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BAIQING ZHU

ABSTRACT. For arbitrary level N, we relate the generating series of codimension 1 and codimension
2 special cycles on Xp(IN) to the derivatives of certain Eisenstein series of genus 1 and 2, respectively,
with particular attention to the singular terms on both sides. On the analytic side, we use difference
formulas of local densities to relate the singular Fourier coefficients of the Eisenstein series to the
nonsingular Fourier coefficients of another Eisenstein series of lower genus. On the geometric side,
we study the reduction of cusps to compute the divisor class of the Hodge bundle and the heights of
special divisors. When N is square-free, this gives a different proof of the main results in the works
of Du and Yang [DY19] and Sankaran, Shi, and Yang [SSY23].
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ARITHMETIC SIEGEL-WEIL FORMULA ON X,(N): SINGULAR TERMS 1

1. INTRODUCTION

1.1. Background. The classical Siegel-Weil formula relates certain Siegel Eisenstein series to the
arithmetic of quadratic forms, namely it expresses special values of these series as theta functions
— generating series of representation numbers of quadratic forms. Kudla initiated an influential
program to establish the arithmetic Siegel-Weil formula relating certain Siegel Eisenstein series to
objects in arithmetic geometry.

In this article, we study the case of modular curves. Let N be a positive integer, the classical
modular curve )y(N)c over C is defined as the following smooth 1-dimensional complex curve,

Wo(N)c = GLa(Q)\H{ x GLa(As)/To(N)(Z) ~ To(N)\HY,

where Hf =C\Rand Hf ={z=2+iyeC:zeR,yeRog} is the upper half plane. The group
To(N)(Z) is the following open compact subgroup of GL2(Ay),

To(N)(Z) = {x _ (J\‘;c Z) € GLy(Z) - a,b,c,deZ},

and To(N) = To(N)(Z) ) GLa(Z).

The smooth curve Yy(N)c is not proper, its compactification Xp(N)c = Vo(N)c v {cusps}
is a smooth projective curve over C. Katz, Mazur [KM85| and Cesnavicius [Ces17| constructed
an integral model Xy(N) for the complex curve Xy(N)c. The model Xy(N) is a 2-dimensional
regular flat Deligne-Mumford stack. For every pair (T,y) where T is a 2 x 2 symmetric matrix with
coefficients in Q and y is a positive definite 2 x 2 symmetric matrix with coefficients in R, we define
the arithmetic special cycle Z (T',y) on the stack Xp(NN) and study their arithmetic degrees. Finally,
we prove that these arithmetic degrees are identified with the derivatives of Fourier coefficients of
certain Siegel Eisenstein series of genus 2.

When N is an odd, square-free positive integer, the relation has already been obtained for all the
pair (7', y) in the work of Sankaran, Shi, and Yang [SSY23, Theorem 2.14] by computing both sides
explicitly based on the previous works of Yang [Yn98| and Kudla, Rapoport and Yang [KRY06|.
When T is nonsingular, the relation has been obtained for all the level N in the previous work
of the author [Zhu25, Theorem 1.2.1] by establishing difference formulas on both the analytic and
geometric sides. In this article, we give proof for all the pairs (7,y), and all the levels N.

When the matrix T is singular of rank 1. On the analytic side, we use difference formulas of
local densities to relate the singular Fourier coefficients of an Eisenstein series of genus 2 to the
nonsingular Fourier coefficients of an Kisenstein series of genus 1. On the geometric side, the cycle
Z (T',y) is essentially the intersection of a codimension 1 cycle and the metrized Hodge line bundle
on Xy(N). We compute this intersection number by investigating the irreducible components of the
special fiber Xo(N)p, = Xo(N) Xspecz SpecFy of the model Xp(V), and the reduction mod p of the
cuspidal divisor of the curve Xy(V).

When the matrix T' = 0, both the analytic side and geometric side can be computed explicitly.
Here again, the computation of the analytic side is based on the difference formulas of local densities,
while the computation of the geometric side is based on the intersection of irreducible components
of the special fiber Xp(N)F,.
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1.2. Summary of the main results. Let A(N) be the following rank 3 quadratic lattice over Z,

(1) A(N) = {x: (‘JCV“ Z) : a,b,ceZ}

equipped with the quadratic form z — det(x).

We use v to denote a place of Q. For every finite place v, let §,(N) = A(N) ®z Z, be a rank
3 quadratic lattice over Z,. Let A be the ring of adeles over Q. Let V = {V,} be the incoherent
collection of quadratic spaces of A of rank 3 nearby A(N) at oo, i.e.,

(2) Vy = 6,(N) ® Q, if v < 00, and Vo, is positive definite.

There is a classical incoherent Eisenstein series E(z, s, A(N)?) (cf. §3.1) on the Siegel upper half
space of genus 2,
Hy = {z = x+ iy | x € Symy(R),y € Symy(R)=o}.
This is essentially the Siegel Fisenstein series associated to a standard Siegel-Weil section of the
degenerate principal series. The Eisenstein series here has a meromorphic continuation and a func-
tional equation relating s <> —s. The central value E(z,0, A(N)?) = 0 by the incoherence. We thus
consider its central derivative
d

OEis(z, A(N)?) = —

e E(z,5,A(N)?).

s=0

Associated to the standard additive character ¢ : A/Q — C*, it has a decomposition into the central
derivatives of the Fourier coefficients

OBis(z, A(N)?) = ) 0Eisp(z, A(N)?)
TeSym,(Q)

On the geometric side, there is a regular integral model of the modular curve Yo (N)¢ over Z defined
by Katz and Mazur: for any scheme S, the groupoid Yy (NN)(S) consists of objects (E — E’) where
E, E' are elliptic curves over S and 7 is a cyclic isogeny such that 7¥ o m = N. They proved that
Yo(N) is 2-dimensional regular flat Deligne-Mumford stack (cf. [KM85, Theorem 5.1.1]), but Vo (V)
is not proper. There is a moduli stack Xy(N) defined in [Ces17| which serves as a “compactification”
of Yo(N). It is a proper regular flat 2-dimensional Deligne-Mumford stack that contains Yy(INV) as
an open substack, so we can consider the arithmetic intersection theory on Xy(V) following the lines

in [Gil11].

1.2.1. Special cycles of codimension 1. The key concept is that of a special cycle. For every integer
t, we define a closed substack of Jy(IV) as follows: For an object (E — E') of Jy(N)(S), the space
Hom(E, E') carries a natural quadratic form given by z — ¢(z) = xV¥ oz € Z, the stack Z(¢, A(N))
parameterizes isogenies j between F and E’ with jV o j = ¢ and orthogonal to the cyclic isogeny 7.
It can be shown that the stack Z(¢, A(N)) is a generalized Cartier divisor even on the stack Xy(N)
when t > 0, and it’s empty when ¢t < 0. For every positive number y, we define the modified special

divisor Z*(t,y, A(N)) to be
Z¥(ty, AN)) = Z(t, A(N)) + g(t,y, A(N)) - Cusp(Xp(N)).
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where Cusp(AXp(N)) is the cuspidal divisor of the stack Xy(NV), and g(¢,y, A(IV)) is a smooth function
in y defined in (59), it’s identically 0 when ¢ > 0.

For every pair (¢,y) such that ¢ is a nonzero integer and y > 0, a green function g(t¢,y, A(N))
of the divisor Z*(t,y, A(N)) is constructed by Kudla [Kud97, (12.21)] (see also [DY19, §5]). We
will recall the construction in §7.1.2. Finally, we define the following element in the codimension 1
arithmetic Chow group @I(XO(N)) of Xy(N) (Definition 7.1.4):

~

(3) Z(t,y) = (2%(t,y, AN)), a(t, y, A(N)))-
These elements Z (t,y) are invariant under the Atkin-Lehner involution Wy of the stack Xp(N), i.e.,
Wj{‘,é(t,y) = é(t,y) (Lemma 7.1.5).

When ¢ = 0, the definition of Z(0,y) is slightly different from (3). Recall that there is a metrized
Hodge line bundle &y on the stack Xy(N) (Example 6.2.2), however, this bundle is not invariant
under the Atkin-Lehner involution Wy (Corollary 6.4.4). Therefore we consider the following element

w=—-wny — Wxon,
the element & is clearly invariant under the Atkin-Lehner involution. We define
(4) 2(0,y, A(N) =& + (2%(0,59, A(N)), 8(0, 5, A(N))) — (0, log ).

~ 1
Now for any rational number ¢ which is not an integer, we simply define Z(t,y) = 0 € CH (Xy(N)).
Let 7 = z + iy € H, we consider the following generating series with coefficients in CH (XH(N)),
$1(7) = D, Z(t,y, AN)) - ¢!
teQ

where ¢! = e2™t7,

Theorem 1.2.1 (Theorem 8.3.4). Let N be a positive integer. The generating series $1 1S a non-
1
holomorphic Siegel modular form of genus 1, weight % and level To(4N) with values in CH (Xy(N)).

Remark 1.2.2. When N is square-free, the above theorem has been proved by Du and Yang [DY19,
Theorem 1.1]. Similar results for Shimura curves are proved by Kudla, Rapoport, and Yang [KRY06,
Theorem A].

1.2.2. Special cycles of codimension 2. We are mainly interested in the elements in the codimension
2 arithmetic Chow group @Z(XO(N)).

Let T € Symy(Q) be a symmetric matrix. If T = 09, for every positive definite matrix y €
Sym,(R), define (Definition 7.2.4)

= ~ A 144 1 Vp(N)+1)p+1—v,(N
Z(0g,y) =w- -0+ |0, [ logdet(y) — \/N’]TZ <2,y> H (vp( pl)/p(N)zl(p T 1)219( ) 9]
pIN

If the rank of T is 1, there exists a matrix g € GLy(Z) such that ‘gTg = diag{0,t} for some
nonzero rational number ¢, let y € Sym,(R) is a positive definite 2 x 2 matrix. Let yo = t~1tr(TYy)
and y; = %, both of y; and ys are positive numbers. Define (Definition 7.2.2)

Z(T,y) = Z(t,y2, A(N)) - & — (0,108 Y1 - 025 (1.4p A(N))e) -
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If T is nonsingular, a detailed definition of the element Z(T,y) can be found in [Zhu25, (16)].
Now for any element z = x + iy € Hy, we consider the following generating series with coefficients in
CH (% (N)),

@)= Y  ZTy)-q"
TeSym,(Q)
where ¢ = 2mitr(T2),

There is an isomorphism @2(XO(N )) ~ C given by the arithmetic degree map deg : éﬁé(Xo(N ) —
C constructed by Kudla, Rapoport and Yang [KRY06, §2.4] (see also (42)). Our main result is the
following

Theorem 1.2.3 (Theorem 7.2.5). Let N be a positive integer. The generating series (gg s a non-
holomorphic Siegel modular form of genus 2 and weight % More precisely, under the isomorphism

deg : CHo(Xp(N)) > C .
bo(z) = ‘”;4) - OEis(z, A(N)?),

here (N) = N - J[(1 +p~1).
pIN

Remark 1.2.4. When N is square-free, the above theorem has been proved by Sankaran, Shi,
and Yang [SSY23|. Similar results for Shimura curves are proved by Kudla, Rapoport, and Yang
[KRY06, Theorem BJ.

1.3. Strategy of the proof of main results. In this section, we mainly explain the proof of
Theorem 1.2.3 in this section, while Theorem 1.2.1 will come as a byproduct.
We will prove Theorem 1.2.3 term-by-term, i.e., for any symmetric matrix 7' € Sym,(Q), we prove

that for any z = x + iy € Ha,

— = N
(5) deg Z(T,y) - ¢" = 11};4) - 0Fisy(z, A(N)?).

When T is nonsingular, this has been proved in [Zhu25, Theorem 1.2.1|. In this article, we will focus
on the case that T is singular. In the following we refer to deg zZ (T,y) as the geometric side and

OEist(z, A(N)?) the analytic side.

1.3.1. The singular coefficients of Eisenstein series. Our primary goals in the analytic side are:
(a). When the rank of T is 1, we relate the singular Fourier coefficients of the Eisenstein series
Er(z,8,A(N)?) to nonsingular Fourier coefficients of another Eisenstein series of lower genus. (b).
When T = 0, we compute the exact value of 0Eisg, (z, A(N)?).

Before explaining the main idea, we give some necessary definitions. For any two integral quadratic
Zp-lattices L and M. Let Repy, 1, be the scheme of integral representations, an Z,-scheme such that
for any Z,-algebra R, Rep,, (R) = QHom(L ®z, R, M ®z, R), where QHom denotes the set of
quadratic module homomorphisms. The local density of integral representations is defined to be

R Zp/p”
Den(hr, 1) = Jim P Bl
) e pd-dlm(RepM,L)Qp
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Let Hy = ZIQ, be the rank 2 quadratic Z,-lattice equipped with the quadratic form iy (z,y) = xy.

For any positive integer k, let H 22 = (H 2+ )@k be the rank 2k quadratic lattice obtained by orthogonal
direct sum of k copies of H, .

Let’s explain the idea shortly. As is well-known, the Fourier coefficients of Fisenstein series are
(linear combinations) of Whittaker functions which are essentially products of local representation
densities of quadratic lattices. Our main tool is the difference formula of local representation densities
of quadratic lattices proved in [Zhu25, §7.2] (see also Theorem 2.2.7) which roughly says that for
any number [ € Z,, and any quadratic lattice M, the following two local densities are related

(6) Den({—1)& Hy ,,, M) < Den(Hy,  ,, M &1)).

This relation has two applications:

(a). Let I = N, the quadratic lattice (~I) @ Hy, , is isometric to 0,(N) @ Hy. The relation (6)
reduces the computation of a local density function with level structure to that of an unramified
local density function, which has very explicit expression and functional equation by the works of
Cho and Yamauchi [CY20, (3.4)], Ikeda [Ikel7, Theorem 4.1|, see also the works of Li and Zhang
[LZ22, §3].

(b). Taking the limit v,(l) — 00, the right-hand side of (6) converges to the Whittaker function with

singular coefficient, while the left-hand side of (6) converges to Den(H.,  ,, M) (Lemma 2.2.4), i.e.,

2k+2°
we have the following relation,

(7) Den(H.,,

2]CJFQ,M)Z lim Den(H;g+4,M@<l>).

vp(l)—0

When the rank of T is 1, we assume T = diag{0, ¢} with ¢ # 0 for simplicity, let y = diag{y1, y2}
be a positive definite symmetric matrix, then there is a well-known relation (see [GS19, Lemma 5.4])

; s/2 — 1 _
Br(iy, s, AN)) = 70 Wilgiga, s + 5, AN)) + (12) ™ W (giy, 5, AN)?),

where both of the terms Wy (giy,, s + 3, A(N)) and Wr(giy, s, A(N)?) are product of local Whittaker
functions (see (14) and (18) for the precise definition).

Since ¢ # 0, the term W;(giy,,s + 3, A(N)) is already the nonsingular Fourier coefficient of an
Eisenstein series of the lower genus. Let’s now consider the term Wr(giy, s, A(N)?), which is the
product of local Whittaker functions Wr,, over all the places v of Q. The relation between Wr, and
Wi 4 is sketched in the following way: Let p be a finite prime, for any integer m, let T,,, = diag{p™, t}
be a 2 x 2 nonsingular matrix. By the well-known relation between Whittaker functions and local
densities (Proposition 3.2.3), we have

WT,p(L k? 15P(N)2) = 77%1—I>noo WTm,p(17 ka 15p(N)2) e Den(ép(N) S H;;ga<t>@<pm>)

Applying (a) of (6) twice,
(8) .
Den(d,(N)@ Hy,., (H@(p™)) "< Den(Hy, . ,, (HOP™HONY) 5 Den((—p™ Y@ Hyy ., (HO(NY).

Taking limit m — oo, formula (7) tells us that

(9) Jim Den((—p") @ Hy . () & (N)) = Den(H . (1) & (N).
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Applying (a) again, we get
I=N
(10) Den(Hy) o, {t) &{N)) = Den(d,(N) © Hy . (1))

The last term Den(6,(N)@Hy, ,,{t)) is clearly related to Wy ,(1,k—1, Ls,(n)) by Proposition 3.2.3.
Therefore we have successfully built the bridge from Wr, and W, for a finite prime v.

However, we warn the reader that all the symbols “«<” are not exact equal, it just means that
there are some relations between the two sides of the symbol. Detailed calculations based on the

principles above are given in §4. Our final result is the following proposition.

Proposition 1.3.1 (Proposition 4.2.4). Let T be a 2 x 2 matriz of rank 1 which can be diagonalized
to diag{0,t} with t # 0. Let y = diag{y1,y2} be a positive definite symmetric matriz, then for any

complex number k, we have
. 1
Er(iy.k, AN)) = 9y Buliys, 5 + b, A(N))

ok KoL ok ARZ2R) B, L
Y A(2 + 2k) Hﬁp(kﬁ) Ei(iy2, 5 — k. A(N)),

where Bp(s) is a rational function in p~°.

Remark 1.3.2. The same formula in Proposition 1.3.1 has been proved when N is squarefree in
[SSY23, Lemma 4.13] by explicit computations of local densities. Our proof is more conceptual and
can be easily generalized to higher dimensions by the principles displayed in (8), (9) and (10).

When T' = 02, all the local Whittaker functions Wr,,(14, s, 15,(3)2) can be computed explicitly
by combining Wedhorn’s computations [Wed07, §2.11] and the difference formula.

1.3.2. Vertical components of the Hodge line bundle. The primary goal on the geometric side is to
compute the height pairings of (metrized) special divisors Z (t,y, A(N)) and the modified metrized
Hodge line bundle @, and the self-intersection numbers of the metrized line bundle &.

The main difficulty comes from the fact that the bundle & contains vertical components. These
components should be a linear combination of irreducible components of the reduction mod p of the
stack Xy(INV) for prime numbers p. We need to know the explicit multiplicities of these irreducible
components appearing in @ and their intersections.

We first study the special fiber of the stack Xy(N). Let p be a prime number, by the works
of Katz and Mazur, if n = v,(N) > 0 is the p-adic valuation of the number N, then Xy(N), =
Xo(N) Xspecz SpecFp, has n + 1 irreducible components X7'(N) and they meet each other at every
supersingular point, where the index a satisfies that —m < a < n and has the same parity with
n. Moreover, every component X7(/V) has two natural morphisms to the stack Xo(Np~"),, one of
them is an isomorphism while the other one is finite flat of degree pl® (see Theorem 5.4.3). Later
in §6.3, we compute the intersection numbers between these irreducible components based on the
explicit local equations of these components at supersingular points obtained by Katz and Mazur
[KM85, Theorem 13.4.7| (see also |[Zhu25, Corollary 6.2.7]).

After that, in §6.4 we use an explicit rational section Ay of the bundle @%1290(]\[) to give an explicit

expression of this bundle in the Chow group CH!(Xy(N)) by computing the element div(Ay) €
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CHY(X(N)) (Theorem 6.4.3), this idea originates from the work of Du and Yang [DY19], where
they consider the case that IV is squarefree.

Our idea of computing the element div(Ap) for general N comes from the observation that there
is a correspondence between cusps and the special fibers of the stack Xy(V). Let’s explain this in
the specific case that N = p™ for some integer n > 0. There is a cuspidal divisor Cusp(Xp(p™)) on
the stack Xp(p™), it is a disjoint union of n + 1 connected components (Proposition 5.3.1),

Cusp(Xo(p")) = [ <0

—n<asn
a=nmod 2

Note that the index set is exactly the same as the index set for the irreducible components of
the stack Xp(p™),! Actually we will prove that the connected component C*(p™) pulls back to the
cusp of the curve A3(p") (Proposition 5.4.8). Then we pick a specific cusp lying in the component
C*(p™) and consider the local expansion of the section Ap» around this point, the multiplicity of p
appearing in the local expansion gives the multiplicity of the vertical component of Xﬁ(p”) in the
element div(Ap»). The final result is

div(An) = $(N)p(N)Po(N) + 3 fo(N),
pIN
where p(N) = N - J[(1 — p~!) and Py (N) is the connected component of the cuspidal divisor

pIN
containing the cusp o0, and for any p|N, f,(NN) is the following vertical divisor,

V) = 127 o(N,) Y (1‘%—@)—1)w<p<”-'a>/2>-x;<zv>.

—n<a<n
a=nmod 2

This expression is the main tool to compute the self intersection of the modified Hodge bundle &

and the intersection pairing é(t, Yy, A(N)) - @.

1.4. Acknowledgement. The author is grateful to Professor Chao Li for his careful reading of the
original manuscript and many helpful comments. The author would like to thank the anonymous
referee for their thorough reading and their valuable comments and suggestions. The author is
supported by the Department of Mathematics at Columbia University in the city of New York.

Part 1. The Analytic Side
2. LOCAL DENSITIES AND DIFFERENCE FORMULAS

2.1. Notations on quadratic lattices. Let p be a prime number. Let F' be a nonarchimedean
local field of residue characteristic p, with ring of integers Op, residue field k = F, of size ¢, and
uniformizer w. Let v, : FF — Z U {oo} be the valuation on F' and |- | : F — R be the normalized
absolute value on F. Let (-,-)r be the Hilbert symbol on the local field F'.

A quadratic lattice (L, qp) is a finite free Op-module equipped with a quadratic form ¢z : L — F.
The quadratic form ¢z, also induces a symmetric bilinear form L x L L) F by (z,y) = qr(x +
y) —qr(x) —qr(y). Let LY = {x € Lo, F : (x,L) < Op}. We say a quadratic lattice is integral
if gr.(x) € OF for all x € L, is self-dual if it is integral and L = LY. There are three invariants
associated to a quadratic lattice: the rank of L over Op, the discriminant x(L) € {0,+1} and the
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Hasse invariant e(L) € {+1}. We refer the readers to [Zhu25, §2] and [LZ22, §2| for details about
the last two invariants.

When p is odd, we use H} to denote the unique (up to isometry) self-dual lattice of rank k and
discriminant x(L) = ¢ . When p = 2, let H, = (H,")®" be a self-dual lattice of rank 2n, where the
quadratic form on Hy = O% is given by (z,y) € O% > xy.

Example 2.1.1. Let N € Op. Let 0p(N) be the following rank 3 quadratic lattice over Op,

0p(N) = {xz (—]CVa Z) : a,b,ceOF}.

equipped with the quadratic form induced by x +— det(x). Under the following basis of dp(N),

(7)) ()

the quadratic form can be represented by the following symmetric matrix,

-N 0 0
T=10 0 -3
0 -1 0

therefore x(dp(N)) = (%), where (5> is the extended quadratic residue symbol (see [Zhu25,

§2.1]), and €(6p(N)) = (N, —1)p. Moreover,

—Na b 1
5F(N)V={a:=< . a): aewOF,b,ce(’)F}.

therefore 0p(N)Y /0p(N) ~ Op/2N.
Throughout this article, we will mainly focus on the case that F' = Q,. In this case, we simply
use 0,(IN) to denote the lattice ég, (V) (as we did in the introduction).

2.2. Local densities of quadratic lattices.

Definition 2.2.1. Let L, M be two quadratic Op-lattices. Let Repy;; be the scheme of integral
representations, an Op-scheme such that for any Op-algebra R,

Repy (R) = QHom(L ®o, R, M ®o, R),

where QHom denotes the set of injective module homomorphisms which preserve the quadratic

forms. The local density of integral representations is defined to be

_ #Repy 1 (Op/7%)
Den(MaL):dh_)HC}O qd-dim(RepM,L)F '

Definition 2.2.2. Let L, M be two quadratic Op-lattices. Let PRep,;; be the Op-scheme of

primitive integral representations such that for any Op-algebra R,

PRep,y 1 (R) = {¢ € Repy; ,(R) : ¢ is an isomorphism between Lg and a direct summand of Mg}.
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where Lp (resp. MR) is L ®p, R (resp. M ®p,. R). The primitive local density is defined to be

PR Op/m?
Pden(M, L) = Tim T2 ReParL(Or/m0)

d—00 qd'dim(RepM,L)F

For any N € F, let ((N),qy) be the rank 1 Op-lattice with an Op generator Iy such that
qny(In) = N. For ay,ag, -+ ,a, € F, we define a1, az, -+ ,an) = <a1) ©{az2) & - - - S {an).

Example 2.2.3. When p odd, it has been calculated explicitly that for any N € Op (cf. [LZ22,
(3.3.2.1)]),

1—q' ", when k is odd and 7 | N;
1+ exp(N)q=P72, when k is odd and 7t N;

(11) Pden(HE, (V) =
(1 —eq *2)(1 + e¢"*/?), when k is even and 7 | N;

1—eq k2, when k is even and 7 { N.

When p = 2, the same formula makes sense and holds true in the case that k is even and € = +1.

Lemma 2.2.4. Let L, M be two quadratic Op-lattices such that the quadratic form on L is non-
degenerate, then there exists a positive number m such that for any a € Op with vy(a) = m, the
following identity holds,

Den({a)® M, L) = Den(M, L).

Proof. This is proved in [Kat99, Proposition 2.5]. O

Lemma 2.2.5. Let L be a nondegenerate quadratic Op-lattice with quadratic form q. Let {Lp}n>1
be a sequence of quadratic lattices with quadratic forms {qn}n>1 such that L, = L as Op-lattices and
lim g, = q as functions from L to F'. Then for all quadratic Op-lattices M, we have

n—aoo

(12) Den(M, L) = lim Den(M, L,).

n—a0

Proof. For all positive integers N, there exists an integer M such that for all n > M, we have
q(z) — gn(x) € T™NOF for all z € L. Therefore the quadratic lattice L,, is isometric to L when n is
large enough, hence Den(M, L) = lim Den(M, Ly,,). O

n—0o0

Remark 2.2.6. The above lemma is not true in general if L is degenerate. We refer the readers to
Remark 3.2.2 for details.

Let H be a finite rank Op-lattice with a self-dual quadratic form qg. The depth of an element

—i=ly ¢ H. Two elements z,y € H

xr € H is the minimum integer i such that 7%z € H and 7
with the same norm N € Op are conjugate under the group O(H) := {g € GL(H) : qu(g(x)) =
qu(z) for all x € H} if and only if they have the same depth by [Mor79, Theorem 5.3]. Let x € H

be an element with norm N and depth i, define
H(N,i) = {y e H : (z,y) = 0}.

The isometric class of this lattice is independent of the choice of the element x, hence the notation.
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Theorem 2.2.7. Let H be a self-dual quadratic Op-lattice of finite rank k. Let M be an integral
quadratic Op-lattice of finite rank r. Let N € Op be an element of valuation n, then

[n/2]
Den(H, M &(N)) = > ¢* " Pden(H,(x *N)) - Den(H(N, i), M).
=0
Proof. This is proved in [Zhu25, §7]. O

Remark 2.2.8. Let’s assume that H = Hj where k > 3 is an integer, then [Zhu25, Example 7.1.2]
shows that for any positive integer 0 < i < [5] where n = v (N),

Hi(N,i) ~(~Nn"%)@ Hf _,.

Corollary 2.2.9. Let M be a quadratic lattice of rank r over Op. Let k > r+2 be a positive integer
and € € {£1}. For all a € O, we have the following identity,

Pden(H}, ())

7r1Ll~I>noo Den(H,i, M &S <a’7Tm>) = DGH(HZ_Q, M) ’ 1— q27k+7“

Proof. By Theorem 2.2.7 and Remark 2.2.8, we know that for any positive integer m,
Den(HE, M&{ar™)) —¢* * " Den(HE, M&{an™ %)) = Pden(HE, {ar™))-Den({(—ax™ YO H ., M).

Notice that Pden(Hj,(an™)) is independent of the positive integer m by Example 11. Taking
m — o0, Lemma 2.2.4 implies the following,

(1—¢g*+m). limoo Den(Hj,, M &<{ar™)) = Den(Hj_o, M) - Pden(Hp, {(r)).

Definition 2.2.10. Let n > 0, for ¢ € {1}, we define the normalizing factors to be

14 (=t

Nor®(X,n) = (1 5

1<i<(n+1)/2

We have Nor®(¢*,n) = Den(H? H?) by [LZ22, Definition 3.4.1].

n+1+2k>

Lemma 2.2.11. Let L be a quadratic lattice of rank n. Let N € Op. When p is odd, there exist
polynomials Den® (X, L), Den’* (X, L) and Deny (v (X, L) € Z[X], such that for positive integers k,

Den(Hg; 1,11, L) b Don(Men 1 B
Den®(X, L) ‘qufk ~ Nor(gF,n) Den™ (X, L) ‘X=q’k ~ Nor(gF,n—1) e
Den(dp(N) @ HS, o, L) When 7| N;
Deny ) (X, L) | Nor*(¢7*,n—1)  ~ |
en ) =k
A(N) X=qF Den(0p(N) © Hypn L) o tN

NorsX#(N) (g=k )
We define the derived local density of L and the derived local density of L with level N to be

d d
Do (1) = Den”(XY, ), 0Dendy (L) =~ g |
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When p = 2 and n is odd, the polynomial Den™ (X, L) with the same evaluation formulas at
X = ¢ exist. When p =2 and n is even, the polynomial DenZ(N) (X, L) with the same evaluation
formula at X = ¢~ % exists. The derived local density dDen™ (L) of L is defined similarly.

Proof. This is a combination of [LZ22, Lemma 3.3.2, Definition 3.4.1, Definition 3.5.2] O
We have the following functional equation for Den® (X, L).

Theorem 2.2.12. When the residue characteristic of Op is not 2. Let L be a quadratic lattice of

rank n. Then

1
Den®(X, L) = w*(L) - X" . Den (. L),
be 12 2[R e, 1
Den(X,L) = (¢/*X)* "2 1. Den (—X,L).
q

where val(L) = v, (det L), and the sign of the functional equation is equal to
(n+1)
w (L) == (det L, —(—=1)\ 2 Ju)p-€e(L) € {£1},

where u € OF. such that u is a square if € = 1, is not a square if € = —1.

Proof. Both of these two formulas are proved by Ikeda [Ikel7, Theorem 4.1 (1),(2)] when n is odd
and € = +1, the same proof works in general. O

Remark 2.2.13. When the field F' is dyadic, similar functional equation has been proved by Ikeda
and Katsurada [IK22, Proposition 2.1|. In this article, we will need the functional equation in the
following case: Let F' = Qg and L = (N, t) for some N,t € Z. When —tN is not a square, let —d be
the fundamental discriminant of the field extension Q(—tN)/Q. When —tN is a square, let d = —1,
then there exists a positive number ¢ such that

ANt = ¢2d.
We have the following functional equation:

(13) Den’ (X, L) = (2/2X)22() . Den"*(%, L.

3. EISENSTEIN SERIES AND WHITTAKER FUNCTION

3.1. Incoherent Eisenstein series. For an positive integer r, let W,. be the standard symplectic
space over Q of dimension 2r. Let P = M N < Sp(W,.) be the standard Siegel parabolic subgroup,
which take the following form under the standard basis of W,.,

M(Q) - {m(a) _ (g ta01> ac GLT(@)},

N(Q) = {n<b> - (10 f) ‘be Symx@)}.
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Let A be the adele ring over Q. There is an isomorphism Mp(W,.4) = Sp(W,)(A) x C! with the
multiplication on the latter is given by the global Rao cycle, therefore we can write an element of
Mp(W,.4) as (g,t) where g € Sp(W,)(A) and ¢t € CL.

Let P(A) = M(A)N(A) be the standard Siegel parabolic subgroup of Mp(W,. o) where

M(A) = {(m(a),t) : a € GL,(A),t € (Cl},
N(A) = {n(b): be Sym,(A)}.

Recall the following incoherent collection of rank 3 quadratic spaces V = {V,} over A we defined in
(2),

Vy = 6,(N) ® Q, if v < 00, and Vo, is positive definite.
then we can verify immediately that []e(V,) = —1.

Let x : A*/Q* — C* be the quadratic character given by x(z) = [] xv(zv) = ] (@4, —N)y

V<00 V<00

for all z = (v,) € AX. Fix the standard additive character 1 : A/Q — C* such that ¢y (z) = e*™®,
We may view y as a character on M (A) by

x(m(a),t) = x(det(a)) - y(det(a), 1) ~" - ¢.

and extend it to P(A) trivially on N(A). Here vy(det(a), ) is the Weil index (see the work of Kudla
[Kud97, p. 548|). We define the degenerate principal series to be the unnormalized smooth induction

I(s,x) = Indp) ™ (x| [5F ), sec

For a standard section ®(—,s) € I(s,x) (i.e., its restriction to the standard maximal compact
subgroup of Mp(W, ) is independent of s), we define the associated Siegel Eisenstein series

E(g,5,®) = Y, ®(vg,9),
¥eP(Q)\Sp(Q)

which converges for Re(s) » 0 and admits meromorphic continuation to s € C.
Recall that (V") is the space of Schwartz functions on V". The fixed choice of x and v gives a
Weil representation w = wy  of Mp(W,.4) x O(V) on .7(V"). For ¢ € 7(V"), define a function

Dyp(g) = w(9)e(0), g€ Mp(W, ).

Then ®,(g) € 1(0,x). Let ®,(—,s) € I(s,x) be the associated standard section, known as the
standard Siegel-Weil section associated to ¢. For ¢ € .#(V"), we write E(g, s, p) := E(g,s, ).
In this paper, we will mainly work on the case that »r =1 or 2.

3.2. Whittaker functions and local densities. Let v be a finite place of Q. Define the local

degenerate principal series to be the unnormalized smooth induction

M VVT v S T
Lo, x0) = I (o« |- [3H0+1/2)

Let N = Sym, be the group of symmetric matrices. For all functions ®, € I, (s, x,) and matrices
T € N(Q,), define the local Whittaker function by the following integral,

, seC.

10 Wra(ge,s, o) = J By (w0 1(B) g, 5)tbu(—t (%Tb))dn(b), wr=<_01 10)
N(R) '
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The integral converges absolutely when Re(s) » 0, and it has meromorphic continuation to s € C.

Lemma 3.2.1. Let ®, € I,(s,xv). Let {T}n>1 < Sym,,(Q,) be a sequence of symmetric matrices

such that lingo T, =T € Sym,.(Qy), i.e., the sequence {T,}n>1 v-adically converges to T'. Then when
n—

Re(s) » 0, we have

(15) WT,v(gvasyq)v) = JE%OWTn,v(gmsaq)v)

Proof. Let € > 0 be a number. Let sy > 0 such that the integral (14) converges absolutely when
Re(s) > sg. Therefore there exists an integer ng > 0 such that for all integers n > ng, we have

(16) f @, (w; ' (b)go, s)| dn(b)
VTN (Zy)\v" "0 N (Zy)

There also exists an integer Ny such that for all n > Ny, we have T,, — T € v"° N (Z,). Therefore for
all n = Ny, we have

WT,v(Qm S, (I>v) - WTn,v(gm S, (Pv)

< Wralns) = [ @ g, o)~ (GTH)dn()
V™0 N (Zy)

H [ B O ) (- GT) W (x5 (T = )l

w0 N (Zy)

HWragns, @) = [ B 0O, 5)(~tr(;TE)An ().
v="0 N (Zy)

Notice that the middle one is 0. By the estimation (16), we have the following inequality for all
s € C such that Re(s) > so,

Wr (v, S, ®y) — W, 0(gu, 5, Py)| < 2€¢, for all n = Ny.

Hence the limit (15) holds. O

Remark 3.2.2. By the well-known relations between special values of Whittaker functions and
local densities, e.g. [Kud97, Proposition A.4] and Lemma 3.2.1, we would expect that formula (12)
holds also for degenerate quadratic lattice L. But this is not true in general! Formula (12) amounts

to saying that the following two limits are equal for some integer k,

(17) (1im W, u(g0,5, @)

? .
= lim Wy, »(gv, k, ®y).
s=k n—0o0

The evaluation at s = k is essentially another limit process which identifies Whittaker functionals
and the local density polynomials. This limit process does not commute with the limit process
lim, oo T, = T.

It is true if T' = nh_r)rgo T, is nondegenerate because the limit process for n — oo would stabilize. It

is also true if the integer k is large enough. But this is not true if 7" is degenerate and k is not large
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enough, hence (17) may not be true. For example, by Yang’s formula in [Yn04, Theorem 5.7 (i)],
the two sides of (17) would differ by a nonzero multiple of p,(7") (see the notations in loc. cit.).

The fixed choice of x, and 1, gives a local Weil representation w, = wy, 4, of Mp(W, ) x O(V,)
on the Schwartz function space . (V}). We define the local Whittaker function associated to ¢,
and T € Sym, (Q,) to be

(18) WT,’U (gv; S, So'u> = WT,’U(g’Uy S, ®¢v)7

where @, (gy) = wy(g0)9,(0) € 1,(0, x») and @, (—,s) is the associated standard section.
The relationship between Whittaker functions and local densities is encoded in the following

proposition.

Proposition 3.2.3. Suppose v # 0. Let L be an integral quadratic Z,-lattice of rank 1 or 2.
Suppose that the quadratic form of L is represented by a number t € Q, (when the rank of L is 1)
or a matriz T € Sym,.(Q,) after a choice of Z,-basis of L, we have the following identity,

(19)

Wi (1, k + %, Ls,(vy) = (=1, —N)o|2N |2 - ~4(V,) - Den(8,(N) & HY, L), when the rank of L is 1.

(20)  Wro(1,k, 15,(ny2) = |23/% - Ny - ¥(Vy)? - Den(6,(N) & Hyy, L), when the rank of L is 2.

where the constant (V) = v(det(Vy), 1)~ - e(Vy) - v(¥,) 73, y(det(Vy),vy) and v(1y) are Weil
indexes (cf. Appendiz of |Rao93|).

Proof. Both of the two formulas are proved in [KRY06, Lemma 5.7.1]. O

For the place v = 00, there is also a well-developed theory about the Whittaker function at co. Let
Wr.(g, 8, A(N)?) (vesp. Wioo(g,8, A(N))) be the Whittaker functions for the Gaussian function
on the space V2, (resp. V), both of them can be computed explicitly, for example, the works of
Kudla, Rapoport and Yang [KRY04, Lemma 8.6], [KRY06, Theorem 5.2.7, Proposition 5.7.7].

Definition 3.2.4. For a symmetric matrix 7' € Sym, (Q), and a factorizable section ® = ®,®, €
I(s,x) where ® is the standard section associated to the Gaussian function on the space V[, for
a complex number s € C such that Re(s) » 0, we define the global Whittaker function to be
Wr(g,5,%) = Wr.o(goo, $, AMN)) - [ | Wriw(g, 5,00), 9 = (90)0 € Mp(W,.4).
V<0

the above product can be meromorphically continued to the whole complex plane.

3.3. Fourier coefficients. We have a Fourier expansion of the Siegel Eisenstein series defined above,

E(g,s,cp) = Z ET(g737§0)7
TGSymT(Q)
where
Erlg,s,¢) = f E(n(b)g, 5, @)w(—tr(Th))dn(b),
Sym, (Q)\Sym, (A)

the Haar measure dn(b) is normalized to be self-dual with respect to .
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Lemma 3.3.1. Let T € Sym,.(Q) be a nonsingular matriz, let ¢ € (V") be a factorizable Schwartz
function, we have

Er(g,5,¢) = Wr(g,5,¢).

Proof. This lemma follows from unravelling the integral defining the function Ep, see [LZ22, §11.2].
O

3.4. Classical incoherent Eisenstein series. The hermitian symmetric domain for Sp(W,) is the
Siegel upper half space

H, = {z =x+1iy | xe Sym,.(R),y € Sym, (R)~o}.

When r =1, let 7 = x + iy € H" with z,y € R and y is positive. Define the classical incoherent

Eisenstein series to be

(21) E(Ta S, 90) = y_3/4 ’ E(g.,-, S, Qo)a gr = [n($)m(y1/2), 1] € Mp(WT,A)'

In this paper, we will focus on the case that ¢ = 1A(N)®Z ® ¢, € L(V), where 1A(N)®Z is
the characteristic function of the rank 3 Z-lattice A(N) ® Z and ., is the Gaussian function
@ (x) = e~™=(®)  For the fixed choice of the Schwartz function ¢ above and any t € Q, we write

(22) E(Tv S, A(N)) = E(T7 S, 1A(N)®Z ® LPOO), Et(Ta S, A(N)) = Et(T7 S, 1A(N)®Z ® ‘POO)
We will also need the normalized genus 1 Eisenstein series £(7, s, A(NN)) defined as follows,
(23)

1

E(r 5, A(N)) = Cn(5)E(7,5 — 5, A(N)), where C(s) = —%A(Qs) [Ja—p2) | NG+,
m
pIN
Similarly, for any ¢t € Q, &(7, s, A(N)) = Cn(s)Ey(1, s — 5, A(N)).
When r = 2, let z = x + iy € Hy with x,y € Sym,(R) and y = a - a is positive definite. Define the
classical incoherent Eisenstein series to be

(24)  Blz5,0) = xeo(m(a)""|det(m(a))| ™ - Bz, 5.), ¢ = [n(x)m(a), 1] € Mp(W,).
We write the central derivatives as,
(25) OEis(z, ) == E'(z,0, ), 0Eisr(z, ) = Ep(z,0,¢).
Then we have a Fourier expansion
OEis(z, ) = 2 OEisr(z, ).
TeSym,(Q)

In this paper, we will focus on the case that ¢ = 1(A(N)®Z)2 ®p,, € L (V?), where ¢ = 1(A(N)®Z)2

is the characteristic function of the rank 3 Z-lattice A(N) ® Z and ., is the Gaussian function

Yoo (x) = e U T@) where for = (21, x2) € V2, the 2 x 2 matrix T'(z) is

T(z) = (1 dlen) %(zl’x2)> .
2

(z1,22)  q(x2)
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For the fixed choice of the Schwartz function ¢ above and any 7" € Symy(Q), we write
(26)
E(z,5,A(N)?) := E(z, s, 1(A(N)®Z)2 ® Yo), Er(z,s,A(N)?) = Er(z,s, 1(A(N)®Z)2 ® @),

(27)

0Eis(z, A(N)?) = 0Eis(z, 1 2 ® @), OBisp(z, A(N)?) = 0Eisp(z, 1

(AVN)@2) (amer)? @ Peo)-

Similarly, for any T € Sym,(Q), Wr(g, s, A(N)?) :== Wr(g, s, 1(A(N)®Z)2 ® Pop)-

Lemma 3.4.1. Let T' = diag{0,t} with t # 0, let y = diag{y1,y2} be a positive definite symmetric
matriz, then

. s/2 —3/4 1
ET(Zy787A<N)2) = yl/ y2 / Wt(giy27 s+

9 A<N)) + (y1y2)_3/4WT(giy’ S, A(N)2)-

Proof. This lemma follows from [SSY23, Lemma 4.11, formula (38)]. O

4. SINGULAR FOURIER COEFFICIENTS OF EISENSTEIN SERIES

In this section, we study the Fourier coefficient Er(z, s, A(NN)?) of the Eisenstein series defined in
§3.4 when the matrix 7" is singular.

We first fix some notations. For any prime number p, we define the local zeta function (,(s) =
(1 —p=%)~!, we also define ((s) = ﬂ_s/QF(%). Let A(s) = ][] u(s) be the completed zeta function

v
where v ranges over all the places of @, then A(s) can be meromorphically continued to the whole

complex plane and satisfies the functional equation A(s) = A(1 — s).

4.1. The rank of T is 0. In this case, the matrix T' = 02. Let z = x + iy € Hy, we have
(dety)*'* - Eoy(z, 5, AXN)?) = Woy (g2, AN + Y1 Bm(3)g.s) + @1y, (9:9)
~€lo\SLa (Z)

by similar arguments in [SSY23, §4.4], where

(28) B(g,s) = Jq)lA(Nﬁ (wl_ln ((8 2)) g, s) db.
A

When Re(s) » 0, we have the following factorization:
B(g,s) = H By(gu, s)

where By, (gy,s) is defined by replacing A by Q, and &, by corresponding local section at v.

A(N)2
We will calculate each of the three terms in this section.

Lemma 4.1.1. Let n = v,(N) = 0 be the p-adic valuation of N, let Ay(s) be the following function
for s e C,

1 .
— if n=0;

. 1+p71757 )

AP(S) = |“ |p 1 1—p(l=9)(n+1) p_25 1 1—p(1=9)(n-1) "

T4p—1-» : 1—pl—s - T+p—1-» ' 1—pl—s )

n>=1.
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The following identity holds,

Cp(2k — 1)

Wop(1,k, 15, (nvy2) = 1213/2(N, —1),, - CkT) Ap(k).
P

Proof. Let M be a rank 2 quadratic lattice over Z, whose inner product matrix under some Z,-basis

is T'. For integers k > 0,

(29) Wrp(1,k, 15, (ny2) = 12|32 N|,(N,—1), - Nor* (X, 1) - Den},

SIC L]

Suppose the Gross-Keating invariant of the quadratic lattice M is GK(M) = (a, b) for integers a < b
and a,b > n.
e If n = a (mod2), by formula in [Wed07, §2.11], we have
(1= (pX)™ (1 — (pX?)tnte)2—) (n+a)/2 ya (1~ XmH)(1 = (EX)bmat)
(1 —pX)(1 - pX?) (1-X)(1 - (€X))
p(n+a)/271Xb+2 (1 _ xntl (pleQ)(nJra)/Q _ p(na)/2+1Xa1>

Dent (X, M @& (N)) = +p

1—p1X2 1-X 1—pX—1

where € € {+1} depends on the lattice M.
e If n # a (mod2), by formula in [Wed07, §2.11], we have

1— (pX)n+1 p(n+a+1)/2(Xn+a+1 _ Xa)
(1-pX)(1-pX?)  (1-X"H)(1-pX?)
B p(n+a—1)/2Xb+1 <1 — xntl (p—lXQ)(n+a+1)/2 _ p(n—a+1)/2Xa>

Den™ (X, M @ (N)) =

1—plx2 1-X 1—pX1!

1

In both cases, when 0 < X < p™, we have the following formula

) 1 (px)n-‘rl
+ —
a’lblm Den™ (X, M &(N)) a a 5

therefore when 0 < X < p~ !,

lim Den} \\(X,M) = lim (Den™(X,M &(N))— X*Den* (X, M &{p ?N)))
a,b—0 (N) a,b—o0
1— X2 + (pnfl _ pn+1)Xn+1
(1—pX)(1-pX?)

Note that Nort (X, 1) = 1 —p~1 X, the lemma follows by combining (29) and the following formula,

Wou (1, k. 1g,vy2) = (22N (N, =1)p - (1= p™*71) - Tim Denf (57", M)

a,b—00

Lemma 4.1.2. For a finite prime p and an element v € SLy(Z), let n = v,(N) = 0. We have the
following identity for all integers k = 0,

2% + 1) 1— p—2k—1 _ p—(n+1)k(1 _p—l)
B k) = (—1,—N),|2N|}/2. Sl :
p(m(V)» ) = (-1, )p‘ |p ’Y(Vp) Cp(2k‘ +2) 1—p2k-1_ p*k(l _ p—l)
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Proof. By the explicit expression of the Weil representation as in [KRY06, Lemma 5.6.1|, we have

By(m(), k) = Wo, (e, Et g 15P(N)> |
By Proposition 3.2.3 and Lemma 3.2.1, we have
By(m(7), K) = (~1, =N}, 2]} - Tim Den(8,(N) @ Ff, (1))
By Theorem 2.2.7, we have
(30)  Den(dp(N) & Hy, () - Pden(Hy 4, (N))
= Den(Hy), 4, (t) ©(N)) — p~?*"'Den(Hy , ,, () O(Np™?)).
We also have
(31)  Den(6,(N) @ Hy (tp~2)) - Pden(Hy, . ,,{N))
= Den(Hy), 4, (tp™*) ©(N)) — p~ 2 'Den(Hy), ,, (tp~*) & (Np~?)).

Calculating (30) — p~2¢=1.(31), and take t — 0 p-adically, we have

(1—p~**7") - lim Den(d,(N) & Hy, 1)) = Den(Hy 5. (N)) — p~** ' Den(Hy, . (Np™2)).

Combining Theorem 2.2.7 and Example 11, we get

(1 _ p—(n+1)k)(1 _ p—k—l)
1—pF '

Then the lemma follows from the above computations. O

Den(HZHQ, (N)) =

In the following, let (o (s) = 7 */2T(s/2) and A(s) = (o (s) - ((s) be the completed Riemann zeta
function. By [KRY06, Proposition 5.9.2|, we have

sCo(2s + 1)
(s +1)C¢0 (25 +2)’

BOO(m(V)gya s) = \/5’}/00(Voo)det(y)s/2+3/4Qy(C’ d)—s—1/2 )

b
where v = (a d) € SL2(Z) and Qy(c,d) = (c,d) -y - *(c,d) is a positive definite quadratic form.
c

Let )
—s—1/2 —s5—1/2
Z(s,y)=m / F<S+2> : Z Qy(m,n) /

m,nez
(m,n)#(0,0)

is the (normalized) Epstein zeta function attached to the positive definite quadratic form @,. By
[Sie80, §1.5], the series Z(s,y) extends meromorphically to s € C, with only a simple pole at s = 1;
in particular, Z(s,y) is regular at s = 1/2. Combining Lemma 4.1.2, we have

(32) > B(m(y)gy )

’YGFCO\SLQ(Z)
det (v)5/2+3/4 1 — p—2k=1 _ p—(n+)k(q _ p—1
=—L~Z(s+1/2,y)- 5 H p 7%71]’ — ( fl’ )
VN (s + 1)A(2s + 2) 1—p —pF1-p1)

pIN
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Proposition 4.1.3. Let z = x + 1y € Hy, we have

) A/(—l) _npn+1 + 2pn + npn—l -9
0Eisg, (z, A(N)?) =log det(y) + 2 — 4 —E -logp
02( ( ) ) g (Y) A(—l) o pnfl(pQ _ 1) g
1 6 (p(N) +1)p+ 1 —1vp(N)
— det 3/4-Z<,>~ || P P
et(y) 9 y N 13 D+ 1

Proof. By explicit expression (32) and

S — 1 A 25 — 1
Wo, (ge, 5, AN)?) = det(y) /241, T4, @

(s+1)A(2s+2) (9,8) = det(y)5/2+3/4.
p|N

A(N)?2

The proposition follows from combining the above formulas and Lemma 4.1.1. O

4.2. The rank of T is 1. Let N be a positive integer, let ¢ be a nonzero integer, we fix a 2 x 2
matrix 7' = diag{0,t}. Now we are going to define a quadratic character x; : A* — C*: When —tN
is not a square in Q, the character y; is the quadratic Dirichlet character attached to the quadratic
field extension Q(—tN)/Q; when —tN is a square, let x; be the trivial character. When —tN is not
a square, let —d be the fundamental discriminant of the field extension Q(—¢tN)/Q. When —tN is
a square, let d = —1, then there exists a positive number ¢ such that

ANt = 2d.

For any prime number p, we define the local zeta function associated to x: to be L,(s, x:) =
(1 — xe(p)p~*)~" and Lo (s, x¢) to be the following,

—(s+1)/2p(stl ift>o0:

Lop(soa) = 2. {7 TEEh
T820(5), if ¢ < 0.

Let A(s,x¢) =] ] Lv(s, xt) be the completed L-function of the quadratic character y;, then A(s, x¢)

can be meromor%hically continued to the whole complex plane and satisfies the functional equation
A(s, xt) = A1 — s, x¢).
Define the following function for positive integers k,
Den( QJ%JA, {t, Np~2))
Den(Hy 4, N))
Notice that if the p-adic valuation of N is 0 or 1, the function g, (k) = 0.

(33) gp(k) =

Lemma 4.2.1. The function g,(k) is a rational function in p~ k., hence it can be meromorphically

defined over C. The function g, also has the following functional equation,
gp(k) = P lg(=k = 1).
Proof. We only consider the case that the p-adic valuation of N is greater or equal to 2. By definition

made in Lemma 2.2.11, when k is a positive integer,

Den(Hy,, 4, {t,p>N))  Den’*(p*~1,(t,p™2N)) _ Den’"(X,{t,p 2N))
Den(Hy, . 4,{t,N)) Den’* (p=+=1,(t, N)) Den’* (X, {t, N)) |x—p-r-1

gp(k) =
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Therefore g,(k) is a rational function in p~* by Lemma 2.2.11, hence it can be meromorphically
defined over C. The functional equation is a consequence of Theorem 2.2.12. O

Lemma 4.2.2. Let p be a prime number, for large enough positive integers k,

Wrp(L,k, 15, (3y2) 1—p2g(k—1) |1—p 272 ifpfN;

34 = 12|, | N[V~ (V)2 - : :

(34 Den’" (p~*, (¢, N)) 21Nl (Ve) L= xt(p)p~™* 1—p %1  ifp|N.

(35) Wtyp(l’ k+ %’ 15p(N)) _ |2N|1/2’7(V ) . (_1 N) . 1-— p_2k_1gp(k) . 1 _p72k727 iprN; .
Den’* (p~+~1,(t, N)) roar T T —xp)p T Y1l | N

Proof. We have the following identities for large enough positive integers k,
Wrp(Lk, g, p2) = 232N (V,)2 - lim Den(d,(N) @ Hy, (t.p™)

Ny (v« 1 D N 857) = p K Den(H Ly, (N ™)
p p p M—>00 Pden(H;}c_i_47<N>)

The first identity follows from the relation between Whittaker functions (Proposition 3.2.3) and the
limit of Whittaker functions (Lemma 3.2.1), the second identity follows from Theorem 2.2.7. By
Corollary 2.2.9, we have

 Pden(Hfy )

Pden(HQJ?gJA, (N))
) Den(H;g+2’ <N, t>) - p_2kDen(H2—2;+2? <Np_2, t>)
1— p72k

Wrp(1,k, 15,0y2) =120 2N |7 (Vp)?

Pden(Hy; 4, {p))
Pden(H;?C_Hl, (N?)

:‘2|§;/2|N|p’7(vp)2 : Den(H;;c—i-Q’ (N,t)) - (1 - pi%gp(k))-

Then formula (34) follows from the definition of local density polynomial in Lemma 2.2.11.

For formula (35), we have the following identity by Proposition 3.2.3 and Theorem 2.2.7,
Den(Hy, , 4, (N, 1)) —p~ 2 'Den(Hy , ,,{Np~>,1))

1
Wip(Lk+ =1 = [2N1/*y(Vp) - (-1,N
1 5 5,,(N)) | ’p Y(Vp) - ( )y Pden(H;?C+4,<N>)
' 1—p72k719p(k)

= [ON[Y2(V,) - (~1, N)y - Den(Hy, (N, ) -
p p p 2k+4 Pden(H;;{+4, <N>)

Then formula (35) also follows from the definition of local density polynomial in Lemma 2.2.11. O

For any prime number p, we consider the following meromorphic function for s € C,

1+ psfl 1— p—2$gp(8 _ 1)
36 = .
( ) ﬁp(s) 1 _|_p_5_1 1— gp(s o 1)
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Corollary 4.2.3. Let p be a prime number, the following identity holds for any integer k,

Cp(2k)
Wrp(1,k, 15p(N)2) . Lpp(k»ct) ol N1 N V) . p(1=20)wp(0) . M
1 Gaar 1IN (L Ny (V) - p (p(2k +2)
Wep(L 3 =k Ls,v) - 24 "

1, if pt N,
Bp(k), if p|N.
Proof. By Theorem 2.2.12 and formula (13) in Remark 2.2.13, there is a functional equation,
Denw(p*k, <N, t>) _ p(1—2k)up(c) . Den”(pkil, <N, t>)
The corollary follows from the functional equation above and Lemma 4.2.2. O

Proposition 4.2.4. Let T be the 2 x 2 matriz diag{0,t} with t # 0. Let y = diag{yi,y2} be a
positive definite symmetric matriz, then for any complex number k, we have
. k o1
Br(iy, k, ANN)?) = 9y Elin, 5 + k. AXN))

—k/2 k; r M2-2k) 1
+ k41 N A(2—|—2k Hﬁp Et(1y2,2 k,A(N)).

Proof. When —tN is not a square, let —d be the fundamental discriminant of the field extension
Q(—tN)/Q. When —tN is a square, let d = —1, then there exists a positive number ¢ such that
4Nt = *d.

For any complex number k, the following identity is proved in [SSY23, Lemma 4.14| (see also
[KRY06, Proposition 5.7.7]),

' oy Co(2k) o _kjpesa 1k Co(2k)  ogp iy 10k
(37) Wr,00(giy, ky, A(N)?) Loo(k, 1) = —2iy, 1+k (0(2k+2) ¢ N
1 Co(2 — 2k)
X Wt7oo(gzy27 9 kv A(N)) Lw(l o k7Xt) .

Recall that by Definition 3.2.4, Wr(giy, ky A(N)?) = Wr,oo(giy, ky AN)?) - [T Wrp(1, &, 15,(ny2) and
p
Wt(giyza k) A(N)) = Wt,oo(giy2> ka A(N)) ' H Wt,p(17 kv 15p(N))'
P

Notice that both of the functions Wy (giy, k, A(N)?) and Wi(giy,, k, A(N)) can be meromorphi-
cally continued to whole complex plane. By combining the above identity (37), Corollary 4.2.3, and
the functional equations A(s) = A(1 — s), A(s, x¢) = A(l — 8, Xt), we get

k k—1 A2 1
Wr(giy, k, A(N)?) =y, /2*3/4'm‘N . 2+2k Hﬁp Wilgigar 5 = ks AN)).

Then Lemma 3.4.1, Lemma 3.3.1 and formulas (21), (24) 1mply that
. o1
Er(iy, k, ANN)?) = 4y E(iya, 5 + k. AXN))

byt B e ACZ20) g g Lk a(v)
pIN

E+1 A(2 + 2F) 2
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Corollary 4.2.5. Let T be a 2 x 2 matriz of rank 1 which can be diagonalized to diag{0,t} with
t #0. Lety = diag{y1, y2} be a positive definite symmetric matriz, we have

1
E(iy, 0, A(N)?) =2E, (iys, 7 AV)
4N (2) , 1
+ | logy1 +2 4+ log N + AQ) Z B,(0) | Et(iy2, i’A(N))'
pIN
Proof. This follows from Proposition 4.2.4. O

Part 2. The Geometric Side
5. THE GEOMETRY OF THE MODULAR CURVE Xj(V)

5.1. Integral model. Let N be a positive integer, the classical modular curve Yy(N)c over C is

defined as the following smooth 1-dimensional complex curve,
Vo(N)e = GLy(Q)\HF x GLa(Af)/To(N)(Z) ~ To(N)\H,

where H* = C\R and H* = {z = 2 + iy € C: 2 € R,y € Roq} is the upper half plane. The group
To(N)(Z) is the following open compact subgroup of GLa(A )

N b A N

To(N)(Z)={z=|" €GLy(Z) : abc,dely,
Nc d

and Tg(N) = Io(N)(Z)(\SLz(Z). The modular curve YVy(N)c parametrizes cyclic N-isogenies of

elliptic curves over the complex number C by the following map:

To(N)r e To(N\H" - 7 —> (B, <Y En,),

where for a given 7 € H*, the elliptic curve E. is given by the complex torus C/(Z + Zt). The
smooth curve Yy(NN)c is not proper, its compactification Xy(N)c = Vo(IN)c U {cusps} is a smooth
projective curve over C.

Katz and Mazur [KM85] constructs an integral model of Vy(IN) over Z by extending the concept
of cyclic isogeny to arbitrary base scheme, we refer the readers to [KM85, §3(3.4)] and the arthor’s
previous work [Zhu25, §4] for details. The moduli interpretation of the stack Yy(IV) is given as
follows: for a scheme S, the objects of the groupoid Yo(NN)(S) are cyclic N-isogenies (E > E')
where E and E’ are elliptic curves over S, a morphism between two cyclic isogenies (FE4 uLt E}) and
(Ey B3 E}) is a pair of isomorphisms of elliptic curves a : By = FE and o/ : B} = E) such that
a' om = my 0 a. Cesnavicius [Ces17] gives a moduli interpretation of the compactification Xo(N) of
Yo(N), its complex fiber is isomorphic to Xy(N)c.

There are two natural morphisms from Yy(N) to Vy(1) given as follows

p1,p2 2 Yo(IN) — Yo(1)
(B1 5 Fy) 2% Ey;
(E1 5 Ey) 2 By,
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Both of the morphism pi,p2 : Yo(N) — Vo(1) extends to morphisms from Xp(N) to Xp(1), we still
use the symbols p; and ps to denote them.

Theorem 5.1.1. The stack Xo(N) is a regular proper 2-dimensional Deligne-Mumford stack, both

of the morphisms p1 and py are finite flat of degree (N) = N - [[(1+p~1) over Xo(1). Moreover,
pIN

the stack Xo(N) is smooth over Z[+]

Proof. This is proved in [Cesl17, Theorem 5.13], the degree of p; and ps are computed in [KM85,
(13.4.9)]. O

Lemma 5.1.2. Let N = M; - My where g.c.d.(My, M) = 1, there is a natural isomorphism

Xo(N) =~ Ao (M) Xp, x0(1),p1 Xo(Ma).

»P1

Proof. Notice that the fiber product Xo(M1) Xp, x,(1),p, X0(M2) is the normalization of Ap(1) in
Vo(M1)z11/00] X p1,vo(1) 1 Yo(M2)z1/015) = Yo(N)zp1/n)- By [Cesl?, Theorem 5.13], the Deligne—
Mumford stack &Xp(N) is also the normalization of Xp(1) in YVo(N)zp/n). Therefore we have the

isomorphism in the lemma. O
5.2. The Atkin-Lehner involution on Xy(N).

Lemma 5.2.1. Let S be a scheme, and w : E — E’ be a cyclic N-isogeny between elliptic curves
over S, then wV : B/ — E is also a cyclic N-isogeny.

Proof. We only need to show that the order N quotient group scheme E[N]/ker(w) is cyclic, and
this is proved in [KM85, Corollary 5.5.4(3)]. O

With Lemma 5.2.1, we can define the Atkin-Lehner involution Wy on the stack Yo(NN) by the
following,

Wi = Yo(N) — Yo(IV)
(B 5 E)— (B' " B)
Lemma 5.2.2. The Atkin-Lehner involution W extends to the compactified stack Xo(N).

Proof. By [Cesl7, Proposition 4.2.7 (c)|, the cyclicity condition of a N-isogeny is closed, hence
Xo(N) is a closed substack of Xp(1) x Xp(1). Let ¢ : Xp(1) x Xp(1) — Ap(1) x Ap(1) be the involution
which switches the two copies of Xp(1), let Xo(N)" = Xo(N) x,(1)x 20 (1),. X0 (1) x Xp(1) be the image of
Xo(N) under the involution Wiy, it is also a closed substack of Ap(1) x Xp(1), but Xp(N) and Xy(N)'
have common dense open dense substack Yy (IV), hence Xy(N) = Xp(N)', therefore the Atkin-Lehner
involution W extends to the compactified stack Xp(N). O

5.3. Cusps of the modular curve Xy(N). Let H = Ap(1) x Xy(1) be the product of the smooth
Deligne-Mumford stack Xp(1). Let Py (1) : SpecZ — Xp(1) be the cuspidal divisor of the stack (1)
which corresponds to the standard 1-gon over Z (we refer to [Con07, §2.1| for detailed definitions
of standard 1-gon). We can view P (1) as an element in CH!(Xy(1)), then we define the following
clement in CH!(H):

Cusp(H) == Py(1) x Xp(1) + Xp(1) x Py(1).
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The two curves Py (1) x Xp(1) and Xp(1) x Py (1) intersects transversally at the point (P (1), P (1)).

The natural morphism Xp(V) (p1.72) H is a closed immersion. We define the cuspidal divisor of

Xo(N) to be the pullback of Cusp(H), i.e.,
Cusp(Xo(N)) = (p1,p2)*Cusp(H) € CH' (Xp(N)).

Let aj?p(XO(N )) be the formal completion of Xy(/N) along the cuspidal divisor Cusp(Xp(N)). It is
well-known that @(2{0(1)) ~ SpfZ[[g]]. The two morphisms pi,p2 : Xo(N) — Ap(1) induce two
morphisms from ajs\p(XO(N)) to @s\p(Xo(l)), we still use p; and po to denote them, both of them
are finite flat of degree of (V).

Proposition 5.3.1. Let N = p" for some non-negative integer n, then the formal scheme als\p(é’(o(p"))
1s a disjoint union as follows:
Cusp(Xo(p™) = ] <™,

—n<asn
a=nmod 2

where every C*(p™) is finite flat over ajs\p()\fo(l)) via the morphisms p1 and p2, such that Wy (C*(p™)) =

C™%(p™). Let degy(C%(p™)) (resp. degy(C*(p™))) be the finite flat degree of C*(p™) over (ijs\p(Xg(l))
via the morphism py (resp. p2), then

a/,n w(p(n—a)/2)7 if0<ac< n;
deg; (C*(p")) = { " .
p%(p("tI/2)if —n < a<0.
a/, n pagp(p(n—a)/2)7 fo<a< n;
degy(C*(p™)) =

More explicitly, if we view als\p(Xo(p”)) as a Z[[q]]-formal scheme via the morphism p1, then

SptZ[Cpn—ay2][[4]], if 0 <

SPEZ[Cpnrarr2][lal][2]/ (27

where for any k =1, ( is a primitive pF-th root of unity.

)

as<n
(38) C*'(p") ~
— (pnta2q), if —n < a <0,

Proof. 1t is proved by Edixhoven in [Edi90, §1.2.2] that if we view C/us\p(XO (p™)) as a Z[[q]]-formal

scheme via the morphism p1, then
(39) Cusp(Xo(p")) ~
sofZ[[al] | [Sefzlle” "N || sefzi¢allal[] || SetZIGellalll=]/(="" = ¢rea),

ct+d=n ct+d=n
c=d>0 d>c>0

where z is the parameter of the cusp of the second copy Xy(1) in H. Therefore as\p(z\,’o(p")) is a

disjoint union of n + 1 formal schemes, let C*(p™) be one of the formal schemes according to formula
(38), then Cusp(Xp(p™)) = [ C%p™) by (39). The finite flat degree of C*(p™) over Cusp(Xp(1))

—nlasn
a=nmod 2

via the morphisms p; and ps can be computed explicitly by (38).
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Since we have p; o Wy = po and ps o Wiy = p;, the finite flat degrees of Wy (C*(p™)) over
Cusp(Xp(1)) via the morphisms p; and ps equal to that of C™%(p™). Hence we have Wy (C%(p")) =
C(p"). O

Remark 5.3.2. Proposition 5.3.1 can be easily generalized to arbitrary positive integer N. Let
T

.
N = [] ¢ be the prime decomposition of N. Then for every positive integer M|N, let M = [ ¢,
i=1 i=1

there is an irreducible component CM(N) ~ C1=2m1(g[") X o1y " X o) Crr=2mr (gnr) such that

Cusp(Xo(N)) = [ ] <M ().
M|N

The finite flat degree of @(XO(N)) over aj?p(é\fb(l)) via p; and py are given by

deg, (CM(N)) = | [ deg; (C™2™i(g")), degy(CM(N)) = | [ dega(C™*™i(g;")).
i=1 i=1

The component C!(NN) is isomorphic to SpfZ[[q]] via the morphism p; by (38). Denote the corre-
sponding cusp point by Py (N), it corresponds to a morphism Py (N) : SpecZ — Xy(N). When
N =1, this definition agrees with our previous definition of Py (1).

Let Wy be the Atkin-Lehner involution of Xy(N), it induces an isomorphism CM(N) W,
CN/M(N). Let Py(N) = Wy o Po(N) : SpecZ — Xy(N) be the composition of the automorphism
Wy of Xy(N) and the Z-point P, (N). When N = 1, we have P, (1) = Py(1).

There is an explicit description of the cusps of the complex modular curve Xy(N)c (cf. [DS05,

§3.8]),
Pan, where M|N and a € (Z/(M,N/M))*.
N
Especially, when N = p™ for some non-negative integer n, the cusps of the complex modular curve

Xo(p")c are

Pao, where0<k<nandae (2/pmintkn=k}yx,
p

Lemma 5.3.3. Let P be a cusp of the complex modular curve Xy(p™)c, let rai(P) (resp. ras(P))
be the ramification degree of the morphism py (resp. p2) at P. Suppose P = P for some integer
p

0 <k <n and ae (Z/p™Fn=k)x then

1, if 2 <k <n;

(40) rag (Pypr) = 2
prk, o<k < B
2k—n f n < k < ;
(41) rag (P pr) = e T "
1, ifo<k<g.

Proof. For any cusp point P, let Stab(P) € I'(p™) be the stabilizer of the cusp. For the cusp point

Stab(Px(p")) = { (é T) cx € Z} .

Py (p™), we have
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Let A € Z be a lift of a to Z, then A is prime to p, hence there exists integers b, d such that

Ab — dpF = 1. Let
A d
Y= (pk b) ’

then Stab(Ps ) = yStab(Fy (p™))y~! " To(p™). By simple calculations,

s n 1 —pFAzx zA? e
~Stab(Po (p")y ! A To(p™) = {( _p2kg 1+pkAx) "L EPp QkZﬁZ-},

formula (40) follows from the calculations above. Notice that ps = p; o Wy, hence formula (41)
follows from (40). O

Corollary 5.3.4. Let Pa be a cusp of the complex modular curve Xo(p")c, where 0 < k < n
p
and a € (Z/p™mFn=kH)x " thep Pa_ belongs to the component C2k=n(p) of Cusp(Xo(p™)), i.e.,
P
2%—
Pp% e C=F="(p")(C).

Proof. This follows from formula (38) in Proposition 5.3.1, and formulas (40) and (41) in Lemma
5.3.3. O

T
Remark 5.3.5. Corollary 5.3.4 can also be generalized to arbitrary N. Let N = [] ¢ be the
i=1
prime decomposition N. Then the modular curve Xy(N) decomposes into product of Xy(g;"*) by
Lemma 5.1.2. Let Paym be a cusp point of Xy(N) where M|N and a € (Z/(M,N/M))*. Suppose
N

7

T .
M = [1q¢"™. Leta; e (Z/g™ {mﬂn"’mi})X be the image of a. The cusp point Pun decomposes
i=1 N

into the product of cusp points P_a; € Xy(q;""), hence it belongs to the component CM(N) of

qn,L my

Cusp(Xo(N)).

5.4. Reduction mod p of Xy(N). Let p be a fixed prime, the reduction mod p of the stack Xy(N)
has been studied extensively in [KM85, Chapter 13|. For an Fj-scheme S, an integer m > 0 and
an elliptic curve over S, let E®™) be the m-th Frobenius twist of E, we use F™ : E — E®™) to
denote the m-th iterated Frobenius morphism which has degree p™, and V™ : E®™) — E be the
m-th iterated Verschiebung morphism which is also the dual morphism of F™.
For all integers a, define a closed substack Y* < Yy(1) x Yo(1) over F,, as follows:
a >0 : For an Fy-scheme S, the groupoid Y%(S) consists of objects (E, E®")).
a <0 : For an Fy-scheme S, the groupoid Y%(S) consists of objects (E® ), E).

Let n = 0 be an integer, for all integers a such that n > |a| and n = a (mod 2). Define the following

morphism
(n+a)/2 (n—a)/2
E 0 gty YT BOM . ifa > 0;
7Ta,E = _ (n+a)/2 _ (n—a)/2
g 2700, gt VU B a < 0.

Lemma 5.4.1. Let n = 0 be an integer, for all integers a such thatn = |a| and n = a (mod2). The
morphisms mq g are cyclic of order p".

Proof. This is proved in [KM85, Theorem 13.3.5]. O
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Remark 5.4.2. The above lemma implies that the closed immersion Y* — Yy(1) x Jp(1) factors
through the closed substack Vy(p") if n = |a| and n = a (mod 2).

Theorem 5.4.3. Let n = 0 be an integer, let Yo(p™)r == Vo(p™) xz F be the reduction mod p of the
stack Yo(p™). For all integers a such that n = |a| and n = a (mod 2), the stack Y* has the following
properties:

(a) The stack Y* is a 1-dimensional Deligne-Mumford stack.

(b) The composite morphism Y* — Vo(p™)r 2> Vo(1)r is an isomorphism if a = 0; is finite flat of
degree p~® if a <0

(¢) The following equality holds: Wi (Y*) = Y.

(d) The stack Y* contains every supersingular point of Yo(p™)p. Let P = (E 5 E') be a supersingular
F-point of Yo(p"™)r. Let Op be the completed local ring of the stack Yo(1)r x Yo(1)r at P, let Oy p
be the completed local ring of Y* at the point corresponding to the pair (E,E'’), then there exists
an isomorphism Op ~ F[[t1,t2]] such that the closed immersion Y* — Yo(1)r x Yo(1)r induces the
following isomorphism,

F([t1,t]]/(ts — 5), ifa > 0;

(Q(JL,P2 pa
Flltn, )/ — 1), ita<o.

(e) Over the open substack Yo(p™)§d = Vo(p™)r — {supersingular points} of Yo(p™)r, the morphism
LI Y%= Do(p™)ed is an isomorphism.

—nsasn
n=a (mod 2)

Proof. These are the main results of [KM85, §13]. O

Remark 5.4.4. Let X be the scheme-theoretic closure of Y* inside H, then Theorem 5.4.3 is still
true if we replace all the symbol ) by the symbol X. The closed immersion X% — H factors through
the closed substack Xy(p™) if n > |a| and n = a (mod 2).

Definition 5.4.5. Let N be a positive integer. Let n = v,(IV) be the p-adic valuation of N, let N, =
p~"N. For all integers a such that n > |a| and n = a (mod 2), define Y (N) = Y %}, 1)1 Yo(Np)
and X (N) = X% X, x(1),p1 X0(Np). It is a closed substack of H.

Remark 5.4.6. The stack XjJ(N) (resp. Vj(IV)) is a closed substack of Xy(IN) (resp. Vo(N)) as
long as |a] < n and @ = n (mod2). The stack AJ(NN) is the scheme-theoretic closure of Y (N) in
H. Both X7 (N) and V§(N) are independent of the p-adic valuation v,(NN) of N since the definition
of X* and Y* are independent of v, (V) by Remark 5.4.4.

The independence can also be understood from the following moduli description: Let S be an
[Fp-scheme, the groupoid Y, (N)(S) consists of the following objects:

a>=0: <(E, E"), E®%) ER E’) where j is a cyclic isogeny of order N,.
In this case, the isogeny j o p("~®/2 0 F@ . E — E’ is a cyclic isogeny of degree N because

n—a)

the isogeny p! /26 F® can be decomposed into

yo...ovoFO.--oE?

"

~
(n+a)/2 times (n—a)/2 times
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hence it is cyclic by [KMS85, Lemma 12.2.4]. The composite j o p{"~®/2 o F is cyclic by
[KM85, Proposition 6.7.10].
a<0: <(E(p7a),E/), E L E’) where j is a cyclic isogeny of order N).

n+a)/2

In this case, the isogeny j o V@ o pl : E — E' is a cyclic isogeny of degree N by the

same reason as before.

Theorem 5.4.7. Let n = v,(N) be the p-adic valuation of N, let N, = p~"N. For any integer a
such that —n < a <n and n = a (mod2), let X (N) = X X, 3 (1),p X0(Np) be a closed substack
of Xo(N), then we have the following identity in CH!(X(N)):

divip) = Y, @2y xe(N).
—n<sasn
n=a (mod 2)

Proof. The multiplicities of the irreducible components A} (N) are byproducts of [KM85, Theorem
13.3.5, Theorem 13.4.7]. O

We now consider the reduction mod p of cusps. Let n = 1v,(NN) be the p-adic valuation of N.
For any integer a such that —n < a < n and n = a (mod2), let N, = p~"N. Let C*(p", N, ) =
CHP™) X py 0 (1) ,p1 X0 (Np), and C5(p™, Np) be its reduction mod p. Let Cj(p", Np) (vesp. C,"(p", Np))
be the curve A(N) (resp. A, "(N)) over F, and Cj(p", Np) be the non-reduced curve over F
corresponding to p(*~laD/2=1(p — DA} (N) when —n < a <n.

Proposition 5.4.8. Let n = v,(N) be the p-adic valuation of N, let N, = p~™N. For any integer
a such that —n < a < n and n = a (mod 2), the formal scheme C5(p", Np) is the formal completion
of the curve Cj(p", Np) along its cuspidal locus.

Proof. By Proposition 5.3.1, the formal completion of X(N)g, along its cuspidal locus is a disjoint
union of n + 1 formal schemes Cg(p", Np) by the definition of Cf(p", Np) above. It is finite flat
over C9(1,1) (which is the reduction mod p of the completion of the cuspidal divisor on Xy(1))
via the morphisms p; and py, with degrees equal to ¢ (Vp) - deg; (C*(p™)) and ¢ (V) - degy(C*(p™))
respectively.

The reduced curve X7 (p™) contains the cuspidal locus as X' (p™)\Vy (p"). Therefore the formal
completion of the non-reduced curve Cg(p”) along its cuspidal locus is nonempty and connected,
hence it is contained in some of the formal schemes Cg/ (p™, 1) for some a’. Since C*(p", N,) and the
curve X(N) are defined by the same base change morphism Xy(Np) — &p(1) from C*(p") and X¢,
we conclude that the formal completion of the non-reduced curve C, (p", Np) along its cuspidal locus
is contained in C;/ (p", Np).

Let degy (Cp(p", Np)) (resp. degy(Cp(p", Np))) be the finite flat degree of the curve Cj(p", Np)
over X;(1) via the morphism p; (resp. p2). By the definition of the curve Cj(p", N}), we have

p(pn=a)/2), if0<a<n;

deg; (C2(p", Np)) = 1h(IN,) -
1(Cp P P prap(pta?), it —n < a <o0.

Plp(pn=/2) if 0 < a <

degy(Cp(p", Np)) = Y(Np) -
I T lewnt), it —n

N

a<O0.



ARITHMETIC SIEGEL-WEIL FORMULA ON X,(N): SINGULAR TERMS 29

The formal completion of the curve C; (p", Np), which is contained in Cg/ (p", Np) for some o, has the
same finite flat degrees over Cg(l, 1) via the morphisms p; and py as the closed formal subscheme
C5(p", Np), hence we must have a = a’ and the formal completion is exactly C§(p", Np). O

Remark 5.4.9. By Proposition 5.4.8, we see that different X;}(N) lie in different cusp compo-
nents, therefore they only intersect at supersingular points since different Vj'(IV) intersect only at
supersingular points by [KM85, §13.1].

As a short summary, we take the example that N = p™ and draw the following table.

Cusp points ﬁ z% ;z% e % a
Choice of a 1 (Z/pZ)* | --- | (Z)(p*, p")2)* | --- | (Z/pZ)*
Ramification via pq 1 1 oo | max{1,pn%} | ... pn 2 p"
Ramification via po p" pn2 o | max{1,p* "} | ... 1 1
Components | C*(p") | C"2(p") | --- oty | O | TR
Mod p Cp™) [ G2 || e | T | G )

6. ARITHMETIC INTERSECTION THEORY ON Ap(V)

6.1. Arithmetic Chow groups CH (Xo(N)). We want to apply the arithmetic intersection theory
developed by Gillet and Soulé in [Gil82] and [GS90] to the regular proper flat Deligne-Mumford stack
Xo(IN). The original Gillet—Soulé theory was extended from schemes to algebraic stacks by Gillet
[Gill1]. We will be encounter the notion of Green functions on a stack with log-log singularities along
the boundary, so we refer to [How15, §3.1], [KRY06, Chapter 1 and 2] as a common generalization.
The arithmetic Chow ring of Xy(N),

2
CH' (%(N)) = @@ CH' (Xy(N)).
n=0

Roughly speaking, a class in Gﬁn(?{o (N)) is represented by an arithmetic cycle (£, gz), where Z is
a codimension n closed substack of Xp(V), with C-coefficients, and gz is a Green current for Z(C),
i.e., gz is a current on the proper smooth complex curve Xy(N)c of degree (n — 1,n — 1) for which

there exists a smooth form w such that
dd®(g) + 0¢ = [w].

holds; here [w] is the current defined by integration against the smooth form w. The rational
arithmetic cycles are those of the form (Il\v(f) — (div(f), t«[~log(|f[>)]), where f € k(Z)* is a
rational function on a codimension n — 1 integral substack ¢ : Z < Xy(INV), together with classes of
the form (0,n + dn’). By definition, the arithmetic Chow group CH™(Xy(IV)) is the quotient of the
space of arithmetic cycles by the C-subspace spanned by those rational cycles.

Let Z be an irreducible codimension 2 cycle on Xy(N), then Z is a Deligne-Mumford stack over IF,,
for some prime number p and the groupoid Z (E,) would be a singleton with a finite automorphism
group Aut(Z), the rational function field x(Z) of Z is a finite extension of F),. Clearly 6z = 0
because Z(C) = @.
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Let (Z,9) = (3, ni[Z;],g) be an arithmetic cycle of codimension 2 where each Z; is an irreducible

7
codimension 2 cycle on Xy(N). We define the degree map as follows,

(42) deg : CH' (X(N)) — C,

here the integration § g is the integration of the constant function 1 on Xy(N)c against the
Xo(N)c
(1,1)-current g. It is a finite number since the stack Xp(IN) is proper. This number is independent

of the choice of representing element (Z,g) as a consequence of the product formula (cf. [Gil82,
3.4.3)).

6.2. Extended arithmetic Chow group @II(XO(N),S).

Definition 6.2.1. Let S be the set of cusps on the complex curve Xy(N)c. For P € S and € > 0, de-
note by B.(P) < Xp(IV)c the open disk of radius € centered at P and Xy(N). = Xp(N)c\ J B:(P).
PeS

Let t be a local parameter at a point P € S, for a line bundle £ on Xp(N), a singular metric Az on
the induced complex line bundle L4, on Xp(N)c is called hermitian, logarithmically singular (with
respect to §), if the following two conditions hold:

(a) he is a smooth, hermitian metric on Ly, restricted to YVo(N)c;

(b) for each P € S and any section [ of £, there exists a real number « ZLP and a positive, continuous
function ¢ CLP defined on B.(P) and smooth away from the origin such that the equality

he (1)) = —log([t?)*20r - [P O oz p(2)

holds for all t € B.(P)\{P}; furthermore, there exist positive constants 8, , and pz, , such that
the inequalities

a‘PE,l,P(t) Bzip a‘PE,z,P(t)
o | | rear 7

2
Beup pp,pt) Beup
Ot | T prear’ | atdt | T P rrar

Example 6.2.2. Let 7™V : puniv _, pruniv he the universal cyclic N-isogeny between generalized
elliptic curves E'Y P Xo(N) and BV A Xo(N) over the modular curve Xyp(N). Let wy =

puniv (Q}Eumv 1% N)). This bundle can be metrized on the complex curve Vy(NV)c in the following

way: let f be a section of wy, for any 7 = u+iv € H*, the metric | -|| at 7 is determined by formula

(43) 112 = 2v/me™ 20 - |f(7)]?,

where 7 = —I"(1) is the Euler-Mascheroni constant, this metric is hermitian and logarithmically
singular with respect to the set S by the work of Du and Yang [DY19, Theorem 5.1]. In the rest
of this paper, we will use Wy = (wn,| - |) to denote this hermitian, logarithmically singular line
bundle.

Let F/’i\c(Xo(N ),S) be the group of isomorphism classes of hermitian, logarithmically singular line
1
bundle on Xy(N) with respect to the set S, we also denote it by CH (Xp(N),S) and call it the
extended arithmetic Chow group of Xy(/N) with respect to the set S.
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Definition 6.2.3. Let £ = (£, hz) and M = (M, haq) be two hermitian, logarithmically singular
line bundles on Xy(N) with respect to the set S, let [, m be non-trivial, global sections, whose induced

divisors on Xp(N)¢ have no points in common. Then the generalized arithmetic intersection number
(L, M\> is defined by
(L, M\> = (I,m)n + I, M)oo;
here (I, m)qy, is defined by Serre’s Tor-formula, which specializes to
(L, m)in = Z ]Autl(ac)\ -log #OXO(N),x/(limmx)a
2€Xp(N)
where [, m, are the local equations of [, m respectively at the point x € Ay(N) and

(44)

ordp(l) ordp(l)
{d,mye = — log(hag(m))(div(l Z |Aut ) + ZS TAut(P)| (O‘/\?,m,P — log(gojq’m’P(O)))
Pe
. OI'dP(l) 2 'on
lim Z . .log(—logg ) + J‘ ].Oghg(l) 'Cl(M)
= M,m,P
e—0 S ]Aut(P)| i),

Proposition 6.2.4. Formula (44) induces a bilinear, symmetric pairing

CH (X(N),S) x CH (X(N),S) —> C.
Proof. This is proved by Kiihn in [Kiih01]. O

Example 6.2.5. The pairing {0y, @y ) has been computed by Kiihn [Kiih01] and Bost, adjusting

for the normalization of the metric in [DY19, Lemma 7.3|, the result is

¢(N)<1 _A'(—1)>.

@now = 5 \3 7 3

6.3. Intersection numbers of irreducible components of Ay(N)r,. Let )?;(N) = (A5 (N),0)

be the corresponding class in the arithmetic Chow group éﬁl(Xo(N )). Recall that there is an
intersection pairing (-,-): CH (Xp(V)) x CH (Xp(NV)) — C.

Lemma 6.3.1. Let n = v,(N) be the p-adic valuation of N, let N, = p™"N, for integers a,b such
that —n < a # b <n and a,b=n (mod 2), we have

My—l)pmin{lal,\b\}j if ab > 0;

(45) (X (N), )(N)) = log(p) - :
. 8 e Wp)p-l), if ab < 0.
For integer a such that —m < a < n and a =n (mod 2), we have
W (Np)p!! if |al :
~ ~ — #n
a a _ . 12 ? )

24 )
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Proof. Let first assume a,b > 0 and a # b, then by the definition of the pairing {-,-) and (d), (e) of
Theorem 5.4.3,

~ ~ 1 a b
ENLEN = V] ey Length (Flla )/~ 60— ) ) logp)
PeX3(N)(F)
_ Z 1 . pmin{a,b} . log(p).

peim) TAUEP)

By (e) of Theorem 5.4.3, the stack Xp(p™) has the same number of supersingular F-points as the
stack Xp(1), while the later one has been computed explicitly by the following formula (for example,
see [KM85, Corollary 12.4.6]),

pexToye FAU(P) © 2
Moreover, by Lemma 5.1.2 we know that Xo(N)r =~ Xo(p")F X ay(1)r Xo0(Np)r, recall the fact that

Xo(Np)r is finite flat of degree 1)(NN,) over Xy(1)r, hence
Z 1 . ¢(Np)(p —1)

Peri(N)(F) #Aut(P) 24

therefore <2?;(N),/\?ZI)’(N)> = log(p) - %pmm{“’b}. The other cases of formula (45) can be
proved similarly.
Recall that the principal arithmetic divisor associated to the constant function p is

div(p) = (div(p), — log(p?)).

1
It is 0 in CH (Xy(NN)), hence for any integer a such that —n < a < n and a =n (mod 2),

(47)
(XN, (N + X, M (N) + D0 pr DR — 1) AR (N)) = (A (N), (div(p), 0))
n=b, &E&)
= (X7 (N), (0,1og(p*)) = 0
therefore formula (46) can be proved by combining (45) and (47). O

Let n = 1,(N) = 0 be an integer and N, = p™ "N, let )?p(N) be the following element in
1

(48) Xp(N) = S X(N) —

>

w(N> _npn+1 4 2pn + npnfl )

(Bp(N), Bp(N)) = = = TG 1) -log(p).

Proof. The fact WJ"\‘,(XAP(N)) = —é?p(N) follows from the definition of the element é?p(N). The
intersection number can be computed by Lemma 6.3.1. 0



ARITHMETIC SIEGEL-WEIL FORMULA ON X,(N): SINGULAR TERMS 33

6.4. An explicit section of the Hodge line bundle. In this section, we define and study the

associated divisor class of an explicit rational section of the line bundle w®12¢(N)

For any positive integer N, define the following function an on the set of positive integers,

_ t. N, @)
an(t) = Y n(-)p(— ) o

r|t

where p(+) is the Mobius function and r ranges over all the positive integers dividing t.

Lemma 6.4.1. The function an has the following properties,

(a). Y an(t) = ¢(N) and Y. t~tan(t) = 0.
i N
(b). Let p be a prime number such that p|N, for any positive integer t such that pt|N,

an (pt) = pap-1y/(t).

Proof. The part (a) has been proved in [DY19, Lemma 3.2]. We prove part (b) as follows. Let
n = vp(N) > 1 be the p-adic valuation of the integer N, and N, = p~"N. By definition,

ax(pt) = 3 Py AN

P v o)
_ S 2 N, ¢(N) pt, N, o(N)
- W%(N/)*%“(r)“(r)sow/r)
pir plr
_ pt N go “IN P(IV)
;pt e )" %M v )w(p‘lN/T’)
pir
If n > 2, we have ,u(ﬂ) = 0 when pJ(r then
sO(N)
-1 1
= pZu ,N) S(D(_lN]j:,) = pa,-1y(t).

/‘t

If n = 1, we have t[p~!N = N, especially, p { t,
pt, N. (N
axtot) = 3 u(Pyu( ) £

r|pt r SD(N/T)
- S AT N o)
Tzh;lu ( N/Y’ Zéu 7,/ )90(p_1N/r’)
1N o(p~IN) t p N (p— Dp(p™'N) .
_TZ'; ( 1N/T)+TZ’;N(T/)N( ) p(p TNy P N ().
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Let A be the modular discriminant function on the upper half plane H™, it is a cusp form of
weight 12 and level 1 with expansion at oo given as follows,
(49) A(z) =q H(l — "), q = €™ where z € HT.

n=1
The modular form A(z) is a global section of the line bundle &®'? by the definition made in Katz’s
work [Katz73]. Similarly, for any positive integer ¢, the modular form A(tz) is a section of the line
bundle @t®12. Now we construct an explicit section Ay of the line bundle ZD%MP(N) following the
lines in [DY19, §1],
(50) An(z) = [ [Atz)~®.
tIN

where t ranges over all the positive integers dividing N. Let Wy be the following matrix:

(51) Wy = (_gv é)

The element Wy induces the Atkin—Lehner involution we defined in §5.2, hence the notation. Define

the following section:

It is also a rational section of the metrized line bundle @%MP(N).

Lemma 6.4.2. Let p be a prime number such that p|N, let n = v,(N) > 1 and N, = p™"N, we

have .
_ AN,z
Ay, (prtz)P"

AN<Z)

Proof. By the definition of Ay, we have

An(z) = [ [ AG)™® - [T Aftz)*®.

t|Np pItIN

If n > 2, we have ay(t) = 0 when ¢|N,. Combining Lemma 6.4.1, we have

P
(52) An(z) = [] A@l2)=) = T Atz v = A, n(p2)P.
t'lp~IN tlp~IN
If n =1, we have ay(t) = —an, () when ¢|N,. Combining Lemma 6.4.1, we have
_ N An,(pz)P
o 1 . ran(pt’) _ N,
(53) AN(Z) - (ANP(Z)) H A(pt Z) NP = A]Z:[ (Z) .
t'|Np P
Therefore the lemma follows by induction based on formulas (52) and (53). O

Recall the definition of the cusps Py (V) and Py(NN) in Remark 5.3.2. We have the following
theorem which describes the divisors associated to the rational sections Ay and A?V explicitly.
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Theorem 6.4.3. For any positive integer N, and any prime number p, let n = vp(N) = 0 be the

—1
p-adic valuation of the integer N, then as an element in CH (Xo(N)), we have

div(AN) = $(N)@(N) Py (N) + > fo(N),

pIN
div(A%) = H(N)p(N)Po(V) + 3 1),
pIN
where for any p|N,
B LW =12 ey Y (0= 1) ) )

—n<a<n
a=nmod 2

(55) 3V = ~6np(N)A () + 12 o) B el (1) )

—n<as<n
a=nmod 2

Proof. The expansion of Ay at o0 is computed in [DY19, Proposition 3.3], there exist some integer
Cn(n) such that
An(z) = g?Ie) H(l — gM)HOn ()
nz=1
hence the vanishing order of Ay at o0 is 1)(N)@(N), and there is no vertical component of div(Ay)
at the cusp C"(p", Np). Let k be a positive integer such that 0 < k < n, we first study the expansion
of the modular form Ay, ,n(2) = Ay, (p"2) at the component C**~"(p™, N,) of ajs\p(XO(N)), since
the point P% belongs to this cusp by Corollary 5.3.4, let
P

1 0 pv R —1 PPl
= , = , N = .
Y pk 1 Tk 1 0 k 0 pn_k
Note that p™ - vz = ygngz for any z € C.

AN,y 1p(v,) (2) = AN, (0"72) - (7, 2) 71200

(e, 12) ) 12¢(Np)

= An, (" 2) G (e, ngz) TH2P M) < i0r2)

—12¢p(Np)(n—k
:p 90( P)( ) Np’ryk712¢(]\[p)(nkz)'

Moreover, for any z € HT,
p . _
ANp’,thg(p(Np)(z) = ANp( > ) '](’Yk)z)
1
= ANp(_;) .z 120(Np)

11 A(—é)‘%(t) . 120(N)

_ H A(%)aNp(t) . H t_12aNp(t)_

£ Np t|Np
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Let Cn, = ]1 71297 ®) | we know that vp(Cn,) = 0, and
t[Np

_ _ kz 41 anp ()
Avap”‘%u@(Np)(Z) = p12e(Np)(n—k) . Ch, - H A <p > .

Similarly, for Ay, ,n-1(2) = An, (p"12), we have

k any (t)
_ ki piz+1 P
Aty i () = 2R oy T A( ) ‘
1IN,

By definition,

.

p" P

A = Np,p" _ (ANP,pn |'7’124P(NP) (Z))
N‘%12<p(N)(Z) N (2) = o1

Nypr—1 1126(N) (ANp,p”—1|%12¢(Np)(z))

A <pkz+k1)l’n any (t)

_ " (n—k)— n—1 n—k— n__,n—1 n—k¢
(56) —p 12<p(Np)(p (n—k)—p" " (n—k—1)) 'Cﬁfp p ) H f T
v \ A (55

By the expansion of A at oo given in formula (49), we know that the last term in formula (56)
doesn’t vanish. Recall that the cusp P lies in the component C2*~"(p" N,) of Cusp(Xo(N))
P

and mod p reduction ng,k_”(p”, N,) of the formal scheme C2¢~"(p", N,,) is the completion of curve
Cgk_”(p”, Ny) = p(”_‘%_mm_l(p — 1)X5k_”(N) along its cuspidal locus, hence the multiplicity of
Cgk’"(p", Np) in div(An) is —12¢(Np) (p"(n —k)—p" tn—k— 1)) O

—1
Corollary 6.4.4. For any positive integer N, we have the following identity in CH (Xp(N)),

Oy — Wiy = ) X (N).
pIN

Proof. We know that
Oy = (div(An), —log [An|?) = (div(AR), —log [AY|?),
therefore
Oy — Wiy = (div(AY), —log |AY[*) — Wi (div(An), —log |Ax|?)
= () (F)(N) = WX f5(N)) . 0) = 7 Bp(N).

p|N p|N

7. ARITHMETIC SPECIAL CYCLES

—1
7.1. The codimension 1 case: Arithmetic special divisors in CH (Xy(N)). In the section,
1
we define an element in the codimension 1 arithmetic Chow group CH (Xy(N)) of Xy(N) for any
pair (t,y), where ¢ is an integer and y is a positive real number. Before giving the full definition, we
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modify the bundle &y following [DY19],

(57) 0= —On — Wiy = 208 + > 4,(N),
p|N

—1
notice that the last identity follows from Corollary 6.4.4. The element @ is an element in CH (Xp(N), S).

7.1.1. Special divisors. We first define an element in the Chow group CH!(Xp(N)). When ¢ < 0, we
define Z(t, A(N)) to be 0 in the Chow group CH!(X,(N)). Let’s now consider the case that ¢ > 0.

Definition 7.1.1. Let ¢ be a positive integer. The stack Z(t, A(NN)) is defined as follows, its fibered

category over a scheme S consists of the following objects,
(B> E),)).
where (E "> E') is an object in Yo(N)(S), j € Homg(E, E’) is an isogeny such that,
jomY +mojY =0 and j¥Yoj=t.

It is a well-known fact that the stack Z(t, A(NN)) is a generalized Cartier divisor on the stack
Xo(N), a detailed proof can be found in [Zhu25, Proposition 4.3.7] (see also [SSY23, Lemma 2.3]),
therefore it can be viewed as an element in the Chow group CH!(Xy(IN)).

Up to now, we have already constructed elements Z(t, A(N)) in the Chow group CH!(Xy(N)) for
any integer ¢, but these elements need to be modified due to the fact that )o(N) is not compact.
The modification is given by adding some boundary components to Z(¢, A(N)) when ¢t < 0. For a

real number s, define the function 55 to be

Q0
(58) Bs(r) = J e "t%dt, where r > 0.
1

Let y > 0 be a positive real number, ¢ be an integer, define

VN [33/2(—47rty), if —Nt > 0 is a square;

2T\ /y
_ VN e 0.
(59) g(taya A(N)) - Qﬂ-\/yy 1f t= 07
0, otherwise.

Recall that Cusp(Xy(N)) is the cuspidal divisor of the stack Xy(IN), the completion of Xp(V) along
Cusp(Xp(NN)) has the following decomposition by Remark 5.3.2:

Cusp(Xp(N)) = [ [ ™ (),
M|N
where M ranges over all positive divisors of N. Define Cusp™ (Xp(N)) = CM(N)
Cusp(Xy(NV)). We have the following equality in CH!(Xy(V)):

Cusp(Xo(N)) = D Cusp™ (Xp(IV)).
M|N

* Cusp(Xo (V)

For a positive divisor M of N, define

o(N,M) = ﬁpi"i_2mi|, if N = ﬁql"l and M = ﬁqlml
i=1 i=1 i=1
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Define the modified special divisor to be
(60) Z¥(t,y, A(N)) = Z(t, A(N)) + ), g(t,y, A(o(N, M))) - Cusp™ (Xo(N)).

M|N
7.1.2. Green functions. Now we are going to construct the Green functions for these cycles, following
the work of Kudla [Kud97]. Let D = {z € A(N)®zC : (z,2) =0, (2,z) < 0} /C* c P(A(N)®RC), for
any z € A(N)®R and [z] € D, let R(z, [2]) = —|(x, 2)|?-(2,Z)~!. For any element in 7 = x+iy € H*,

we let
1 Nz N(2?+9?)
M) = VNy (—1 —x ) '

We also define an element ¢(7) of D associated to the element 7 as follows,

() = KNlT ‘]_Vf)] |

Now we construct Green forms for the special cycles defined in §7.1.1. For any pair (¢,y) where ¢

is an integer and y is a positive real number, we define

oty AN(D = ), AileR(y e, [2]).
xe(Ax(g))j;#O

It is invariant under the action of I'g(/V), hence the function g(d,y, A(N))([z]) is smooth on the
open subset Vo(N)c — Z(t)c. Define the modified Green forms to be

g9(t,y, A(N))([=2]), if £ # 0;

9(0,y, A(N))([2]) —log(y), ift = 0.

For the pair (¢,y), we also consider the following differential on the upper half plane

g*(t,y, A(N))([2]) =

1 dr A dT

1 ¢ A(N)) = h 2 —27R(z,c(1)) . Ql,l ).

e N R M (UG e e i)
zeA(N),z#0
(z,x)=t

It is invariant under the action of I'g(/V), hence can be descended to a differential (1,1)-form on
the uncompactified complex modular curve Yo(N)c. We will study its singularity along cusps in
Theorem 7.1.3. That theorem reveals that the modification of the Green forms g(t,y, A(N)) is
designed to align with the modification of the special cycle Z*(¢,y, A(N)).

Lemma 7.1.2. For a cusp point P = Py of Xo(N), let Ip € A(N) ®z Q be an isotropic vector
corresponding to P. Then

4r/—o(N, M)t, if —Nti ;
HTo(N)  Stabp\{v : ve A(N), q(v) = ¢, (v,1p) = 0} = oV, M)t, i 5 @ sdtiare

0, otherwise.

Proof. We consider another realization of the lattice A(N) in the matrix group Ma(Q)™=C (cf.

[DY19, (1.2)]):
A(N) = {x = <Z _i/aN> ta,b,ce Z} :
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with the quadratic form given by N -det. The advantage of using this realization of the lattice A(V)
is that the group GSpin(A(N))(Q) ~ GL2(Q) acts on it simply by conjugation. The isotropic vector
corresponding to the cusp point Fypz/n is

aM/N —a?>M?/N? 0 1
lPa]M/N = ;o lpy = .
1 —aM /N 0 0
We only give the proof when N = p”, the idea for the general case is similar. Suppose M = p*
with0<k<nandace (Z/pmin{k’”*k})x. The cusp point F,/,n—x is mapped to P_,-1/,
Atkin-Lehner involution Wj» which is given by the matrix (51). The element Wy also preserves

the lattice A(p™) and the group I'g(p™). Therefore the left hand side of the equality in the lemma
are the same for P, »—x and P_,-1,, while the right hand side are also the same for M = pF and

r under the

p" %, hence we only need to consider the case that P = P, px where [n/2] < k < n. We can also
assume a = 1 without loss of generality. Define

1 0
Tk = _pk 1 .

Then vy, maps the cusp P = Py x to Poo. The map v — 7y - v - ! defines a bijection

(62) {v: ve A(p"),q(v) =t,(v,lp) =0} > {v: ve 'ykA(p")fyk_l,q(v) =1, (v,ly) = 0}.

The action of the group I'g(p™) N Stabp on the left hand side transforms to the action of the group
Y6To(p™)v; ! N Stabp, . The assumption that [n/2] < k < n implies that

1
(63) YLo(™)v; ' N Stabp, = {J_r <0 916) = Z}.

An element v on the right hand side of (62) has the following form

a a+pFb
(64) v = (%C p2'; ) . a,beZand —p" ka2 =t
P

Hence the set on the right hand side of (62) is empty if —p"t is not a square. Now Let’s assume

1
—p"t is a square. The element g = + (0 f) acts on the element (64) in the following way:

a a+phb a  atpf(b—2ax)
P P2k L gvgil _ [ pF P2k
a a

p

Hence for a given a, the element b has 2|a| = 24/ —p?*—"t choices. Therefore

#T0(p") A Stabp\{v: ve A(P"),qv) = t, (v,1p) = 0} = 44/ —p2h—nt.

Theorem 7.1.3. For any pair (t,y) such that t is an integer and y is a positive number,

(a) The function g(t,y, A(N))([z]) is a Green function for the modified divisor Z*(t,y, A(N))

if t # 0; for the boundary divisor Y g(0,y, A(c(N, M))) - CuspM (Xo(N)) if t = 0.
MIN
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(b) The element (Y. g(0,y, A(o(N, M))) - Cusp™ (Ap(N)), 9(0,y, A(N))([2])) and all the ele-
M|N
ments (Z*(t,y, A(N)),ag(t,y, A(N))([z])) for nonzero t belong to the extended arithmetic

—1
Chow group CH (Xp(N),S), more precisely,

oty A dd®g(t, y, A(N)) + z# (g, A(N))e> if ¢ # 0;
w(t,y, A(N))| = .
ddg(0,y, AN)) +0 52 40,5, A(e(V,M))-Cusp™ (2o (n)): =0
MIN

— When —Nt > 0 is a square, the function g(t,y, A(N))([z]) has log singularity at the
cusps;
— When t =0, the function g(0,y, A(N))([z]) has log-log singularity at the cusps;
— Otherwise the function g(t,y, A(N))([z]) decreases exponentially at the cusps.
(c) The element & + (Z*(0,y, A(N)), g*(0,y, A(N))) lies in the usual arithmetic Chow group
CH' (X% (N)).

Proof. The case —Nt is not a square has been proved in [DY19, Theorem 5.1 (1)]. We only need to
consider the case —Nt is a square.

When —Nt > 0 is a square, let P be a cusp point and gp be the local parameter of Xy(N) at P.
It is also proved in loc. cit. that g(t,y, A(N)) have the following expansian near the point P:

g(tv Y, A(N)) = _gP(t) Y, A(N)) : (1Og |qP|2) + 0(1)7
here (.9 A(N))
aplt,y,
t,y, A(N)) = ————-—-. —4mty).

gP( 'Y, ( )) 87T\/—7ty 53/2( ™ y)
Let Ip be the isotropic vector in the vector space A(N) ®z Q corresponding to the cusp P, the
number ap(t,y, A(N)) is the cardinality of the following set:
Co(N)\{(v,1) : ve A(N),q(v) =t,(v,1) =0,1is T'o(N)-equivalent to Ip}.

The above set can be mapped to the following set bijectively:

[o(N) n Stabp\{v: ve A(N),q(v) =t, (v,lp) = 0}.

The cardinality of the above set has been calculated in Lemma 7.1.2. Therefore if P = B,/ for
some positive integer M|N, we have

N Yo Qﬂ\F ,6’3/2( Arty), if —Nt > 0 is a square;

0, otherwise.

Hence gp(t,y, A(N)) = g(t,y, A(c(N, M))). This concludes the proof of (a) and (b) for ¢t # 0. The
proof of (a) and (b) for the case t = 0 is similar to the —N¢ > 0 is a square case, so we omit it.
While the last statement (c) is proved in [DY19, Proposition 6.6]. O

Definition 7.1.4. For any integer ¢t € Z and real number y > 0, define the following element in
—1
(Z*(t,y, A(N)),g*(t,y, A(N))), if ¢ # 0;

2ty AN =1 +(2*(0,5, A(N)), 8*(0,y, A(N))), ift =0.
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Lemma 7.1.5. For any integer t € Z and real number y > 0, we have the following identity in
—1
CH (XO(N»; N

WRZ(ty, A(N)) = Z(t,y, A(N)).

Proof. When t = 0, this follows from the definition of & in (57). When ¢t # 0, this is proved in
[DY19, Proposition 6.8]. O

)

7.2. The codimension 2 case: Arithmetic special cycles in CH (Xp(V)). In the section, we
—2

define an element in the codimension 2 arithmetic Chow group CH (Xp(NV)) of Xp(N) for any pair

(T,y), where T' € Sym,(Q) is a half-integral 2 x 2 symmetric matrix and y € Sym,(R) is a positive

definite 2 x 2 matrix.

7.2.1. The rank of T is 2. In this case, the matrix T is nonsingular. For any positive definite 2 x 2
~ 2

matrix y and T-adimissible Schwartz function ¢ € ./ (V?), an element Z(Ty, ) € CH (Xp(NV)) has

been made in [Zhu25, §4.3 (16)]. We define Z(T,y) = Z(T,y, 1(A(N)®Z)2)’

7.2.2. The rank of T is 1.

Lemma 7.2.1. Let T € Symy(Q) be a half-integral 2 x 2 symmetric matriz such that rank(T) = 1,
then there exists t € Z and an element vy € GLo(Z) such that

0 0
T="~. .
(0

Moreover, the integer t is uniquely determined by T, and is invariant upon replacing T by toTo with
OS] GLQ(Z)

Proof. This is proved in [SSY23, Lemma 2.10]. O

Definition 7.2.2. Let T' € Sym,(Q) be a half-integral 2 x 2 symmetric matrix such that rank(7) = 1,
let y € Symy(R) is a positive definite 2 x 2 matrix. Let ¢ be the integer associated to T' by Lemma

7.2.1. Let yo = t~Yr(Ty) and y; = dzzy’ both of y; and yo are positive numbers. Define

Z(T,y) = 2(t,y2, A(N)) - & — (0,10g y1 - 625 (1.yp A(N))c)

where Z*(t,ya2, A(N))c is the complex points of the modified special cycle defined in (60).

Remark 7.2.3. When the rank of 7" is 1. We notice two invariance properties, which both follows
from the definitions:

(65) Z(*yT,y) = Z(T,7y"y), for any v € GLy(Z).

-~ A 1
(66) Z <<8 (t)> ,Hytﬁ) =Z <<8 (t)> ,y) , for any 0 = (O T) where z € R.

7.2.3. The rank of T is 0. In this case, the matrix 7" = 0s.
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Definition 7.2.4. Let y € Sym,(R) be a positive definite matrix, we define the following element
—2
in CH (Xp(N)),

= ~ o~ 144 1 Vp(N)+ Dp+1—v,(N
Z(0g,y) =& -w+ |0, [ logdet(y) — WZ (2,Y> H Gl pl)/p(N)zl(p n 1)2p( 1. (€] ],
pIN

where [Q] = d; WAy%y.

Now for any element z = x + iy € Ho, we consider the following generating series with coefficients
—92
in CH (Xo(NV)),

. — =2 ~
where g7 = €2 (T2)  Recall that we have defined a degree map deg : CH (Xy(N)) = C in §6.1.

Theorem 7.2.5. Let N be a positive integer. The generating series g’b\g is a nonholomorphic Siegel

— —29 N
modular form of genus 2 and weight % More precisely, under the isomorphism deg : CHg (Xp(N)) —

C

bo(z) = ‘”g) - OEis(z, A(N)?),

here p(N) = N - JT[(1+p~1).
pIN

The proof of Theorem 7.2.5 will be given in the next section.

Part 3. Proof of the main results
8. HEIGHTS OF ARITHMETIC SPECIAL DIVISORS

8.1. Degrees of arithmetic special divisors. Let (Z,¢g) be an element in the extended arithmetic
1

Chow group CH (Xy(N),S), then there exists a smooth (1, 1)-form w on the complex curve Xy(N)c

such that we have the following identity as Green currents on the complex curve Xp(N)c,

dd®(g) + 9z, = [w].
we define the following degree map,
1
deg: CH (AXp(V),S) — C
(2.9) —des(Z.g) = | w=(Z.9.0.2).
Xo(N)e

Proposition 8.1.1. Let (t,y) be a pair such that t is an integer and y is a positive number. Let

T =x+iye H" and g = e*™7, we have
~ 2
deg Z(t,y, A(N)) - ¢ = ——& (1,1, A(N)).
( (N)) V) ( (N))
Proof. This is proved in [DY19, Proposition 6.7]. O

8.2. Height pairings of special divisors and vertical fibers. Recall that H = Xp(1) x Xp(1)
is the product of the smooth Deligne-Mumford stack Xp(1) over Z. Let p be a prime number and
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H, = H x SpecF, be the reduction mod p of H, it is a 2-dimensional smooth Deligne-Mumford
stack over F,. Let 4, : H, — H be the closed immersion. Recall that Cusp(#) € CH!(H) is the
cuspidal divisor of the stack H, we define

Cusp(H,) := i, Cusp(H) € CH'(H,).

Now we are going to construct an element Z%(¢) in CH!(H) for every integer t.

Definition 8.2.1. Let ¢t be a nonzero integer.

+ When t > 0, the stack Z#(t) is defined as follows, its fibered category over a scheme S

consists of the following objects,

(B, E), j),

where (E, E’) is an object in H(S), i.e., a pair of generalized elliptic curves. The element

j € Homg(FE, E') is an isogeny such that jV o j = t.

— When the integer t < 0, define
Z8(t) :== Cusp(H).

Lemma 8.2.2. Let p be a prime number, let n = v,(N) be the p-adic valuation of N. Let (t,y) be
a pair such that t is a monzero integer and y is a positive number, the following identities hold for
all integers a such that n > |a| and a = n mod 2.

(a)Ift >0,

Bty AN, B (V) = > T length On, o (fo o) |.

2€Z(L,A(N))nYa(N)(Fp)

where fi . and f, . are the local equations of the divisors Z%(t) and X (N) respectively.
(b)Ift <0,

(Z(t,y, A(N)), XL(N))

t,y, A(pl®la(N,, M))) - lo
- 2 Z g( Y (p ALS’U(;‘) ))) gp‘lengthOHp@/(fc,acafa,m) )
MINy \ weCuspr™ /%M (X (V) X3 (N) ()

where fez and fq o are the local equations of the divisors Cusp(H,) and XI‘}(N) respectively.

Proof. We first prove (a). The closed substack Z(t, A(N)) of Xp(N) actually lies in the stack
Vo(N) by [Zhu25, Proposition 4.3.7], hence Z(t, A(N)) n XJ(N) = Z(t,A(N)) n Y5(N). Let
x e Z(t,A(N)) n X;(N)(Fp) be a point. Let OZ(t,A(N))ng(N),x and Oy, , be the local rings of
the stacks Z(t, A(N)) n X7(N) and H, at x respectively. We will show that Oz(L,A(N)nXs(N) .z ™~
On,,2/(ftas fae) and it is an Artinian local ring. Let (E, E') be the object in H,(F,) corresponding
to x where both E and E’ are elliptic curves over E). There exists a cyclic isogeny 7 : E — E’ of
order N and an isogeny j : E — E’ of order ¢ such that 7¥ o0 j + jY om = 0. Let fj., frz € O,
be the equations cutting out the closed subschemes where j, m deform to isogenies, then f;, = f;



44 BAIQING ZHU
and fq ¢|frz. Since j and 7 are orthogonal to each other, we have

Ozam)nxs (Ve = Oxav).a/(Fiz) = Onyu/(fras faz)-

Moreover, the two elements f;, and fr, have no common factors in the regular local ring Oy, »
by [Rap05|. Hence Oy, +/(ftx, fa,z) is an Artinian local ring. The equality in (a) follows from the
intersection pairings in Definition 6.2.3 and Serre’s Tor formula.

.
Now we consider the case t < 0. Let N = [ ¢;" be the prime decomposition of N where ¢; = p
i=i
,
and n; = n. Define N, = Np~". For a positive integer M = [] g™
i=2
Cusp?" M (Xy(IN)) of the cuspidal divisor Xo(N) intersects with Xy (N) if and only if 2m —n = a.
Then the formula follows from the definition of the divisor Z*(¢,y, A(N)) in (60) and the fact that

the cuspidal divisor Cusp(&p(/V)) intersects with X7(IN) properly. O

of Np, the component

Lemma 8.2.3. Let N, be a positive integer prime to p. Let t be a positive integer. Let a be an
integer. Let n be an integer such that n > |a| and n = a mod 2. Let S be an Fy-scheme, the groupoid

Z(t, A(p"Np)) n Xy (p"Np)(S) consists of the following objects:
a=0: ((E, E'), E®*) J, FE ES E'), where E, E' are elliptic curves over S, m¥om =t and jo F®

and 7 are orthogonal to each other;
a<0: ((BEY " E),ELE EYY S EY), where E,E" are elliptic curves over S, ¥ om =t and

jo V% and 7 are orthogonal to each other.

Proof. We only give the proof for the case a = 0 because the case a < 0 is similar. By the proof
of Lemma 8.2.2, we know that Z(t, A(p"Np)) N X (p"Np) = Z(t, A(p"Np)) 0 Yy (p"Np). For an
object x € Z(t, A(p"Np)) N X (p™Np)(S), it corresponds to a pair of elliptic curves (E, E') over S.
By Remark 5.4.6 and the definition of Z(t, A(N)), there is a cyclic isogeny j : E®") — E’ of order
N, and an isogeny 7 : £ — E’ of order ¢. As an object in X7 (N)(S) = Ap(N)(S), the object =

corresponds to the following cyclic isogeny of order N:

pa)2 o pa ., p PR p) ) pr

Since x is also an object of Z(t, A(N))(S), the isogeny 7 and j o F'® are orthogonal to each other
by Definition 7.1.1. U

Remark 8.2.4. Let ¢ be an integer. Let a be an integer. Let N be an integer such that the p-adic

valuation n := 1,(N) of N satisfying that n > |a| and n = a mod 2.

t > 0: the stack Z(t,A(N)) n XJ(N) = Z(t,A(N)) n Vg(N) is independent of n by the above
lemma.

t < 0: the stack Cuspp(nMWM(XO(N)) N XJ(N) is independent of n for a fixed positive integer
M|N,:

10

(n+a)/ a (n+a)/ n a

Cusp” * 2]\4(/'\.’0(]\7)) N & (N) (Cuspp - 2(/“(O(p ) X Cusp(Xo(1)) CuspM(Xo(Np))> N Xy (N)
(n+a)/ n a

(CUSP” T (X)) ﬁ?\-’p> X Cusp(Xo(1)) Cusp™ (Xo(Np))

(Cusp(Hp) N X)) X cusp(o(1)) Cusp™ (Xo(Np)).

12

0
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The last isomorphism follows from Proposition 5.4.8.

Corollary 8.2.5. Let p be a prime that n = v,(N) = 2, let a be an integer such that —n < a <n
and a = n mod 2, then for any pair (t,y) such that t is an integer and y > 0,

(67) (Z(t,y, AN)), XL N o vy = 2,5, AND2)), XEND ™)) a0 (Np-2).-

Notice that we add subscript here to emphasize that the pairing on the left hand side happens in the
group CH (Xo(N)) while the right hand side happens in the group CH (Xo(Np~2)).

Proof. We first prove this when ¢ # 0. We have the following equalities by Remark 8.2.4,
t>0: Z(t, AN)) 0 Vp(N)(Fp) = 2(t, A(Np~?)) n Vg (Np~?)(Fy).
t < 0: Cusp?" M (X (N)) A XS(N)(F,) = Cusp?™ "M (Xo(Np~2)) n X3 (Np~2)(F,).

Therefore (67) follows from Lemma 8.2.2 and the definition of the function g(¢,y, A(N)) in (59).

Next we consider the case that ¢ = 0. The same arguments as above for ¢ < 0 implies that the

following pairing
< > 9(0,y,A(0(N, M))) - Cusp™ (X(N)), (0, y, A(N))([2])) ,/f’;(N)>
M|N

is independent of the p-adic valuation n = v,(N) as long as n > |a|. We only need to show that the
following pairing is also independent of n:

((div(®), g — log(y)) . Z(N) ) = ((div(@). ga) . (V) ) = @, B (N)).

We know that 12¢0(N) - @n = (P(N)p(N)Pr(N) + X f,(N),—log || Ay ||?), hence

pIN
~ 5 1 > > 5
(@, & (N)) = —qu(m + W Fp(N), & (N))
1—p)—2 5
- MEBE2 i), 00, Z3(0) = 0
Therefore (67) is also true for ¢t = 0. O

Proposition 8.2.6. Let p be a prime number, let n = v,(N) be the p-adic valuation of N. For any

2miT
)

pair (t,y) where t is an integer and y is a positive number, let T = x + iy € H' and ¢ = e we
have
~ ~ 1 [n/2] _ i
(Z(ty, AN)), X (N)) ¢ = —=&(T, LAN))logp — )| ————=&(r, 1, A(Np~™)) log p.
2 ©(N) ) Z; p(Np~2') ( ( :

—1
Proof. By Theorem 5.4.7, we have the following identity in the arithmetic Chow group CH (Xy(N)):

(div(playn)),0) = > @(p™D2) . Ba(N) = (0,1og p?).

—n<asn
n=a (mod 2)

We also know that
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By Lemma 7.1.5 we know that Wi Z2(t,y, A(N)) = Z(t,y,A(N)) and WX (N) = X, ™(N),
combining with formula (67) in Corollary 8.2.5, we get

~

(Z(ty, AN)), P (N))-q" = 1<Z(L‘,y,A(N)),??;(N) + X, (N)) - ¢!

2
. (/2
= §<Z(ta Y, A(N))a (dlv(p|Xo(N)a 0) - (p - 1) Z (div(p|X0(Np*2i))v O)> ' qt
i=1
[n/2]

= (Z(t,y, A(N)), (0,log p)ayv) - @' = (p—1) Y (Z(t,y, ANNP™™)), (0,10g p)) xy(np-2r) - 7"
=1

In the last line we add the subscript Xp(Np~%) to indicate that the pairing happens in the group
CH (Xy(Np~2%)). The proposition then follows from Proposition 8.1.1. O

8.3. Heights of arithmetic special divisors. There is an explicit rational section Ay of the
bundle @J%HW(N) in §6.4, recall that

div(An) = ¥(N)p(N)Po(N) + )| fo(N),
pIN

where f,(NN) is given explicitly in (54). Let ﬁ,(N) = (fp(N),0), we define the following element in
1
the extended arithmetic Chow group CH (Xp(N), S) as follows,

Ay = ((N)p(N) Py (N),—log | An[?) = 120(N)an — D fp(N).

pIN
Lemma 8.3.1. The self pairing of the element AN 18
~ A 1 A(-1 ~ ~
(63) BBy = w0V (5= 1) = SR, Foa)
pIN

where the pairing <fp(N), fp(N)> can be computed as follows: let n = v,(N) be the p-adic valuation
of the integer N,

o, np?+1-—n

(69) o), Jp(N)) = =60 (N (N)? - ===

log p.

Proof. The cusp Py (N) : SpecZ — Xp(N) factors through the component C"(p", Np) of the formal
scheme Cusp(Xp(IV)), hence its reduction mod p factors through the irreducible component A}'(N),
(Poo(N), fp(N)) =0,

since the coefficient of the irreducible component A'(N) in f,(N) is 0 by (54). Hence

1440(N)* @, On) = An + . fo(N), Ax + Y. Fo(N)) = (An, An) + D (V). (V).
pIN pIN p|N

In Example 6.2.5, we get

(WN,ON) =

Y(N) (1 A(=1)
20 \2 A(-1) /)
Then formula (68) follows.

Formula (69) can be obtained by combining Lemma 6.3.1 and (54). O
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The following proposition generalizes [DY19, Theorem 6.9] to all positive integer N.

Proposition 8.3.2. Let n, = v,(N) be the p-adic valuation of the integer N. Let (t,y) be a pair

2miT

such that t is an integer and y is a positive number. Let T = x + iy € H™ and q¢ = *™", we have

(Z(t.y, AN)), An) - ¢* = 12E)(7, 1, A(N)).

Proof. We only give the detailed proof when —Nt = 0 is a perfect square, the other cases are simpler
because there are no self-intersections of cusps by the definition of special divisor in Definition
7.1.4. For a prime number p, let n, = v,(IN) be the p-adic valuation of the integer N. Recall the
definition of the modified special divisor Z*(¢,y, A(N)) in §7.1, the multiplicity of the cusp Py (N)
is g(t,y, A(N)). Let

Z1(t,y, A(N)) = Z%(t,y, A(N)) — g(t,y, A(N)) P (N).

For t = 0, recall that Z(0,y, A(N)) =& + (2*(0,y, A(N)), 3(0,y, A(N))) — (0,logy), we have

(70)
(0,9, A(N))

0.y, AN, Bx) = 10,5, AN, By + ZIEZE B Ay + @, Ay = (0, logy), Aw),

Notice that

pIN
By Definition 6.2.3, the pairing {(0,1),@x) is the volume of the modular curve Xy(N)¢ under the
Hermitian metric specified in (43). Therefore {(0,1),0n) = 1(NN)/24. Hence the last term in (70)
is ((0,logy), An) = 50(N)1(N)logy.
Next we compute the pairing (@, Ay ):
Ax+ 3 fo(V)
pIN

@ An) = (2w + 3, (), Ay = (—— o5

pIN
Recall that the coefficient of A7*(N) in f,(NN) is 0, but the reduction mod p of the cusp Py (N) lies
in the curve A(N) by Corollary 5.3.4 and Proposition 5.4.8, hence <f;,(N), AN> =0.
Moreover, the coefficient of A7}(N) in A, (N) is 5 (cf. (48)), hence (A,(N), An) = 5(N)¥(N)log p,
therefore

AN+ D UX(N), Ay,
p|N

@Ay) = LT 4 SN log N,

Hence we have
M) B0, AN)). By =B 0.5, AWND), Ay + N o ()

O p() N AN
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By similar arguments in [DY19, §7.2], we have

(72)
~ ~ 1 Y dz A dy
(0.5, A, B = gl () = [ ol (wt0.0, 200 - E2Y)
n 2 — N
+o(N) ($(N) = 69(0,y, A(N))) | 24¢(=1) — 1 +logdr +y+2 )| pppj_llp log p
pIN

where the differential form w(0,y, A(N)) is defined in (61).
The term <AN, AN> has been computed in Lemma 8.3.1. Then the case ¢ = 0 of the proposition
is proved by combining (71), (72) and [DY19, Theorem 1.6] which states that

de ndy\ L i
Lo(zv)c s |8 (w(o’y’A(N)) 2my? ) = —12&(7, 1, A(N)).
For ¢t # 0, we have
(73) (Z(t,y, AN)),An) = (Zi(t,y, A(N)), An) + W A A

By similar arguments in [DY19, §7.2] again, we have

~ ~ dz A d
1) Gty AN Ay =~ | loglay] w05 AN) T S
Xo(N)c Yy
/ nyp* + 1 —ny,
— 6p(N)g(t,y, A(N)) [ 24¢'(=1) = 1 + logdm + 7 +2 )| 1 log p

p|N

Then the case t # 0 of the proposition is proved by combining (73), (74), the computation of
(An,AN) in Lemma 8.3.1 and [DY19, Theorem 1.6] which states that

j log [ Ay - w(t, y, A(N)) = —12€}(r, 1, A(N)).
Xo(N)c
]

The following corollary generalizes the third equation of [DY19, Theorem 1.3| to all positive
integer N.

Corollary 8.3.3. Let (t,y) be a pair such that t is an integer and y is a positive number. Let

2miT

T=x+iyeH" and ¢ = ™", we have

2 - o,
—W<Z(tay7A(N))va>'q
/ o / 0
:Eg(r,%,A(N))Jr 1+ 22(5) L g2N —MZJ]V P2( ) Et(r,%,A(N)).

Proof. Recall that we have
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By Proposition 8.3.2, we only need to compute <§(t, y, A(N)), f;(N» for every prime p|N. Let n =
vp(N) be the p-adic valuation of the number N. Since the arithmetic special divisor ZA(t, y, A(N))
is invariant under the Atkin-Lehner involution Wy;, we have

(B9, AN, Fo(N)) = (Bt AN, WEFp(N)) = 2Bt AN, Fo(N) + WRF (V)

By formula (54), we have
Fo(N) + WEF(N) = 120" (V) (B (V) + 2,7 (W) + (n(1 = p) = 2) div(p))

Recall that we have calculated (Z(t,y, A(N)), XA;](N)> in Proposition 8.2.6, then

(Z(t,y, AN, Jp(N)y ¢ = (n—1 _np)pl_z

(7,1, A(N)) log(p)

12 n— 1 )
—Z nm oy Gl L AN log(p).
By definition of the function g,(k) in (33) and Cn(s) in formula (23), we can easily verify that
[n/Z] n—1 —1

P"p—1) —2i P~ 9(0)

PP ) e (r.1, A(Np~2)) log(p) = Cy(1)Ey(r,1, AN)) - —2— 250 160().
D ) t( ( ) log(p) = Cn(1)Ex( (N)) - 5 o 19,(0) g(p)
Therefore,

(75)

P(N)(Z(t,y, A(N)),on) - ¢!

n — —MNn -1
:%WAMMHZ(jil%mmmeamwmmMm»p‘W”me
p|N

/ n—1—=n —1
- on() [ Eiim a0 + gg+§(zilﬂwf;i@)mmEmmmm>

By simple calculations, we get

Ch(s) 1 2M'(2s ~2s1]0 3
(76) o 1, 2 Ly el

Moreover, by the definition of the function 3,(s) in (36), for any prime p dividing N,
2 2gp(—1) 2 2p~"g,(0)

77 B’O—( + 2 >lop—< + P log(p),

(77) »(0) 1+p 1—gp(-1) 8(p) 1+p 1—-plg,(0) &(p)

here we use the functional equation g,(k) = p***1g,(—k — 1) proved in Lemma 4.2.1, then the

Corollary is proved by combining formulas (75), (76) and (77). O

Theorem 8.3.4. Let N be a positive integer. Let 7 = z + iy € Hf and ¢' = 2™ the following
1
generating series with coefficients in CH (Xo(N))

T) = Zé(t,y,A N

teQ
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is a nonholomorphic Siegel modular form of genus 1, weight % and level T'g(4N) with values in

CH' (%(N)).

Proof. Let n = vp(N) be the p-adic valuation of the integer N. The Corollary 8.2.5 and Propo-
sition 8.2.6 implies that for any integer a such that —n < a < n and a = n mod 2, the pairing
(b1(7), /'?;(N» is a Siegel modular form of genus 1, weight 3 and level I'g(4N). Proposition 8.1.1
and Corollary 8.3.3imply that deg qgl (1) and <qu51 (1),n) are both Siegel modular forms of genus 1,
weight 3 and level T'g(4N). Then the theorem follows the same proof of Theorem 8.4 of [DY19]. O

Remark 8.3.5. Du and Yang constructed a vector-valued version of the generating series &51 (1) in

—1
[DY19], with values in CH (Xy(N)) ®c C[A(N)Y/A(N)] under the assumption that N is odd and
squarefree. That generating series is modular under the full metaplectic group. We expect that
similar construction should also exist for general N.

9. PROOF OF THE ARITHMETIC SIEGEL-WEIL FORMULA ON Ap(V)

In this last section, we give a proof of Theorem 7.2.5. As mentioned before, we will prove it
term-by-term, i.e., for any symmetric matrix T € Sym,(Q), we prove that for any z = x + iy € Hy,

(78) d2(ry) " = "N aEisr 2. AV,

9.1. The rank of T is 2. In this case, the matrix T is nonsingular. When T is positive definite,
Theorem 7.2.5 is the main result in [Zhu25|. When T is not positive definite, Theorem 7.2.5 has
been proved in [SSY23, §4.2].

9.2. The rank of T is 1. Proof of Theorem 7.2.5. By the invariance properties (65) and (66), we
reduce the proof to the case that

T:00 and y = y10_
0 ¢ 0 w2

where t is a nonzero integer and 1, yo are positive real numbers.

In this case, by the definition of the element Z (T,y), we have

Z(T,y) = —22(t,y2, A(N)) - On — (0,108 Y1 - Sz (1,5, A(N))c)-
Then the identity in Theorem 7.2.5 follows from combining Corollary 4.2.5 and Corollary 8.3.3.

9.3. The rank of T is 0. Proof of Theorem 7.2.5. Notice that (&, X,(N)) = (Wi, Wi X,(N)) =
(&, —X,(N)), hence (&, X,(N)) = 0, then

deg( - @) = (@,@) = (~20N + H(N), D) = —2(@N, D) = —2@n, —28n + Y, Ap(N)).

pIN

We also notice that
@n, Xp(N)) = WRON, W Xp(N)) = (@n — Xp(N), =Xp(N)) = —(@n, Xp(N)) + (Xp(N), p(N)).
Therefore deg(@ - @) = 4@y, Bn) — (X,(N), X,(N)). By Example 6.2.5, we know that
P(N) <1 A’(—1)>

Oy =507

2 A(-1)
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Therefore Corollary 6.3.2 implies that

Y(N) A(-1) —np™ T 4+ 2p" 4 ppt — 2
gy ) 1
24 A(-1) pi(p? —1) o&(p)

deg(@-0) =
Finally, we observe that

deg | 0, logdet(y)_mz<1 y>H(Vp(N)+1)p+1—Vp(N) 9]

Nm 2’ PIN pl’p(N)‘l(P +1)2
P(N) 3/4 1 6 (p(N) +1)p+1—vp(N)
=227 — .z = . . | | .
2 og dety — det(y) 2,y NG 11 1

The theorem follows from the above computations and Proposition 4.1.3.
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