆pσpN,Mqqq ¨ CuspM pX0pNqq, gp0, y,∆pNqqprzsqq and all the ele-

ments pZ˚pt, y,∆pNqq, gpt, y,∆pNqqprzsqq for nonzero t belong to the extended arithmetic
Chow group yCH

1
pX0pNq,Sq, more precisely,

rωpt, y,∆pNqqs “

$

’

&

’

%

ddcgpt, y,∆pNqq ` δZ˚pt,y,∆pNqqC , if t ‰ 0;

ddcgp0, y,∆pNqq ` δ ř

M |N

gp0,y,∆pσpN,Mqqq¨CuspM pX0pNqq
, if t “ 0.

– When ´Nt ą 0 is a square, the function gpt, y,∆pNqqprzsq has log singularity at the
cusps;

– When t “ 0, the function gp0, y,∆pNqqprzsq has log-log singularity at the cusps;
– Otherwise the function gpt, y,∆pNqqprzsq decreases exponentially at the cusps.

(c) The element pω ` pZ˚p0, y,∆pNqq, g˚p0, y,∆pNqqq lies in the usual arithmetic Chow group
yCH

1
pX0pNqq.

Proof. The case ´Nt is not a square has been proved in [DY19, Theorem 5.1 (1)]. We only need to
consider the case ´Nt is a square.

When ´Nt ą 0 is a square, let P be a cusp point and qP be the local parameter of X0pNq at P .
It is also proved in loc. cit. that gpt, y,∆pNqq have the following expansian near the point P :

gpt, y,∆pNqq “ ´gP pt, y,∆pNqq ¨ plog |qP |2q ` op1q,

here
gP pt, y,∆pNqq “

αP pt, y,∆pNqq

8π
?

´ty
¨ β3{2p´4πtyq.

Let lP be the isotropic vector in the vector space ∆pNq bZ Q corresponding to the cusp P , the
number αP pt, y,∆pNqq is the cardinality of the following set:

Γ0pNqztpv, lq : v P ∆pNq, qpvq “ t, pv, lq “ 0, l is Γ0pNq-equivalent to lP u.

The above set can be mapped to the following set bijectively:

Γ0pNq X StabP ztv : v P ∆pNq, qpvq “ t, pv, lP q “ 0u.

The cardinality of the above set has been calculated in Lemma 7.1.2. Therefore if P “ PaM{N for
some positive integer M |N , we have

gP pt, y,∆pNqq “

$

&

%

?
σpN,Mq

2π
?
y ¨ β3{2p´4πtyq, if ´Nt ą 0 is a square;

0, otherwise.

Hence gP pt, y,∆pNqq “ gpt, y,∆pσpN,Mqqq. This concludes the proof of (a) and (b) for t ‰ 0. The
proof of (a) and (b) for the case t “ 0 is similar to the ´Nt ą 0 is a square case, so we omit it.
While the last statement (c) is proved in [DY19, Proposition 6.6]. □

Definition 7.1.4. For any integer t P Z and real number y ą 0, define the following element in
yCH

1
pX0pNqq,

pZpt, y,∆pNqq “

$

&

%

pZ˚pt, y,∆pNqq, g˚pt, y,∆pNqqq, if t ‰ 0;

pω ` pZ˚p0, y,∆pNqq, g˚p0, y,∆pNqqq, if t “ 0.
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Lemma 7.1.5. For any integer t P Z and real number y ą 0, we have the following identity in
yCH

1
pX0pNqq,

W ˚
N
pZpt, y,∆pNqq “ pZpt, y,∆pNqq.

Proof. When t “ 0, this follows from the definition of pω in (57). When t ‰ 0, this is proved in
[DY19, Proposition 6.8]. □

7.2. The codimension 2 case: Arithmetic special cycles in yCH
2
pX0pNqq. In the section, we

define an element in the codimension 2 arithmetic Chow group yCH
2
pX0pNqq of X0pNq for any pair

pT, yq, where T P Sym2pQq is a half-integral 2 ˆ 2 symmetric matrix and y P Sym2pRq is a positive
definite 2 ˆ 2 matrix.

7.2.1. The rank of T is 2. In this case, the matrix T is nonsingular. For any positive definite 2 ˆ 2

matrix y and T -adimissible Schwartz function φ P S pV2
f q, an element pZpT, y,φq P yCH

2
pX0pNqq has

been made in [Zhu25, §4.3 (16)]. We define pZpT, yq “ pZpT, y, 1
p∆pNqbẐq

2q.

7.2.2. The rank of T is 1.

Lemma 7.2.1. Let T P Sym2pQq be a half-integral 2 ˆ 2 symmetric matrix such that rankpT q “ 1,
then there exists t P Z and an element γ P GL2pZq such that

T “ tγ ¨

˜

0 0

0 t

¸

¨ γ.

Moreover, the integer t is uniquely determined by T , and is invariant upon replacing T by tσTσ with
σ P GL2pZq.

Proof. This is proved in [SSY23, Lemma 2.10]. □

Definition 7.2.2. Let T P Sym2pQq be a half-integral 2ˆ2 symmetric matrix such that rankpT q “ 1,
let y P Sym2pRq is a positive definite 2 ˆ 2 matrix. Let t be the integer associated to T by Lemma
7.2.1. Let y2 “ t´1trpT yq and y1 “

det y
y2

, both of y1 and y2 are positive numbers. Define

pZpT, yq “ pZpt, y2,∆pNqq ¨ pω ´
`

0, log y1 ¨ δZ˚pt,y2,∆pNqqC

˘

where Z˚pt, y2,∆pNqqC is the complex points of the modified special cycle defined in (60).

Remark 7.2.3. When the rank of T is 1. We notice two invariance properties, which both follows
from the definitions:

(65) pZptγTγ, yq “ pZpT, γytγq, for any γ P GL2pZq.

(66) pZ

˜˜

0 0

0 t

¸

, θytθ

¸

“ pZ

˜˜

0 0

0 t

¸

, y

¸

, for any θ “

˜

1 x

0 1

¸

where x P R.

7.2.3. The rank of T is 0. In this case, the matrix T “ 02.
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Definition 7.2.4. Let y P Sym2pRq be a positive definite matrix, we define the following element
in yCH

2
pX0pNqq,

pZp02, yq “ pω ¨ pω `

¨

˝0,

¨

˝log detpyq ´
144

?
Nπ

Z

ˆ

1

2
, y

˙

ź

p|N

pνppNq ` 1qp` 1 ´ νppNq

pνppNq´1pp` 1q2

˛

‚¨ rΩs

˛

‚,

where rΩs “
dx^dy
2πy2

.

Now for any element z “ x ` iy P H2, we consider the following generating series with coefficients
in yCH

2
pX0pNqq,

pϕ2pzq “
ÿ

TPSym2pQq

pZpT, yq ¨ qT

where qT “ e2πi tr pT zq. Recall that we have defined a degree map ydeg : yCH
2
pX0pNqq

„
Ñ C in §6.1.

Theorem 7.2.5. Let N be a positive integer. The generating series pϕ2 is a nonholomorphic Siegel
modular form of genus 2 and weight 3

2 . More precisely, under the isomorphism ydeg : yCH
2

CpX0pNqq
„
Ñ

C
pϕ2pzq “

ψpNq

24
¨ BEispz,∆pNq2q,

here ψpNq “ N ¨
ś

p|N

p1 ` p´1q.

The proof of Theorem 7.2.5 will be given in the next section.

Part 3. Proof of the main results

8. Heights of arithmetic special divisors

8.1. Degrees of arithmetic special divisors. Let pZ, gq be an element in the extended arithmetic
Chow group yCH

1
pX0pNq,Sq, then there exists a smooth p1, 1q-form ω on the complex curve X0pNqC

such that we have the following identity as Green currents on the complex curve X0pNqC,

ddcpgq ` δZC “ rωs.

we define the following degree map,

deg : yCH
1
pX0pNq,Sq ÝÑ C

pZ, gq ÞÝÑ degpZ, gq “

ż

X0pNqC

ω “ xpZ, gq, p0, 2qy.

Proposition 8.1.1. Let pt, yq be a pair such that t is an integer and y is a positive number. Let
τ “ x` iy P H` and q “ e2πiτ , we have

deg pZpt, y,∆pNqq ¨ qt “
2

φpNq
Etpτ, 1,∆pNqq.

Proof. This is proved in [DY19, Proposition 6.7]. □

8.2. Height pairings of special divisors and vertical fibers. Recall that H “ X0p1q ˆ X0p1q

is the product of the smooth Deligne-Mumford stack X0p1q over Z. Let p be a prime number and



ARITHMETIC SIEGEL-WEIL FORMULA ON X0pNq: SINGULAR TERMS 43

Hp :“ H ˆ SpecFp be the reduction mod p of H, it is a 2-dimensional smooth Deligne-Mumford
stack over Fp. Let ip : Hp Ñ H be the closed immersion. Recall that CusppHq P CH1pHq is the
cuspidal divisor of the stack H, we define

CusppHpq :“ i˚pCusppHq P CH1pHpq.

Now we are going to construct an element Z7ptq in CH1pHq for every integer t.

Definition 8.2.1. Let t be a nonzero integer.

+ When t ą 0, the stack Z7ptq is defined as follows, its fibered category over a scheme S
consists of the following objects,

ppE,E1q, jq,

where pE,E1q is an object in HpSq, i.e., a pair of generalized elliptic curves. The element
j P HomSpE,E1q is an isogeny such that j_ ˝ j “ t.

´ When the integer t ă 0, define

Z7ptq :“ CusppHq.

Lemma 8.2.2. Let p be a prime number, let n “ νppNq be the p-adic valuation of N . Let pt, yq be
a pair such that t is a nonzero integer and y is a positive number, the following identities hold for
all integers a such that n ě |a| and a ” n mod 2.
(a) If t ą 0,

x pZpt, y,∆pNqq, pX a
p pNqy “

¨

˝

ÿ

xPZpt,∆pNqqXYa
p pNqpFpq

log p

Autpxq
¨ lengthOHp,x{pft,x, fa,xq

˛

‚,

where ft,x and fa,x are the local equations of the divisors Z7ptq and X a
p pNq respectively.

(b) If t ă 0,

x pZpt, y,∆pNqq, pX a
p pNqy

“
ÿ

M |Np

¨

˚

˝

ÿ

xPCuspp
pn`aq{2M pX0pNqqXXa

p pNqpFpq

gpt, y,∆pp|a|σpNp,Mqqq ¨ log p

Autpxq
¨ lengthOHp,x{pfc,x, fa,xq

˛

‹

‚

,

where fc,x and fa,x are the local equations of the divisors CusppHpq and X a
p pNq respectively.

Proof. We first prove (a). The closed substack Zpt,∆pNqq of X0pNq actually lies in the stack
Y0pNq by [Zhu25, Proposition 4.3.7], hence Zpt,∆pNqq X X a

p pNq “ Zpt,∆pNqq X Yap pNq. Let
x P Zpt,∆pNqq X X a

p pNqpFpq be a point. Let OZpt,∆pNqqXXa
p pNq,x and OHp,x be the local rings of

the stacks Zpt,∆pNqq X X a
p pNq and Hp at x respectively. We will show that OZpt,∆pNqqXXa

p pNq,x »

OHp,x{pft,x, fa,xq and it is an Artinian local ring. Let pE,E1q be the object in HppFpq corresponding
to x where both E and E1 are elliptic curves over Fp. There exists a cyclic isogeny π : E Ñ E1 of
order N and an isogeny j : E Ñ E1 of order t such that π_ ˝ j ` j_ ˝ π “ 0. Let fj,x, fπ,x P OHp,x

be the equations cutting out the closed subschemes where j, π deform to isogenies, then fj,x “ ft,x
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and fa,x|fπ,x. Since j and π are orthogonal to each other, we have

OZpt,∆pNqqXXa
p pNq,x “ OXa

p pNq,x{pfj,xq “ OHp,x{pft,x, fa,xq.

Moreover, the two elements fj,x and fπ,x have no common factors in the regular local ring OHp,x

by [Rap05]. Hence OHp,x{pft,x, fa,xq is an Artinian local ring. The equality in (a) follows from the
intersection pairings in Definition 6.2.3 and Serre’s Tor formula.

Now we consider the case t ă 0. Let N “
r
ś

i“i
qni
i be the prime decomposition of N where q1 “ p

and n1 “ n. Define Np “ Np´n. For a positive integer M “
r
ś

i“2
qmi
i of Np, the component

Cuspp
mM pX0pNqq of the cuspidal divisor X0pNq intersects with X a

p pNq if and only if 2m ´ n “ a.
Then the formula follows from the definition of the divisor Z˚pt, y,∆pNqq in (60) and the fact that
the cuspidal divisor CusppX0pNqq intersects with X a

p pNq properly. □

Lemma 8.2.3. Let Np be a positive integer prime to p. Let t be a positive integer. Let a be an
integer. Let n be an integer such that n ě |a| and n ” a mod 2. Let S be an Fp-scheme, the groupoid
Zpt,∆ppnNpqq X X a

p ppnNpqpSq consists of the following objects:

a ě 0:
´

pE,E1q, Eppaq j
ÝÑ E1, E

π
ÝÑ E1

¯

, where E,E1 are elliptic curves over S, π_ ˝π “ t and j ˝F a

and π are orthogonal to each other;
a ă 0:

´

pEpp´aq, E1q, E
j

ÝÑ E1, Epp´aq π
ÝÑ E1

¯

, where E,E1 are elliptic curves over S, π_ ˝ π “ t and
j ˝ V a and π are orthogonal to each other.

Proof. We only give the proof for the case a ě 0 because the case a ă 0 is similar. By the proof
of Lemma 8.2.2, we know that Zpt,∆ppnNpqq X X a

p ppnNpq “ Zpt,∆ppnNpqq X Yap ppnNpq. For an
object x P Zpt,∆ppnNpqq X X a

p ppnNpqpSq, it corresponds to a pair of elliptic curves pE,E1q over S.
By Remark 5.4.6 and the definition of Zpt,∆pNqq, there is a cyclic isogeny j : Eppaq Ñ E1 of order
Np and an isogeny π : E Ñ E1 of order t. As an object in X a

p pNqpSq Ă X0pNqpSq, the object x
corresponds to the following cyclic isogeny of order N :

ppn´aq{2 ¨ j ˝ F a : E
ppn´aq{2¨Fa

ÝÝÝÝÝÝÝÑ Eppaq j
ÝÑ E1.

Since x is also an object of Zpt,∆pNqqpSq, the isogeny π and j ˝ F a are orthogonal to each other
by Definition 7.1.1. □

Remark 8.2.4. Let t be an integer. Let a be an integer. Let N be an integer such that the p-adic
valuation n :“ νppNq of N satisfying that n ě |a| and n ” a mod 2.

t ą 0: the stack Zpt,∆pNqq X X a
p pNq “ Zpt,∆pNqq X Yap pNq is independent of n by the above

lemma.
t ă 0: the stack Cuspp

pn`aq{2M pX0pNqq X X a
p pNq is independent of n for a fixed positive integer

M |Np:

Cuspp
pn`aq{2M pX0pNqq X X a

p pNq »

´

Cuspp
pn`aq{2

pX0ppnqq ˆCusppX0p1qq Cusp
M pX0pNpqq

¯

X X a
p pNq

»

´

Cuspp
pn`aq{2

pX0ppnqq X X a
p

¯

ˆCusppX0p1qq Cusp
M pX0pNpqq

»
`

CusppHpq X X a
p

˘

ˆCusppX0p1qq Cusp
M pX0pNpqq.
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The last isomorphism follows from Proposition 5.4.8.

Corollary 8.2.5. Let p be a prime that n “ νppNq ě 2, let a be an integer such that ´n ă a ă n

and a ” n mod 2, then for any pair pt, yq such that t is an integer and y ą 0,

(67) x pZpt, y,∆pNqq, pX a
p pNqyX0pNq “ x pZpt, y,∆pNp´2qq, pX a

p pNp´2qyX0pNp´2q.

Notice that we add subscript here to emphasize that the pairing on the left hand side happens in the
group yCH

1
pX0pNqq while the right hand side happens in the group yCH

1
pX0pNp´2qq.

Proof. We first prove this when t ‰ 0. We have the following equalities by Remark 8.2.4,

t ą 0: Zpt,∆pNqq X Yap pNqpFpq “ Zpt,∆pNp´2qq X Yap pNp´2qpFpq.
t ă 0: Cuspp

pn`aq{2M pX0pNqq X X a
p pNqpFpq “ Cuspp

pn´2`aq{2M pX0pNp´2qq X X a
p pNp´2qpFpq.

Therefore (67) follows from Lemma 8.2.2 and the definition of the function gpt, y,∆pNqq in (59).
Next we consider the case that t “ 0. The same arguments as above for t ă 0 implies that the

following pairing
C

¨

˝

ÿ

M |N

gp0, y,∆pσpN,Mqqq ¨ CuspM pX0pNqq, gp0, y,∆pNqqprzsqq

˛

‚, pX a
p pNq

G

is independent of the p-adic valuation n “ νppNq as long as n ą |a|. We only need to show that the
following pairing is also independent of n:

A

pdivppωq, g
pω ´ logpyqq , pX a

p pNq

E

“

A

pdivppωq, g
pωq , pX a

p pNq

E

“ xpω, pX a
p pNqy.

We know that 12φpNq ¨ pωN “ pψpNqφpNqP8pNq `
ř

p|N

fppNq,´ log ∥ ∆N ∥2q, hence

xpω, pX a
p pNqy “ ´

1

12φpNq
x pfppNq `W ˚

N
pfppNq, pX a

p pNqy

“ ´
np1 ´ pq ´ 2

p´ 1
¨ xpdivppq, 0q, pX a

p pNqy “ 0.

Therefore (67) is also true for t “ 0. □

Proposition 8.2.6. Let p be a prime number, let n “ νppNq be the p-adic valuation of N . For any
pair pt, yq where t is an integer and y is a positive number, let τ “ x ` iy P H` and q “ e2πiτ , we
have

x pZpt, y,∆pNqq, pX n
p pNqy ¨ qt “

1

φpNq
Etpτ, 1,∆pNqq log p´

rn{2s
ÿ

i“1

p´ 1

φpNp´2iq
Etpτ, 1,∆pNp´2iqq log p.

Proof. By Theorem 5.4.7, we have the following identity in the arithmetic Chow group yCH
1
pX0pNqq:

pdivpp|X0pNqq, 0q “
ÿ

´nďaďn
n”a pmod 2q

φpppn´|a|q{2q ¨ pX a
p pNq “ p0, log p2q.

We also know that

pX n
p pNq ` pX´n

p pNq “ pdivpp|X0pNq, 0q ´ pp´ 1q

rn{2s
ÿ

i“1

pdivpp|X0pNp´2iqq, 0q
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By Lemma 7.1.5 we know that W ˚
N
pZpt, y,∆pNqq “ pZpt, y,∆pNqq and W ˚

N
pX n
p pNq “ pX´n

p pNq,
combining with formula (67) in Corollary 8.2.5, we get

x pZpt,y,∆pNqq, pX n
p pNqy ¨ qt “

1

2
x pZpt, y,∆pNqq, pX n

p pNq ` pX´n
p pNqy ¨ qt

“
1

2
x pZpt, y,∆pNqq, pdivpp|X0pNq, 0q ´ pp´ 1q

rn{2s
ÿ

i“1

pdivpp|X0pNp´2iqq, 0qy ¨ qt

“ x pZpt, y,∆pNqq, p0, log pqyX0pNq ¨ qt ´ pp´ 1q

rn{2s
ÿ

i“1

x pZpt, y,∆pNp´2iqq, p0, log pqyX0pNp´2iq ¨ qt.

In the last line we add the subscript X0pNp´2iq to indicate that the pairing happens in the group
yCH

1
pX0pNp´2iqq. The proposition then follows from Proposition 8.1.1. □

8.3. Heights of arithmetic special divisors. There is an explicit rational section ∆N of the
bundle pω

b12φpNq

N in §6.4, recall that

divp∆N q “ ψpNqφpNqP8pNq `
ÿ

p|N

fppNq,

where fppNq is given explicitly in (54). Let pfppNq “ pfppNq, 0q, we define the following element in
the extended arithmetic Chow group yCH

1
pX0pNq,Sq as follows,

p∆N “ pψpNqφpNqP8pNq,´ log }∆N}2q “ 12φpNqpωN ´
ÿ

p|N

pfppNq.

Lemma 8.3.1. The self pairing of the element p∆N is

(68) xp∆N , p∆Ny “ 6ψpNqφpNq2
ˆ

1

2
´

Λ1p´1q

Λp´1q

˙

´
ÿ

p|N

x pfppNq, pfppNqy.

where the pairing x pfppNq, pfppNqy can be computed as follows: let n “ νppNq be the p-adic valuation
of the integer N ,

(69) x pfppNq, pfppNqy “ ´6ψpNqφpNq2 ¨
np2 ` 1 ´ n

p2 ´ 1
log p.

Proof. The cusp P8pNq : SpecZ Ñ X0pNq factors through the component Cnppn, Npq of the formal
scheme zCusppX0pNqq, hence its reduction mod p factors through the irreducible component X n

p pNq,

xP8pNq, pfppNqy “ 0,

since the coefficient of the irreducible component X n
p pNq in fppNq is 0 by (54). Hence

144φpNq2xpωN , pωNy “ xp∆N `
ÿ

p|N

pfppNq, p∆N `
ÿ

p|N

pfppNqy “ xp∆N , p∆Ny `
ÿ

p|N

x pfppNq, pfppNqy.

In Example 6.2.5, we get

xpωN , pωNy “
ψpNq

24

ˆ

1

2
´

Λ1p´1q

Λp´1q

˙

.

Then formula (68) follows.
Formula (69) can be obtained by combining Lemma 6.3.1 and (54). □
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The following proposition generalizes [DY19, Theorem 6.9] to all positive integer N .

Proposition 8.3.2. Let np “ νppNq be the p-adic valuation of the integer N . Let pt, yq be a pair
such that t is an integer and y is a positive number. Let τ “ x` iy P H` and q “ e2πiτ , we have

x pZpt, y,∆pNqq, p∆Ny ¨ qt “ 12E 1
tpτ, 1,∆pNqq.

Proof. We only give the detailed proof when ´Nt ě 0 is a perfect square, the other cases are simpler
because there are no self-intersections of cusps by the definition of special divisor in Definition
7.1.4. For a prime number p, let np “ νppNq be the p-adic valuation of the integer N . Recall the
definition of the modified special divisor Z˚pt, y,∆pNqq in §7.1, the multiplicity of the cusp P8pNq

is gpt, y,∆pNqq. Let

Z1pt, y,∆pNqq “ Z˚pt, y,∆pNqq ´ gpt, y,∆pNqqP8pNq.

and pZ1pt, y,∆pNqq “ pZ˚pt, y,∆pNqq, gpt, y,∆pNqqq ´
gpt,y,∆pNqq

ψpNqφpNq
¨ p∆N .

For t “ 0, recall that pZp0, y,∆pNqq “ pω ` pZ˚p0, y,∆pNqq, gp0, y,∆pNqqq ´ p0, log yq, we have

x pZp0, y,∆pNqq, p∆Ny “ x pZ1p0, y,∆pNqq, p∆Ny `
gp0, y,∆pNqq

ψpNqφpNq
xp∆N , p∆Ny ` xpω, p∆Ny ´ xp0, log yq, p∆Ny.

(70)

Notice that

xp0, log yq, p∆Ny “ log y ¨ xp0, 1q, 12φpNqpωN ´
ÿ

p|N

pfppNqy “ 12φpNq log y ¨ xp0, 1q, pωNy.

By Definition 6.2.3, the pairing xp0, 1q, pωNy is the volume of the modular curve X0pNqC under the
Hermitian metric specified in (43). Therefore xp0, 1q, pωNy “ ψpNq{24. Hence the last term in (70)
is xp0, log yq, p∆Ny “ 1

2φpNqψpNq log y.
Next we compute the pairing xpω, p∆Ny:

xpω, p∆Ny “ x´2pωN `
ÿ

p|N

pXppNq, p∆Ny “ x´

p∆N `
ř

p|N

pfppNq

6φpNq
, p∆Ny `

ÿ

p|N

x pXppNq, p∆Ny.

Recall that the coefficient of X n
p pNq in fppNq is 0, but the reduction mod p of the cusp P8pNq lies

in the curve X n
p pNq by Corollary 5.3.4 and Proposition 5.4.8, hence x pfppNq, p∆Ny “ 0.

Moreover, the coefficient of pX n
p pNq in pXppNq is n

2 (cf. (48)), hence x pXppNq, p∆Ny “ n
2φpNqψpNq log p,

therefore

xpω, p∆Ny “ ´
xp∆N , p∆Ny

6φpNq
`

1

2
φpNqψpNq logN.

Hence we have

x pZp0, y,∆pNqq, p∆Ny “x pZ1p0, y,∆pNqq, p∆Ny `
1

2
φpNqψpNq log

ˆ

N

y

˙

(71)

`
6gp0, y,∆pNqq ´ ψpNq

6ψpNqφpNq
xp∆N , p∆Ny.
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By similar arguments in [DY19, §7.2], we have

x pZ1p0, y,∆pNqq, p∆Ny “
1

2
ψpNqφpNq log

´ y

N

¯

´

ż

X0pNqC

log }∆N}

ˆ

ωp0, y,∆pNqq ´
dx^ dy
2πy2

˙

(72)

` φpNq pψpNq ´ 6gp0, y,∆pNqqq

¨

˝24ζ 1p´1q ´ 1 ` log 4π ` γ ` 2
ÿ

p|N

npp
2 ` 1 ´ np
p2 ´ 1

log p

˛

‚

where the differential form ωp0, y,∆pNqq is defined in (61).
The term xp∆N , p∆Ny has been computed in Lemma 8.3.1. Then the case t “ 0 of the proposition

is proved by combining (71), (72) and [DY19, Theorem 1.6] which states that
ż

X0pNqC

log }∆N}

ˆ

ωp0, y,∆pNqq ´
dx^ dy
2πy2

˙

“ ´12E 1
0pτ, 1,∆pNqq.

For t ‰ 0, we have

x pZpt, y,∆pNqq, p∆Ny “ x pZ1pt, y,∆pNqq, p∆Ny `
gpt, y,∆pNqq

ψpNqφpNq
xp∆N , p∆Ny.(73)

By similar arguments in [DY19, §7.2] again, we have

x pZ1pt, y,∆pNqq, p∆Ny “ ´

ż

X0pNqC

log }∆N} ¨ ωp0, y,∆pNqq
dx^ dy
2πy2

(74)

´ 6φpNqgpt, y,∆pNqq

¨

˝24ζ 1p´1q ´ 1 ` log 4π ` γ ` 2
ÿ

p|N

npp
2 ` 1 ´ np
p2 ´ 1

log p

˛

‚.

Then the case t ‰ 0 of the proposition is proved by combining (73), (74), the computation of
xp∆N , p∆Ny in Lemma 8.3.1 and [DY19, Theorem 1.6] which states that

ż

X0pNqC

log }∆N} ¨ ωpt, y,∆pNqq “ ´12E 1
tpτ, 1,∆pNqq.

□

The following corollary generalizes the third equation of [DY19, Theorem 1.3] to all positive
integer N .

Corollary 8.3.3. Let pt, yq be a pair such that t is an integer and y is a positive number. Let
τ “ x` iy P H` and q “ e2πiτ , we have

´
24

ψpNq
x pZpt, y,∆pNqq, pωNy ¨ qt

“ E1
tpτ,

1

2
,∆pNqq `

¨

˝1 `
2Λ1p2q

Λp2q
`

logN

2
´

ÿ

p|N

β1
pp0q

2

˛

‚Etpτ,
1

2
,∆pNqq.

Proof. Recall that we have
p∆N “ 12φpNqpωN ´

ÿ

p|N

pfppNq.
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By Proposition 8.3.2, we only need to compute x pZpt, y,∆pNqq, pfppNqy for every prime p|N . Let n “

νppNq be the p-adic valuation of the number N . Since the arithmetic special divisor pZpt, y,∆pNqq

is invariant under the Atkin-Lehner involution W ˚
N , we have

x pZpt, y,∆pNqq, pfppNqy “ x pZpt, y,∆pNqq,W ˚
N
pfppNqy “

1

2
x pZpt, y,∆pNqq, pfppNq `W ˚

N
pfppNqy

By formula (54), we have

pfppNq `W ˚
N
pfppNq “ 12pn´1φpNpq

´

pX n
p pNq ` pX´n

p pNq ` pnp1 ´ pq ´ 2q xdivppq

¯

.

Recall that we have calculated x pZpt, y,∆pNqq, pX n
p pNqy in Proposition 8.2.6, then

x pZpt, y,∆pNqq, pfppNqy ¨ qt “ pn´ 1 ´ npq
12

p´ 1
Etpτ, 1,∆pNqq logppq

´

rn{2s
ÿ

i“1

12pn´1pp´ 1q

φppn´2iq
Etpτ, 1,∆pNp´2iqq logppq.

By definition of the function gppkq in (33) and CN psq in formula (23), we can easily verify that

rn{2s
ÿ

i“1

pn´1pp´ 1q

φppn´2iq
Etpτ, 1,∆pNp´2iqq logppq “ CN p1qEtpτ, 1,∆pNqq ¨

p´1gpp0q

1 ´ p´1gpp0q
logppq.

Therefore,

φpNqx pZpt, y,∆pNqq, pωNy ¨ qt

(75)

“ E 1
tpτ, 1,∆pNqq `

ÿ

p|N

ˆ

n´ 1 ´ np

p´ 1
Etpτ, 1,∆pNqq ´ CN p1qEtpτ, 1,∆pNqq ¨

p´1gpp0q

1 ´ p´1gpp0q
logppq

˙

“ CN p1q

¨

˝E1
tpτ, 1,∆pNqq `

¨

˝

C 1
N p1q

CN p1q
`

ÿ

p|N

ˆ

n´ 1 ´ np

p´ 1
´

p´1gpp0q

1 ´ p´1gpp0q

˙

logppq

˛

‚Etpτ, 1,∆pNqq

˛

‚.

By simple calculations, we get

(76)
C 1
N psq

CN psq
“

1

s
`

2Λ1p2sq

Λp2sq
` 2

ÿ

p|N

p´2s logppq

1 ´ p´2s
`

3

2
logpNq.

Moreover, by the definition of the function βppsq in (36), for any prime p dividing N ,

(77) β1
pp0q “

ˆ

2

1 ` p
`

2gpp´1q

1 ´ gpp´1q

˙

logppq “

ˆ

2

1 ` p
`

2p´1gpp0q

1 ´ p´1gpp0q

˙

logppq,

here we use the functional equation gppkq “ p2k`1gpp´k ´ 1q proved in Lemma 4.2.1, then the
Corollary is proved by combining formulas (75), (76) and (77). □

Theorem 8.3.4. Let N be a positive integer. Let τ “ x ` iy P H`
1 and qt “ e2πi tτ , the following

generating series with coefficients in yCH
1
pX0pNqq

pϕ1pτq “
ÿ

tPQ

pZpt, y,∆pNqq ¨ qt
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is a nonholomorphic Siegel modular form of genus 1, weight 3
2 and level Γ0p4Nq with values in

yCH
1
pX0pNqq.

Proof. Let n “ νppNq be the p-adic valuation of the integer N . The Corollary 8.2.5 and Propo-
sition 8.2.6 implies that for any integer a such that ´n ď a ď n and a ” n mod 2, the pairing
xpϕ1pτq, pX a

p pNqy is a Siegel modular form of genus 1, weight 3
2 and level Γ0p4Nq. Proposition 8.1.1

and Corollary 8.3.3imply that deg pϕ1pτq and xpϕ1pτq, pωNy are both Siegel modular forms of genus 1,
weight 3

2 and level Γ0p4Nq. Then the theorem follows the same proof of Theorem 8.4 of [DY19]. □

Remark 8.3.5. Du and Yang constructed a vector-valued version of the generating series pϕ1pτq in
[DY19], with values in yCH

1
pX0pNqq bC Cr∆pNq_{∆pNqs under the assumption that N is odd and

squarefree. That generating series is modular under the full metaplectic group. We expect that
similar construction should also exist for general N .

9. Proof of the arithmetic Siegel-Weil formula on X0pNq

In this last section, we give a proof of Theorem 7.2.5. As mentioned before, we will prove it
term-by-term, i.e., for any symmetric matrix T P Sym2pQq, we prove that for any z “ x ` iy P H2,

(78) ydeg pZpT, yq ¨ qT “
ψpNq

24
¨ BEisT pz,∆pNq2q.

9.1. The rank of T is 2. In this case, the matrix T is nonsingular. When T is positive definite,
Theorem 7.2.5 is the main result in [Zhu25]. When T is not positive definite, Theorem 7.2.5 has
been proved in [SSY23, §4.2].

9.2. The rank of T is 1. Proof of Theorem 7.2.5. By the invariance properties (65) and (66), we
reduce the proof to the case that

T “

˜

0 0

0 t

¸

and y “

˜

y1 0

0 y2

¸

.

where t is a nonzero integer and y1, y2 are positive real numbers.
In this case, by the definition of the element pZpT, yq, we have

pZpT, yq “ ´2 pZpt, y2,∆pNqq ¨ pωN ´ p0, log y1 ¨ δZ˚pt,y2,∆pNqqCq.

Then the identity in Theorem 7.2.5 follows from combining Corollary 4.2.5 and Corollary 8.3.3.

9.3. The rank of T is 0. Proof of Theorem 7.2.5. Notice that xpω, pXppNqy “ xW ˚
N pω,W ˚

N
pXppNqy “

xpω,´ pXppNqy, hence xpω, pXppNqy “ 0, then

ydegppω ¨ pωq “ xpω, pωy “ x´2pωN ` pXppNq, pωy “ ´2xpωN , pωy “ ´2xpωN ,´2pωN `
ÿ

p|N

pXppNqy.

We also notice that

xpωN , pXppNqy “ xW ˚
N pωN ,W

˚
N
pXppNqy “ xpωN ´ pXppNq,´ pXppNqy “ ´xpωN , pXppNqy ` x pXppNq, pXppNqy.

Therefore ydegppω ¨ pωq “ 4xpωN , pωNy ´ x pXppNq, pXppNqy. By Example 6.2.5, we know that

xpωN , pωNy “
ψpNq

24

ˆ

1

2
´

Λ1p´1q

Λp´1q

˙

.
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Therefore Corollary 6.3.2 implies that

ydegppω ¨ pωq “
ψpNq

24

¨

˝2 ´ 4
Λ1p´1q

Λp´1q
´

ÿ

p|N

´npn`1 ` 2pn ` npn´1 ´ 2

pn´1pp2 ´ 1q
¨ logppq

˛

‚

Finally, we observe that

ydeg

¨

˝0,

¨

˝log detpyq ´
144

?
Nπ

Z

ˆ

1

2
, y

˙

ź

p|N

pνppNq ` 1qp` 1 ´ νppNq

pνppNq´1pp` 1q2

˛

‚¨ rΩs

˛

‚

“
ψpNq

24
¨ log dety ´ detpyq3{4 ¨ Z

ˆ

1

2
, y

˙

¨
6

π
?
N

¨
ź

p|N

pνppNq ` 1qp` 1 ´ νppNq

p` 1
.

The theorem follows from the above computations and Proposition 4.1.3.
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